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Preface

The 32nd International Workshop on Graph-Theoretic Concepts in Computer
Science (WG 2006) was held on the island of Sotra close to the city of Bergen
on the west coast of Norway. The workshop was organized by the Algorithms
Research Group at the Department of Informatics, University of Bergen, and it
took place from June 22 to June 24. The 78 participants of WG 2006 came from
the universities and research institutes of 17 different countries.

The WG 2006 workshop continues the series of 31 previous WG workshops.
Since 1975, WG has taken place 20 times in Germany, four times in The Nether-
lands, twice in Austria as well as once in France, in Italy, in Slovakia, in Switzer-
land and in the Czech Republic, and has now been held for the first time in
Norway. The workshop aims at uniting theory and practice by demonstrating
how graph-theoretic concepts can be applied to various areas in computer sci-
ence, or by extracting new problems from applications. The goal is to present
recent research results and to identify and explore directions of future research.
The talks showed how recent research results from algorithmic graph theory can
be used in computer science and which graph-theoretic questions arise from new
developments in computer science. There were two fascinating invited lectures
by Hans Bodlaender (Utrecht, The Netherlands) and Tandy Warnow (Austin,
USA).

The number of submitted papers was 91. In a careful reviewing process with
four reports per submission, the Program Committee selected 30 papers for
presentation at the workshop and several high quality papers had to be rejected.

With much pleasure, I thank all those who contributed to the success of WG
2006: the authors who submitted their work to the workshop, the speakers, the
Program Committee members and the referees. I am indebted to the members
of the Local Organization Committee: Frederic Dorn, Federico Mancini, Fredrik
Manne, Alexey Stepanov, Jan Arne Telle, and especially Pinar Heggernes. With-
out their engagement and the help of various students during the meeting, WG
2006 could not have been such a great event.

Special thanks go to the sponsoring organizations: the University of Bergen,
the Research Council of Norway, and IBM.

August 2006 Fedor V. Fomin
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Treewidth: Characterizations, Applications, and

Computations

Hans L. Bodlaender

Institute of Information and Computing Sciences, Utrecht University, P.O. Box
80.089, 3508 TB Utrecht, The Netherlands

hansb@cs.uu.nl

Abstract. This paper gives a short survey on algorithmic aspects of
the treewidth of graphs. Some alternative characterizations and some
applications of the notion are given. The paper also discusses algorithms
to compute the treewidth of given graphs, and how these are based on
the different characterizations, with an emphasis on algorithms that have
been experimentally tested.

1 Introduction

For approximately a quarter of a century, the notion of treewidth is used in many
graph algorithmic and graph theoretic studies. In the 1980’s, several researchers
invented independently notions that were strongly related, or equivalent: par-
tial k-trees (Arnborg and Proskurowski, e.g., [3,7]), treewidth and tree decom-
positions (Robertson and Seymour [56]), clique trees (Lauritzen and Spiegel-
halter [47]), recursive graph classes (Borie [26,27]), k-terminal recursive graph
classes (Wimer [64,65]), decomposition trees (Lautemann [48]), and context-free
graph grammars (Lengauer and Wanke [49]). See also [61]. Of these, the notions
treewidth and tree decompositions became the most used (followed by partial
k-trees).

This short survey discusses some applications of the notion of treewidth, and
some recent experimental work on computing the treewidth of a given graph.
Some of the algorithms to compute the treewidth are based on a different charac-
terization of the notion. A few of such equivalent notions are also briefly surveyed.

Other surveys on treewidth are e.g., [13,15,16,43,54,55].

2 Definitions and Characterizations

We assume the reader to be familiar with standard notions from graph theory.
Throughout this paper, n = |V | denotes the number of vertices of graph G =
(V,E). A graph G = (V,E) is chordal, if every cycle in G of length at least
four has a chord, i.e., there is an edge connecting two non-consecutive vertices
in the cycle. A triangulation of a graph G = (V,E) is a graph H = (V, F ) that
contains G as subgraph (F ⊆ E) and is chordal. A triangulation H is a minimal
triangulation of G if there does not exist a triangulation H ′ of G with H ′ a

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 1–14, 2006.
c© Springer-Verlag Berlin Heidelberg 2006



2 H.L. Bodlaender

proper subgraph of H . A set of vertices S is a separator, if G[V − S] is not
connected. A separator is an inclusion minimal separator, if it does not contain
another separator as proper subset.

Definition 1. A tree decomposition of a graph G = (V,E) is a pair ({Xi | i ∈
I}, T = (I, F )) with {Xi | i ∈ I} a collection of subsets of V , called bags, and
T = (I, F ) a tree, such that for all v ∈ V , there exists an i ∈ I with v ∈ Xi, for
all {v, w} ∈ E, there exists an i ∈ I with v, w ∈ Xi, and for all v ∈ V , the set
Iv = {i ∈ I | v ∈ Xi} forms a connected subgraph (subtree) of T .

The width of tree decomposition ({Xi | i ∈ I}, T = (I, F )) equals
maxi∈I |Xi| − 1. The treewidth of a graph G, tw(G), is the minimum width
of a tree decomposition of G.

a

b
c

d

e

f

g

a
b c

c d

a
c f

a
e f e

f
g

Fig. 1. A Graph and a Tree Decomposition of Width 2

An example of a tree decomposition is shown in Figure 1.
A permutation π of the vertices of a graph is called an elimination order.

Given an elimination order π of the graph G = (V,E), the fill-in graph of G with
respect to π is constructed as follows: for i = 1 to n, we add an edge between
each pair of higher numbered vertices of the i’th vertex in the order. An example
is shown in Figure 2. When we ’eliminate” vertices with number 1, 3, 5, 6, or 7,
no edges are added. The middle graph is obtained when we eliminate the vertex
with number 2; the last one when we eliminate the vertex with number 4.

Elimination orderings and triangulations give alternative characterizations of
treewidth. See e.g., [15] for a proof.

2
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1
4

3

5

6

7

Fig. 2. Obtaining the Fill-in Graph

Theorem 1. Let G = (V,E) be a graph, and k < |V |. The following are
equivalent.
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– G has treewidth at most k.
– There is an elimination ordering π of G, such that each vertex has at most
k higher numbered neighbors in the fill-in graph with respect to π.

– G has a triangulation with maximum clique size at most k + 1.
– G has a minimal triangulation with maximum clique size at most k + 1.

Several algorithms to compute the treewidth of a graph exploit these alternative
characterizations. There is an interesting connection between alternative char-
acterizations of chordal graphs, and alternative characterizations of treewidth.
Compare the following classic results with Theorem 1.

Theorem 2 (See [37,58,39]). Let G be a graph. The following are equivalent.

– G is chordal.
– G is the intersection graph of subtrees of a tree, i.e., G has a tree decompo-

sition such that each bag is a clique.
– G has a perfect elimination scheme, i.e., a permutation of the vertices such

that for each vertex, its higher numbered neighbors form a clique.

3 Applications

In this section, a number of algorithmic applications of treewidth are discussed.

3.1 Problems Restricted to Graphs of Small Treewidth

Many problems that are NP-hard (and some that are PSPACE-hard or #P-hard)
on arbitrary graphs become linear or polynomial time solvable when the inputs
are restricted to graphs with some constant upper bound on the treewidth. These
include many of the most famous graph problems, like Hamiltonian Circuit,
Independent Set, Vertex Cover, etc. Most well known is the result of Cour-
celle [33] that each problem that can be formulated in Monadic Second Order
Logic (MSOL) can be solved in linear time on graphs of bounded treewidth. For
extensions of this result, see e.g., [5,27]. Also, several problems have tailor-made
algorithms that solve them in linear or polynomial time, assuming a constant
upper bound on the treewidth of the input graphs. There is a large number of
papers with such a result, e.g., [7,40,45,63,66]. Such algorithms, sometimes based
on a notion strongly related to treewidth (pathwidth or branchwidth) have also
been used successfully in experimental settings: for the Frequency Assign-

ment problem and for constraint satisfaction (Koster [42,45]); for the Trav-

eling Salesman Problem (Cook and Seymour [32]); for problems on planar
graphs (Dorn, see [1]); for problems on graphs of small pathwidth (Pönitz and
Tittmann, see e.g., [34]).

These algorithms usually use dynamic programming and have the following
structure. First, a tree decomposition of small width is constructed. Then, one
bag is chosen as root. In a bottom-up order, for each bag of the tree decompo-
sition, a table is computed. Given the table of the root bag, one can find the
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answer to the problem quickly. Exploiting that bags are (usually) separators,
for computing a table, only some local information on the vertices in the bag,
and the tables of the children of the bag are needed. The time to compute a
bag typically is exponential on the size of the bag (and its children), but does
not depend on the size of the graph. Thus, when the treewidth is bounded by a
constant, the algorithm uses linear time. As the algorithm uses time, exponen-
tial in the width of the used tree decomposition, this motivates the research for
efficient algorithms to compute the treewidth of graphs. See Section 4.

3.2 Probabilistic Networks

Probabilistic networks are the underlying technology of many modern decision
support systems. In a probabilistic network, we have a directed acyclic graph,
and for each vertex of the graph, a table of conditional probabilities. Each vertex
represents a statistical variable, and the (in)dependencies are modeled by the
graph structure. A central problem in the use of such networks is inference:
given values for some observed variables, we want to compute the probability
distributions for the other variables. This problem is #P-hard. The most used
method to solve this problem is as follows. First, the moralized graph is build: we
add an edge between each pair of vertices that are tail of edges with the same
head, and then drop all directions of edges. Then, the algorithm of Lauritzen and
Spiegelhalter [47] solves the problem in linear time when the moralized graph
has small treewidth. The latter appears to be the case for many probabilistic
networks from real-world domains.

3.3 Electrical Networks

In a recent book on graph theory, Bollobás [25] describes the theory of computing
the resistance of electrical networks. This theory traces back to a paper by
Kirchhoff from 1847 [41]. We have a graph (possibly with parallel edges) with
two special vertices, which we will call s and t. Each edge has a resistance: a
positive number. Given a potential difference between s and t, we ask how much
electrical current will flow through the network, and how much the resistance of
the entire network will be.

Three laws that allow to transform networks to smaller, equivalent networks
are given. The first law (series rule) allows us to remove vertices �= s, t that have
degree 2. The second law (parallel rule) allows us to remove parallel edges. The
third law (star-triangle rule or Y-Δ rule) allows us to remove vertices �= s, t of
degree three. See Figure 3. In the first rule, R = R1 +R2; in the second, we have
1
R = 1

R1
+ 1

R2
, and in the third, S = R1R2 +R1R3 +R2R3.

When we can apply the rules until we have only a single edge from s to t, then
these three rules allow us to compute the resistance of the electrical network.
We can use the notion of treewidth to determine for which networks there exists
such a series of applications of these three rules that yield a single edge. Note
that the order in which we apply rules to vertices matters. Consider the graph
shown in Figure 3.3. Two different orders of selecting vertices for reduction
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R1 R2

R1

R2

R

R
R1

R2 R3

S/R1

S/R3 S/R2

Fig. 3. Series, Parallel, and Star-Triangle Rules for Reduction of Electrical Networks

are used. Removal of parallel edges is assumed and not explicitly shown. If we
first eliminate c, then we obtain a clique with five vertices, and no rule applies.
However, selecting vertices in the order c, b, d, e yields a single edge {s, t}.
We may assume that the graph G′ = (V,E ∪ {s, t} is a biconnected graph.

s t

a

b c d

s t

b c d

s t

a

b d

s t

a

d

s t

a

s t s ts t

Fig. 4. Different Orders of Applying Reduction Rules of Electrical Networks

(A biconnected component of G′ that does not contain both s and t is irrelevant
for the computation of the resistance of G.) The next result shows that we can
check in linear time (cf. Section 4) if there is an order in which an electrical
network can be reduced to a single edge using the rules, and if so, find such an
order.

Proposition 1. Let G′ = (V,E ∪ {s, t}) be a biconnected graph. There exists a
series of rule applications that reduces G to the single edge {s, t}, if and only if
G′ has treewidth at most three.

Proof. Suppose we have an series of rule applications that reduces G to a single
edge {s, t}. Now, take the elimination ordering of G, that puts vertices in the
order in which they are removed, and then ends with s, t. For each vertex
v �∈ {s, t}, its neighbors (two or three) at the moment it is removed are higher
numbered neighbors in the fill-in graph, and thus we have an elimination ordering
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of G (and of G′) such that each vertex has at most three higher numbered
neighbors. So G and G′ have treewidth at most three.

Suppose G′ has treewidth at most three. G′ hence is a subgraph of a chordal
graph H with maximum clique size four (see Section 2). Repeat the following
step. As H is chordal, H has two non-adjacent simplicial vertices (see [39]. A
vertex is simplicial if its neighborhood is a clique). As {s, t} is an edge in G′ and
hence in H , there is a vertex v �∈ {s, t} that is simplicial. As v with its neighbors
forms a clique, v has degree at most three. As G′ is biconnected, v has degree
two or three. So, we can apply the series or star-triangle rule to v, and then
remove possibly created parallel edges. Repeat on H [V − {v}] until we have the
single edge {s, t}. ��

4 Computations

As discussed in Section 3.1, there are many algorithms that first find a tree
decomposition, and then use it to solve the problem at hand. As the second step
usually is exponential in the width of the tree decomposition, there is a need
for efficient algorithms to compute the treewidth of a given graph, and to find
tree decompositions with optimal or close to optimal width. In this section, such
algorithms will be discussed. Many papers have been written on this topic. Here
we focus on algorithms that have been experimentally evaluated.

As for any graph parameter, we can classify the algorithms to compute
treewidth into exact algorithms, upper bound algorithms, and lower bound algo-
rithms. In addition, preprocessing is an important technique, which is in several
cases of great help.

4.1 Upper Bounds

In this section, we discuss a number of algorithms that give upper bounds on
the treewidth of the input graphs. Some algorithms have a guaranteed approx-
imation ratio (and hence, can be seen to be lower bound algorithms as well).
A typical example are the algorithms by Amir [2]. (See e.g., also [10].) Other
heuristics do not have such a guarantee, but often give tree decompositions with
close to optimal width. Construction heuristics take a graph, and build a tree
decomposition (or, a different representation, e.g., an elimination ordering.) Im-
provement heuristics take a tree decomposition (or elimination ordering), and
stepwise try to change it to one with smaller and smaller width.

Construction Heuristics. Some construction heuristics, like the algorithms
of Amir [2] use a technique, known as nested dissection. Here, repeatedly separa-
tors are constructed in specific subgraphs of the input graph. Other construction
heuristics build an elimination ordering of the graph. As discussed in Section 2,
a permutation of the vertices give us an upper bound on the treewidth. Thus,
we can use any algorithm or heuristic to build a permutation of the vertices
as construction heuristic. Often used heuristics are the Minimum Degree and
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Minimum Fill-In heuristics (explained below), and algorithms that build elimi-
nation orderings that are used for the recognition of chordal graphs: Maximum
Cardinality Search, Lexicographic Breadth First Search [62,11,58].

The Minimum Degree heuristic is here explained in terms of tree decompo-
sitions. It can also be seen as a heuristic to obtain an elimination ordering. A
short proof of the following folklore fact can e.g., be found in [24].

Lemma 1. Let W ⊆ V induce a clique in G = (V,E). Let ({Xi | i ∈ I}, T =
(I, F )) be a tree decomposition of G. There is an i ∈ I with W ⊆ Xi.

The Minimum Degree heuristic works as follows. If |V | = 1, we take a trivial tree
decomposition with one bag. Otherwise, choose a vertex v ∈ V with minimum
degree. Let G′ be the graph, obtained by turning the set of neighbors of v into
a clique, and then removing v. Recursively, build a tree decomposition of G′.
This tree decomposition must contain a bag i which contains all neighbors of v
(as this set is a clique in G′). Now, add a new bag which consists of v and its
neighbors and make it adjacent to i. This is a tree decomposition of G.

In the Minimum Degree heuristic, we have chosen a vertex of minimum degree:
this makes that the bag with this vertex is as small as possible. Other, related
heuristics, make different choices for v. The Minimum Fill-In heuristic chooses
a vertex v, such that the number of edges added when turning v’s neighborhood
into a clique is as small as possible. In [8,31], some alternative manners to choose
v are investigated.

Improvement Heuristics. The Minimum Separating Vertex Sets heuristic of
Koster [42] starts with a trivial tree decomposition: one bag containing all ver-
tices, and refines this stepwise, using minimum separators. Other currently pro-
posed improvement heuristics for treewidth use a form of local search. Clautiaux
et al. [31] use tabu search. As solution space, they take the set of elimination
orderings. Two solutions are neighboring, if they represent different triangula-
tions (compare Theorem 1), and are obtained by moving one vertex to a different
position in the ordering. Graph theoretic arguments provide a fast test to see if
the triangulation changes. Recently, Koster, Marchal and van Hoesel [44] inves-
tigated local search algorithms based on ’flipping’ edges in triangulations.

The representation by triangulations can also be used for a postprocessing
step in combination with many heuristics. Take a tree decomposition of the
input graph G, obtained by some heuristic. Transform this into a triangulation
H of G. If this is not a minimal triangulation, we can obtain a subgraph H ′

of H that is a minimal triangulation of G, e.g., with the algorithm of [12]. The
corresponding tree decomposition never has a larger treewidth compared to the
first one, but sometimes has a smaller treewidth.

4.2 Lower Bound Heuristics

Approximation algorithms with a guaranteed approximation ratio give both an
upper bound and a lower bound. There are also a number of heuristics that
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provide only lower bounds. Lower bound heuristics have several uses: if a lower
bound matches the upper bound provided by a heuristic, we know we have the
exact treewidth; if we have a very large lower bound for the treewidth, we know
an approach using tree decompositions and dynamic programming as discussed
in Section 3.1 will yield slow algorithms; lower bounds can be used to stop
branches in a branch and bound algorithm (see Section 4.3.)

If G has treewidth k, then it has a vertex of degree at most k (consider the
first vertex of an elimination order). So, the minimum degree is a simple lower
bound on the treewidth. It can be improved using the following observation: the
treewidth of a subgraph of G is at most the treewidth of G. Thus, the following
algorithm, which computes the degeneracy of a graph, yields a lower bound on
the treewidth: Set k = 0. While G is not empty, select a vertex v of minimum
degree in G. Set k to the maximum of k and the degree of v, then remove v and
its incident edges from G and repeat.

The contraction of an edge also does not increase the treewidth: if G′ is ob-
tained from G by contracting edge {v, w} to x, then a tree decomposition of G
can be transformed to one of G′ by replacing each occurrence of v or w in a bag
by x. Thus, instead of deleting a vertex, we contract it to one of its neighbors.
Two strategies perform well here: contracting to a neighbor of minimum degree,
or contracting to a neighbor that has few common neighbors. See [23].

Instead of using the minimum degree, one can use different bounds, and
possibly also combine these with vertex deletion or contraction [46]: the one-
but-smallest degree; if G is not complete, the minimum over all pairs v, w of
non-adjacent vertices of the maximum degree of v and w (Ramachandramurthi
[52,53]); the maximum number of visited neighbors of a vertex when it is visited
by the Maximum Cardinality Search algorithm (Lucena [50], see also [19]). Also,
one can run an exact algorithm on a graph, obtained by contracting edges.

A clever method to improve lower bounds, based on adding edges to G was
found by Clautiaux et al. [30]. Combining these LBN and LBP-methods with
contraction gives further improvement to the lower bounds for many cases [22].

Seymour and Thomas gave a ’min-max’ characterization of treewidth, using
the notion of brambles [59]. This was used in [18] to obtain a new type of lower
bound method for treewidth. This method appears to work well in particular for
graphs that are planar or ’close to planar’.

4.3 Exact Algorithms

In theory, for each fixed k, there is a linear time algorithm that tests if a given
graphG has treewidth at most k, and if so, finds a tree decomposition of width at
most k [14]. However, an experimental evaluation has shown that this algorithm
is much too slow in practice [57]. Fortunately, some other algorithms compute
for many practical cases the treewidth exactly of (not too large) graphs.

One approach is to build an elimination ordering with a branch and bound
algorithm. At each branching step of the algorithm, the next vertex in the elim-
ination ordering is chosen. Several rules, e.g., lower bounds, are used to cut off
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some branches of the decision tree. See [38,9]. Note that the different represen-
tation of treewidth by elimination orderings is again of great use.

Recently, a dynamic programming of the style of the classic Held-Karp algo-
rithm for the Traveling Salesman Problem has been given [17]. Let for a
set S ⊆ V of vertices TWDP (S) be the minimum over all elimination orderings
that start with the vertices in S in some order, the minimum over all vertices
in S of their number of higher numbered neighbors in the fill-in graph. Clearly,
by Theorem 1, the treewidth of G equals TWDP (V ). One can show that for all
V ⊆ S, V �= ∅, TWDP (S) = minv∈S max(TWDP (S−{v}), |{w ∈ V −S | there
is a path from v to w using only vertices in {v} ∪ (V − S)}|. Using this in a dy-
namic programming algorithm with a few addition optimizations leads to an
algorithm that can compute the treewidth for graphs with 30 – 60 vertices.

Shoikhet and Geiger [60] has shown that an algorithm of Arnborg et al. [4] can
be used to compute the treewidth. This algorithm builds a tree decomposition,
and also uses a form of dynamic programming.

If k ≤ 3, then there are relatively simple and extremely fast algorithms to
test if the treewidth is at most k, and if so, find the corresponding tree decom-
positions. These are based on reduction. Arnborg and Proskurowski [6] give six
rules, illustrated in Figure 5. A graph G has treewidth at most three, if and only
if it is reduced to the empty graph by repeated application of these rules. This
gives a linear time algorithm to test if a graph has treewidth at most three, see
[51]. It is also possible to construct a tree decomposition of width at most three
if existing. Also, the order in which the vertices are eliminated by the rules gives
an elimination ordering where each vertex has three higher numbered neighbors
in the fill-in graph; see also [21].

Fig. 5. The Six Reduction Rules for Treewidth Three

4.4 Preprocessing

For many real-world problems, preprocessing is an extremely important tech-
nique. For treewidth, two approaches have been used: reduction (or simplifi-
cation), and splitting (the divide step of divide and conquer). With these ap-
proaches, often significant reductions in problem size can be obtained.

Reduction. In [21], the six rules of Arnborg and Proskurowski for treewidth
three are used and generalized for preprocessing graphs for computing treewidth.
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Besides a graph G, the algorithm maintains a variable low, that gives a lower
bound on the treewidth of the original input graph. Each rule modifies G and
possibly low, such that the maximum of low and the treewidth of G does not
change. Each rule also decreases the size of G. For many graphs from appli-
cations, these rules give significant reductions in the size of G. After the pre-
processing step, another (e.g., an exact algorithm from Section 4.3) algorithm is
used to compute the treewidth of G. The hope is that the size reduction by the
preprocessing helps to significantly reduce the time used by this exact algorithm.
This technique is also known as simplification. Generalizations of the rules were
given in [35].

Splitting. A different form of preprocessing is obtained by using safe separators,
i.e., splitting the graph in different parts. As in a divide and conquer algorithm,
the treewidth of each part can be computed separately, and the treewidth of the
original graph is the maximum of the treewidth of the parts. Let for a graph G′

and vertex set S, G′ + clique(S) be the graph, obtained by making S a clique in
G′, i.e., adding an edge between each pair of non-adjacent vertices in S. In [20],
a separator S ⊆ V is safe (for treewidth) in a graph G = (V,E) if the treewidth
of G equals the maximum over all connected components W of G[V − S] of the
treewidth of G[W ∪S] + clique(S). Thus, if we have a safe separator S, we have
as parts all graphs G[W ∪ S] + clique(S), for all connected components W of
G[V −S]. In [20], it is shown that the following sets are safe separators, and can
be found, if existing, in polynomial time.

– Separators of size at most one.
– Inclusion minimal separators of size two.
– Inclusion minimal separators S of size at least three, such that no component

of G[V − S] contains at least |V | − 4 vertices.
– Separators that are a clique.
– Inclusion minimal separators S for which there is a v ∈ S with S − {v} a

clique.

5 Conclusions

In this survey, different characterizations and applications of treewidth, and
methods to compute the treewidth of a graph were discussed. Experimental and
theoretical research benefit from each other. Many of the experimentally tested
algorithms are based on interesting combinatorial insights, and the experimental
algorithms give rise to new and interesting theoretical questions.

I believe that for testing algorithms experimentally, it is of great importance
to make a good selection of the graphs on which to test the algorithms. As
random graphs have in general properties that do not need to hold for the
graphs encountered in real life applications, I believe one should not rely on only
testing the algorithms on randomly generated graphs.

There is a growing number of examples of the fact, that in several cases, the
treewidth of graphs can be used to practically solve real-life problems. Of course,
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small treewidth of the graphs at hand is needed, but appears that in several
problem domains, graphs of small treewidth are sufficiently often encountered.

These is much room for additional work. One intriguing question is whether
the algorithm of Bouchitté and Todinca [28,29], or its form of Fomin et al. [36]
can be used in a practical setting to compute the treewidth of a given graph.
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Jǐŕı Fiala and Jan Kratochv́ıl

Department of Applied Mathematics and
Institute for Theoretical Computer Science (ITI)�,

Faculty of Mathematics and Physics, Charles University,
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Abstract. We prove that in the List version, the problem of deciding
the existence of a locally injective homomorphism to a parameter graph
H performs a full dichotomy. Namely we show that it is polynomially
time solvable if every connected component of H has at most one cycle
and NP-complete otherwise.

1 Introduction

We consider finite undirected graphs without loops or multiple edges. A recently
intensively studied notion, for its algebraic motivation and connections as well
as being a natural generalization of graph coloring, is the notion of graph ho-
momorphisms. A homomorphism f : G → H from a graph G to a graph H
is an edge-preserving vertex mapping, i.e., a mapping f : V (G) → V (H) such
that f(x)f(y) ∈ E(H) whenever xy ∈ E(G). (For a recent monograph on graph
homomorphisms the reader is referred to [14].) It follows from the definition that
the neighborhood of every vertex is mapped into the neighborhood of its image,
formally f(NG(x)) ⊆ NH(f(x)) for all x ∈ V (G). Properties of these restricted
mappings, local constraints, lead to the definition of locally constrained homo-
morphisms. The homomorphism f is called locally injective (bijective, surjective,
resp.) if for every x ∈ V (G), the restricted mapping f : NG(x) → NH(f(x)) is
injective (bijective, surjective, resp.). All three of these notions have been stud-
ied on their own with different motivations. Locally surjective homomorphisms
correspond to so called role assignment graphs studied in sociological applica-
tions [11], locally bijective ones correspond to graph covers well known from
topological graph theory [2,15] and theory of local computation [1,3]. Locally
injective homomorphisms are closely related to generalized L(2, 1)-labelings of
graphs and the Frequency Assignment Problem [8,9].

From the computational complexity point of view we are interested in the
decision problem if an input graphG allows a homomorphism of certain type into
a fixed target graph H . As these problems are parametrized by the graph H , we
� Supported by the Ministry of Education of the Czech Republic as project
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use the notation H-Hom (when asking for the existence of any homomorphism),
H-LIHom, H-LBHom and H-LSHom (when asking for locally injective, bijective
or surjective homomorphisms, respectively).

The complexity of H-Hom is fully understood and dichotomy was proved by
Hell and Nešetřil in [13]. The problem is polynomially solvable if H is bipartite
and NP-complete otherwise. The complexity of H-LSHom was studied in [17]
and completed by Fiala and Paulusma in [11]. This problem (for connected
graph H) is solvable in polynomial time if H has at most 2 vertices and NP-
complete otherwise. Several papers have been devoted to studying the complexity
of locally injective and bijective homomorphisms, but only partial results are
known [8,10,16]. Though conjectured at least for the case of locally bijective
homomorphisms, the Polynomial/NP-completeness dichotomy has been proved
in neither of the last two cases. However, this question is natural especially in
view of the fact that locally constrained homomorphisms can be expressed as
Constraint Satisfaction Problem, for which the dichotomy was conjectured in
the fully general case by Feder and Vardy [6].

The CSP view also suggests considering the List versions of the problems,
since lists correspond to unary relations (cf. next section). The input to the List
version of a homomorphism problem is a graph G together with lists L(u) ⊆
V (H) of admissible targets for every vertex u ∈ V (G). The question is if G
allows a (locally injective, bijective etc.) homomorphism f : G → H such that
f(u) ∈ L(u) for every u ∈ V (G). We refer to these problems as List-H-Hom,
List-H-LIHom etc. A deep result of Hell et al. gives a full characterization of the
case of general homomorphisms [5,12]. The problem List-H-Hom is polynomially
solvable for so called double circular arc graphs H and NP-complete otherwise.

Setting the lists to the entire vertex set of the target graph, one immediately
sees that H-Hom ∝ List-H-Hom, H-LIHom ∝ List-H-LIHom, H-LBHom ∝ List-
H-LBHom and H-LSHom ∝ List-H-LSHom. Thus in each case the borderline
between polynomial and NP-complete instances (dichotomy assumed) of the List
version will lie within the easy instances of the non-List one. This is well seen in
the above mentioned case of general homomorphisms and also in the case of the
locally surjective ones — List-H-LSHom remains polynomial for graphs H with
at most two vertices. The trouble with the locally injective and locally bijective
homomorphisms is that the full characterization of the non-List versions is not
known. Nevertheless, lists do help! The purpose of this paper is to show that in
the case of locally injective homomorphisms, lists guarantee a full dichotomy.

Theorem 1. The List-H-LIHom problem is solvable in linear time if the graph H
contains at most one cycle in each connected component, and it is NP-complete
otherwise.

The paper is structured as follows. In the next section we quickly describe the
connection to the Constraint Satisfaction Problem. In Section 3 we give the
argument for the polynomial part of our theorem. The technical reductions for
the NP-hardness part are presented in Section 4 and the proof is summarized in
Section 5. The final section contains concluding remarks.
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2 Locally Constrained Homomorphisms as CSP

The CSP is parametrized by a fixed template X = (X ;S1, . . . , Sk), where Si’s
are relations on a finite set X , the arity of Si being ni, i = 1, 2, . . . , k. The input
of the X -CSP is a structure U = (U ;R1, . . . , Rk), where U is a (large) set and
Ri is an ni-ary relation on U , for i = 1, 2, . . . , k. The question is whether there
exists a mapping (in fact, a structural homomorphism) f : U → X such that
for every i and every ni-tuple (u1, . . . , uni) ∈ Uni , (u1, . . . , uni) ∈ Ri implies
(f(u1), . . . , f(uni)) ∈ Si. Feder and Vardy [6] conjecture that for every template
X , this problem is either polynomial time solvable or NP-complete. This is known
for binary structures [19], and for many special cases (cf. e.g., Bulatov et al. [4]).

Though in natural structures one tends to overlook unary relations, from
the point of view of the formal definition they form a fully coherent part of
the picture. And they correspond to lists. A unary relation is just a subset
of the ground set. If a vertex u ∈ U belongs to unary relations Ri1 , . . . , Rit ,
then the constraints given by the unary relations of X -CSP merely say that
f(u) ∈ ⋂t

j=1 Sij , which is equivalent to setting the list of admissible images of u
to L(u) =

⋂t
j=1 Sij .

The general homomorphism problem H-Hom is obviously a CSP problem —
the template is H itself, and the input structure is G (edges of both graphs
are considered as symmetric binary relations). We will show that also locally
injective and bijective homomorphisms can be expressed as CSP. Given a graph
H with h vertices, set

D = {(x, y)| x �= y ∈ V (H)},

Di = {(x)| degH(x) = i, x ∈ V (H)}, i = 0, 1, . . . , h− 1.

Here D is the symmetric binary relation containing all pairs of distinct vertices
and Di’s are unary relations controlling the degrees. We derive the following
templates from H :

LH = (V (H);S1 = E(H), S2 = D)

and
BH = (V (H);S1 = E(H), S2 = D,S3+i = Di, i = 0, . . . , h− 1).

Observation 1. For every graph H, H-LIHom ∝ LH-CSP and H-LBHom ∝
BH-CSP.

Proof. For an input graph G, define U = (V (G);R1 = E(G), R2 = {(x, y)|;x �=
y ∧ ∃z : xz, yz ∈ E(G)}). Then U is a feasible instance for LH -CSP if and
only if G allows a locally injective homomorphism into H — the relations R1

and S1 control that a candidate vertex mapping is a graph homomorphism, and
R2 with S2 control the local injectivity. For the locally bijective case, just add
R3+i = {u ∈ V (G)| degG(u) = i} for each i = 0, 1, . . . , h− 1, to ensure that this
mapping is locally bijective on every neighborhood.
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Observe, however, that this does not mean that the Feder-Vardy conjecture
would imply dichotomy forH-LIHom orH-LBHom. Our observation is useful only
when the corresponding CSP problem is polynomially solvable, which is unfortu-
nately only seldom (whenever H has at least three vertices, 3-COLORABILITY
∝ LH -CSP ∝ BH -CSP and both problems are NP-complete). The point is that
the inputs of LH -CSP (or BH-CSP) derived from G are not arbitrary. In view
of this becomes the fact that adding lists endorses dichotomy on List-H-LIHom
even more interesting.

3 The Polynomial Case

Lemma 1. For any connected graph H containing at most one cycle, the List-
H-LIHom problem is solvable in linear time.

Proof. Without loss of generality we may assume that the input graph G is
connected, since otherwise we can treat each component separately.

If H is a tree, then any connected graph G that allows a locally injective
homomorphism G → H is a subtree of H . Since H is fixed, the graph G itself
must have a bounded number of vertices and the problem H-LIHom is solvable
in constant time even with lists being incorporated.

Let H have exactly one cycle. We first note that the number of connected
graphs G of diameter at most 2 diam(H) that allow a locally injective homomor-
phism to H is bounded (each such graph has at most 1 + Δ2 diam(H) vertices,
where Δ is the maximum vertex degree of H). Hence, for such instances, the
List-H-LIHom problem can be decided in constant time.

For the rest of the proof suppose that diam(G) > 2 diam(H). Denote by Cl

the unique cycle of H . We distinguish two cases:

– G contains a cycle, say Ck: Then this cycle must be mapped onto Cl. This
might happen in at most 2l ways. Some of these 2l ways may be further
excluded by the list constraints. If we fix a mapping Ck → Cl, it remains to
decide whether this mapping can be extended to the remaining vertices of G.
For every vertex u of Ck, we can solve this question in constant time, since
this is equivalent to the tree List-H-LIHom problem. (Now the instance is
the component of G\ECk

containing u and the parameter is the component
of H \ ECl

containing the image of u. Both are trees.)
– G is a tree: A necessary condition for G to allow a locally injective homomor-

phism to H is that G contains a path Pk of length k = diam(G)−2 diam(H)
such that the components of G \ EPk

stemming from the inner vertices of
Pk map locally injectively to the components of H \ ECl

and the two trees
of diameter diam(H) hanging on the termini of Pk map locally injectively
to H . We first find Pk by diam(H) many iterations of peeling off vertices
of degree one. Then, as in the above case, we try all 2l possibilities of a
locally injective mapping Pk → Cl and exclude those which do not satisfy
the list constraints. Finally for each such partial mapping, we check if it can
be extended to the entire G by solving at most k+1 List-H-LIHom problems
of constant size.
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Fig. 1. The basic three types of graphs

4 Auxiliary NP-Hardness Reductions

In this section we show NP-hardness of the List-H-LIHom problem for three
basic types of graphs depicted in Fig. 1 (they are informally called the Theta
graph, the Flower graph and the Weight graph). The problem we use for our
NP-hardness reductions is Edge-precoloring extension. It has been shown
NP-complete even when restricted to cubic bipartite graphs [7]. The input of
this variant consists of a cubic bipartite graph together with a partial coloring
of its edges by three colors — say red, blue and white1. The question is whether
this partial coloring can be extended to the entire edge set such that each vertex
is incident with edges of all three colors.

For positive integers a, b, c, where b, c ≥ 2, let Θ(a, b, c) be the graph on
a + b + c − 1 vertices consisting of two vertices of degree three connected by
paths of lengths a, b, and c (cf. Fig. 1 top left).

Lemma 2. For arbitrary positive integers a, b, c, where b, c ≥ 2, the List-
Θ(a, b, c)-LIHom problem is NP-hard.

Proof. If a = b = c ≥ 2, we can reduce the Edge-precoloring extension

problem directly. Let G be the instance of the Edge-precoloring extension

problem. We replace each edge e ∈ E(G) by a path P e of length a. We further
associate colors red, blue and white with the inner vertices of the three paths of
Θ(a, a, a) in such a way that vertices of the first path represent color red, of the
second path color blue, and those of the third one the white color. If the edge

1 The favorite tricolor for Czechs — as well as for several other nations.
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e was precolored by a color α, we assign the vertices of P e lists consisting of
vertices of the path in Θ(a, a, a) representing the color α. For the other vertices
we let the lists be the whole vertex set of Θ(a, a, a).

Straightforwardly, proper 3-edge colorings of G are in one-to-one correspon-
dence with valid locally injective homomorphisms to Θ(a, a, a). (Such homomor-
phisms must in fact be locally bijective.) The local conditions on vertices of
degree three represent the condition that the three colors on the edges of the
original graph must be distinct.

For the case of a ≤ b ≤ c, a < c, the construction is slightly more sophisticated.
The edge colors will be represented by sequences of images of the vertices along
the paths representing the edges. We use vertex lists to enforce that only three
feasible patterns may exist.

Denote first by v, w the two vertices of degree three in Θ(a, b, c). The inner ver-
tices along the path of length a from v to w will be denoted by m1,m2, . . . ,ma−1

(this set may be empty), along the path of length b in the same direction by
n1, . . . , nb−1, and along the remaining path by o1, . . . , oc−1.

We define three sequences of length a+ b+ c+ 1 by

R = (v,m1, . . . ,ma−1, w, nb−1, . . . , n1, v, o1, . . . , oc−1, w)
B = (v, n1, . . . , nb−1, w, oc−1, . . . , o1, v,m1, . . . ,ma−1, w)
W = (v, o1, . . . , oc−1, w,ma−1, . . . ,m1, v, n1, . . . , nb−1, w)

Let G be an instance of the Edge-precoloring extension problem and
let V 1, V 2 be its two classes of the bipartition. We replace each edge e ∈ EG by
a path P e of length a+ b+ c and call the resulting graph G′.

The vertices of each P e are denoted by ue
1, . . . , u

e
a+b+c+1 in such a way that

the first vertex ue
1 belongs to V 1 and the last vertex ue

a+b+c+1 ∈ V 2. We define
the lists of the vertices in G′ so that for each e ∈ E(G) and each i = 1, 2, . . . , a+
b+ c+ 1, we set

L(ue
i ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

{Ri, Bi,Wi} if e is not precolored
{Ri} if e is precolored red
{Bi} if e is precolored blue
{Wi} if e is precolored white.

We claim that G′ allows a locally injective homomorphism to Θ(a, b, c) that
respects all list constraints if and only if the edge precoloring of the original
graph G can be extended to a proper 3-edge coloring of G.

Suppose first that f : G′ → Θ(a, b, c) is a locally injective homomorphism. We
prove that only the sequences given by R,B and W may appear along any path
P e. The local injectivity constraints then imply that the derived edge-coloring
is proper.

Assume first the case a < b < c. Let P e be a path in G′. By list constraints
we have f(ue

1) = v for any such P e. Assume that f(ue
2) = m1 (or f(ue

2) = w if
a = 1). Then the mapping f is uniquely determined for the next a−1 vertices of
P e due to the local constraints. As the subsequence v, oc−1, . . . , o1, w starts at a
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different position in the sequence B it cannot be used as the further extension
of f on P e. In other words the mapping f has to follow the sequence R for the
next b− 1 vertices as well as for the final segment of c− 1 vertices. For the other
two possibilities, i.e., when f(ue

2) = n1 or o1, resp., we involve similar arguments
to conclude that the only feasible pattern of the mapping f along P e is given by
the sequences B or W , respectively.

It remains to consider the case when b = a or b = c and a < c. Without loss
of generality assume a = b, i.e., the target graph is Θ(a, a, c). By the arguments
presented so far, it might be possible that a mapping of some P e may follow
on the first a vertices the sequence R, while after ue

a+1 it continues along B.
The crucial observation here is that if f(ue

2) = o1 then the whole path must
be mapped according to the sequence W . Viewed from the other side also if
f(ue

a+b+c) = oc−1, then the mapping of P e follows the pattern R. Then the
pattern W is used for |V 1| edges, hence giving every vertex of the side V 2 a
neighbor mapped onto nb−1. Similarly the pattern R is used for |V 2| = |V 1|
edges, giving each vertex on the V 1 side a neighbor mapped onto m1. For the
paths P e corresponding to the remaining matching in G, the local injectivity
constraints imply that f(ue

2) = n1 and f(ue
a+b+c) = ma−1, and hence only the

pattern B may be used along these paths.
For the reverse implication, assume E(G) is properly colored. We define the

mapping f : G′ → Θ(a, b, c) such that for every e ∈ E(G) and all i = 1, 2, . . . , a+
b + c + 1, ue

i = Ri if e is red, and analogously with Bi representing blue and
with Wi representing white colors. On every vertex of G′ the mapping preserves
the list constraints and is locally injective: on the inner vertices of any P e since
the patterns R,B,W respect local injectivity constraints, and on the vertices of
degree three since the coloring is proper.

For integers a, b ≥ 3, let F (a, b) be the graph on a+ b− 1 vertices consisting of
two cycles Ca and Cb sharing exactly one vertex (cf. Fig. 1 top right).

Lemma 3. For arbitrary integers a, b ≥ 3, the List-Fa,b-LIHom problem is NP-
hard.

Proof. Assume x is the vertex of F (a, b) of degree four and that the inner vertices
of the two cycles are p1, . . . , pa−1 and q1, . . . , qb−1.

We extend the proof of the previous lemma for the NP-hardness of the List-
Θ(a, a, b)-LIHom problem. Let G′ be the graph constructed from an instance G
of the Edge-precoloring extension problem. Define lists L′ such that for
every u ∈ VG′ (see Fig. 2):

x ∈ L′(u) ⇐⇒ v ∈ L(u) ∨ w ∈ L(u)
pi ∈ L′(u) ⇐⇒ mi ∈ L(u) ∨ na−i ∈ L(u)
qi ∈ L′(u) ⇐⇒ oi ∈ L(u).

We claim that G′ allows a locally injective homomorphism f : G′ → Θ(a, a, b)
respecting the list constraints L if and only if there exists a locally injective
g : G′ → F (a, b) respecting the list constraints L′.
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Fig. 2. The reduction for List-F (a, b)-LIHom. The lower part shows the new lists along
a path P e (for e precolored red).

As Θ(a, a, b) can be mapped locally injectively onto F (a, b), the ”only if”
implication is straightforward (taking into account also the way how the new
lists L′ are constructed from L). For the opposite direction, note that the lists
L′ defined above together with local constraints assure that along each P e the
vertex x will be involved exactly four times (twice on the end). (This follows by a
simple case analysis when b �= 2a, and a little more subtle argument analogous to
the case a = b < c of the proof of Lemma 2 works for b = 2a. The latter is omitted
because of space limitations.) We modify a feasible g : G′ → F (a, b) by a series of
substitutions. All odd occurrences of x along every P e will be replaced by v and
even occurrences by w. We further replace each pattern v, p1, . . . , pa−1, w by the
pattern v,m1, . . . ,ma−1, w. Similarly, we replace patterns v, pa−1, . . . , p1, w by
v, n1, . . . , na−1, w and also all patterns v, q1, . . . , qb−1, w by v, o1, . . . , ob−1, w. In
this way we obtain a feasible locally injective homomorphism f : G′ → Θ(a, a, b).

For positive integers a, b, c, where b, c ≥ 3, let B(a, b, c) be the only graph on
a+ b+ c− 1 vertices consisting of two disjoint cycles Cb and Cc connected by a
path of length a.

Lemma 4. For arbitrary positive integers a, b, c, where b, c ≥ 3, the List-
B(a, b, c)-LIHom problem is NP-hard.

Proof. Let y, z be the two vertices of B(a, b, c) of degree three. Denote the in-
ner vertices of the path Pa by r1, . . . , ra−1 (this set may be empty), and let
s1, . . . , sb−1 be the inner vertices of Cb and t1, . . . , tc−1 the inner vertices of Cc.

We extend the proof of the previous lemma for the NP-hardness of the List-
F (b, 2a+ c)-LIHom. Let G′ be the graph constructed from an instance G of the
Edge-precoloring extension problem. Define lists L′′ such that for every
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Fig. 3. The reduction for List-B(a, b, c)-LIHom. The lower part shows the new lists
along a path P e (for e precolored red).

u ∈ VG′ (see Fig. 3):

y ∈ L′′(u) ⇐⇒ x ∈ L′(u)
si ∈ L′′(u) ⇐⇒ pi ∈ L′(u)
ri ∈ L′′(u) ⇐⇒ qi ∈ L′(u) ∨ q2a+c−i ∈ L′(u)
z ∈ L′′(u) ⇐⇒ qa ∈ L′(u) ∨ qa+c ∈ L′(u)
ti ∈ L′′(u) ⇐⇒ qa+i ∈ L′(u)

We claim that G′ allows a locally injective homomorphism g : G′ → F (b, 2a+ c)
respecting the list constraints L′ if and only if there exist a locally injective
homomorphism h : G′ → B(a, b, c) with list constraints L′′.

The core argument is that for any homomorphism g feasible for the instance
(G′, L′), every vertex mapped onto x has at most one neighbor mapped onto
one of q1, q2a+c−1, and so the feasible homomorphisms g : C′ → F (b, 2a+ c) are
in a one-to-one correspondence with locally injective homomorphisms h : G′ →
B(a, b, c) obeying the list constraints L′′.

5 Proof of Theorem 1

Observation 2. If a graph H is an induced subgraph of a graph H ′, then List-
H-LIHom ∝ List-H ′-LIHom.

Proof. Given an input (G,L) of List-H-LIHom, it suffices to use it as an instance
of List-H ′-LIHom. Since the lists L(u), u ∈ V (G) do not contain vertices ofH ′\H ,
any feasible homomorphism G→ H ′ uses only vertices of H , and since H is an
induced subgraph of H ′, such a mapping is a homomorphism into H . In the
opposite direction, any feasible (locally injective) homomorphism G → H is
clearly a (locally injective) homomorphism to H ′.
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Proof of Theorem 1

The polynomial-time algorithm. Assume each component Hj of H contains
at most one cycle. Then for each component Gi of G and every Hj we test
whether Gi allows a locally injective homomorphism (we may restrict lists of the
vertices in Gi to subsets of Hj). Each such a subproblem can be decided inde-
pendently. The overall problem has an affirmative answer if and only if for every
Gi, there exists at least one Hj allowing a locally constrained homomorphism.
The overall computational complexity remains linear.

The NP-complete part. The membership of the List-H-LIHom problem in NP
is obvious. Assume H contains a component with at least two cycles. Let H ′ be
a smallest induced subgraph of H containing at least two cycles.

If H ′ contains exactly two cycles, these two cycles must be edge-disjoint (the
symmetric difference of the two cycles would yield a new cycle otherwise). If the
two cycles are further vertex-disjoint, then H ′ is isomorphic to some Ba,b,c. If
the cycles share one vertex, then H ′ is isomorphic to some Fa,b.

Otherwise H ′ has two intersecting cycles. If the graph is not isomorphic to
some Θ(a, b, c), then between some of the three paths of Θ(a, b, c) there exists
an induced edge. Then either H ′ contains a smaller Θ(a′, b′, c′) (contradicting
the minimality of H ′) or H ′ is isomorphic to K4.

We have proved in Section 4 that for each of the graphs B(a, b, c), F (a, b),
and Θ(a, b, c), the List-H-LIHom problem is NP-hard. For the case of H ′ = K4,
the NP-hardness follows from the trivial reduction H-LIHom ∝ List-H-LIHom
and the fact that K4-LIHom is NP-complete [8]. The conclusion then follows by
Observation 2.

6 Concluding Remarks

6.1 It is interesting that the case of locally surjective homomorphisms does not
seem expressible as a CSP problem. Yet a full dichotomy holds both for List and
non-List versions.

6.2 An irritating open problem is an analog of Observation 2 for locally bijective
homomorphisms. A direct proof would hinge on an involved garbage collection.

6.3 For many instances of the H-LIHom problem for H = B(a, b, c), F (a, b), and
Θ(a, b, c), we can prove NP-hardness also for the non-List version. However, a
full characterization even for these simple graphs is not known.

6.4 Recently Daniel Marx [18] showed that the Edge-precoloring exten-

sion problem remains NP-complete for planar bipartite 3-regular graphs. Our
reductions in the proofs of Lemmas 2-4 preserve planarity, and since D. Marx
suggested [personal communication] a simple planarity preserving reduction for
List-K4-LIHom, we can conclude that whenever a connected graph H contains
at least two cycles, the List-H-LIHom problem is NP-complete even for planar
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inputs. However, the complexity of K4-LIHom and K4-LBHom (without lists) is
still an interesting open problem.
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Klazar, J. Kratochv́ıl, J. Matoušek, M. Loebl, R. Thomas and P. Valtr, eds.),
Springer, 2006, pp. 407–432.

13. Hell, P., and Nešetřil, J. On the complexity of H-colouring. Journal of Com-
binatorial Theory B 48 (1990), 92–110.
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Let H be a fixed graph (sometimes called a template). For an input graph G,
the H-colouring problem asks whether there exists a homomorphism G → H .
Such a homomorphism is also called an H-colouring; the Kk-colouring problem
is simply the question whether χ(G) ≤ k. Of course, the complexity of the H-
colouring problem depends on H . This complexity was determined for undirected
graphs in [3]. However, already for directed graphs the problem is unsolved.

The H-colouring problem is also (and perhaps more often) called the con-
straint satisfaction problem (CSP(H)). This is particularly used when the prob-
lem is generalised to relational structures and their homomorphisms, as these
structures can encode arbitrary constraints. This setting, originally motivated
by problems from Artificial Intelligence, leads to the important problem of di-
chotomy, general heuristic algorithms (consistency check) and, more recently, to
an interesting and fruitful algebraic setting (pioneered by Bulatov, Jeavons and
Krokhin, see [4,5]).

Further work in the area of CSP complexity led to the following dichotomy
conjecture.

Conjecture 1 ([6]). Let H be a finite relational structure. Then CSP(H) is either
solvable in polynomial time or NP-complete.

Some particular instances of CSP were studied intensively. This includes the
case when the graphs for which there exists an H-colouring are determined by
well-described forbidden subgraphs (see [7,8]) and as a special case, when they
are determined by a finite family of forbidden subgraphs. Of course, in these
cases we get polynomial instances of CSP.

A pair (F,D) of directed graphs is called a duality pair if for every directed
graph G, we have F → G if and only if G � D. Here, and from now on, A→ B
denotes the fact that there exists a homomorphism from A to B. The duality
relationship is denoted by the equation

F→ = �D

where F→ denotes the class of graphs admitting a homomorphism from F and
�D the class of graphs not admitting a homomorphism to D. The dualities in
the category of directed graphs are characterised in [9,10]:

Theorem 2 ([9,10]). Given a directed graph F , there exists a directed graph
DF such that (F,DF ) is a duality pair if and only if F is homomorphically
equivalent to an orientation of a tree. For a tree F , such a digraph DF is unique
up to homomorphism equivalence.

We say that A and B are homomorphically equivalent if both A → B and
B → A. The unique D such that (F,D) is a duality pair is called the dual of the
tree F . We use the notation D = D(F ).

Here we generalise the notion of a duality pair: for two finite sets F , D of
graphs, we say that (F ,D) is a generalised duality if for any graph G, there
exists F ∈ F such that F → G if and only if G→ D for no D ∈ D; briefly

⋃

F∈F
F→ =

⋂

D∈D
�D .
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We shall assume that there exist no homomorphisms between any two distinct
elements of F as well as between any two distinct elements of D.

The special case |D| = 1 is characterised by the following theorem proved
in [10].

Theorem 3 ([10]). Let F = {F1, F2, . . . , Fm} be a finite nonempty set of di-
graphs. The pair (F , {D}) is a generalised duality if and only if D =

∏m
i=1Di

and (Fi, Di) is a duality pair for i = 1, 2, . . . ,m.

When |D| = 1, the generalised duality (F ,D) is called a finitary homomorphism
duality in [10]. The theorem states that the finitary dual is the product of the
duals of the trees F1, . . . , Fm; this product will be denoted by D(F1, . . . , Fm) or
D(M) if M = {F1, . . . , Fm}.

The product meant here is the usual product in the category of digraphs and
homomorphisms, see e.g. [2, Section 2.1].

Notice that the following two pairs are also cases of generalised dualities:
(∅, {1}), ({0}, ∅), where 0 is the digraph consisting of a single vertex and no
edges and 1 is the digraph with one vertex with a loop.

The relation→ induces a partial order C on the classes of homomorphic equiv-
alence of graphs. This order is called the homomorphism order. The homomor-
phism order is actually a distributive lattice, with the disjoint union (the sum)
of graphs being the supremum and the categorical product being the infimum.
The standard order-theoretic terminology is applied here.

Particular properties of the homomorphism order, that were studied, are den-
sity (solved for undirected graphs by Welzl [11] and for directed graphs by
Nešetřil and Tardif [10]) and the description of finite maximal antichains.

Earlier results characterise all maximal antichains of size 1 and 2 in the ho-
momorphism order of directed graphs.

Theorem 4 ([12]). The only maximal antichains of size 1 in the homomor-
phism order of directed graphs are directed paths of length 0, 1, and 2 and a
single vertex with a loop.

Theorem 5 ([1]). The maximal antichains of size 2 in the homomorphism or-
der of directed graphs are precisely the pairs {T,DT}, where T is a tree different
from P0, P1 and P2, and DT is its dual.

2 Generalised Dualities

In this section, we characterise all generalised dualities. We restrict ourselves to
the case |F| ≥ 2, as the other cases are described in the previous section. First,
we present a construction of generalised dualities from a family of forests.

2.1 The Construction

Let F = {F1, F2, . . . , Fm} be an arbitrary fixed nonempty finite set of core
(cf. [2]) forests that are pairwise incomparable.



30 J. Foniok, J. Nešetřil, and C. Tardif

Consistently with the above notation, let Fc = {C1, . . . , Cn} be the set of all
distinct connected components of the graphs in F ; each of these components is
a core tree.

A subset M ⊆ Fc is a quasitransversal if it satisfies

(T1) M is an antichain, i.e. for every C 	= C′ ∈M we have C ‖ C′, and
(T2) M supports F , i.e. for every F ∈ F there exists C ∈M such that C → F .

For two quasitransversals M , M ′ we define M � M ′ if and only if for every
C′ ∈M ′ there exists C ∈M such that C → C′. Note that this order is different
from the homomorphism order of forests corresponding to the quasitransversals.
On the other hand, we have:

Lemma 6. Let M , M ′ be two quasitransversals. Then D(M) → D(M ′) if and
only if M �M ′

Lemma 7. The relation � is a partial order on the set of all quasitransversals.

A quasitransversal M is a transversal if

(T3) M is a maximal quasitransversal in �.

Set D = D(F) =
{
D(M) : M is a transversal

}
.

We have:

Theorem 8. The pair (F ,D) is a generalised duality.

Before outlining the proof, we give three of examples.

Example. First, let F = {T1, T2, . . . , Tn} be a set of pairwise incomparable trees
and D1, D2, . . . , Dn their respective duals. By (T2), every transversal contains
all these trees. Therefore there exists only one transversal M = {T1, T2, . . . , Tn}
and D = {D1×D2× . . .×Dn}. This situation shows how the finitary duality is
a special case of the generalised duality.

Now, let T1, T2, T3 and T4 be pairwise incomparable trees with duals D1, D2,
D3, D4. Let F = {T1 + T2, T1 +T3, T4}. Then we have two transversals {T1, T4}
and {T2, T3, T4}; and D = {D1 ×D4, D2 ×D3 ×D4}.

Finally, let T1 → T3 and F = {T1 + T2, T3 + T4}. The transversals are {T1},
{T2, T3} and {T2, T4}. Hence D = {D1, D2 ×D3, D2 ×D4}.
Proof (of Theorem 8). Let X be a digraph such that X → D for some D ∈ D.
We want to prove that Fi � X for i = 1, . . . ,m. For contradiction, assume that
Fi → X for some i. Let M be the transversal for which D(M) = D. By (T2),
there exists C ∈ M such that C → Fi → X , therefore X � D(C). That is a
contradiction with the assumption that X → D → D(C).

Now, let X be a digraph such that Fi � X for i = 1, . . . ,m. We want to
prove that there exists D ∈ D such that X → D. Let Cji be a component of Fi

such that Cji � X for i = 1, . . . ,m. Let M ′ = min→{Cji : i = 1, . . . ,m}; by
min→ S we mean the set of all elements of S that are minimal with respect to
the homomorphism order →. Because M ′ is a quasitransversal, there exists a
transversal M such that M ′ � M . We have that C � X for each C ∈ M , and
therefore X → D(M) ∈ D. �
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2.2 The Characterisation

We will now prove that all generalised dualities are of the above form.

Theorem 9. If (F ,D) is a generalised duality, then all elements of F are forests
and D = D(F); in particular, D is uniquely determined by F .

Proof. The proof consists of five steps. Suppose that F = {A1, A2, . . . , Am}
and D = {D1, D2, . . . , Dp}. Consistently with the above notation, let Fc =
{C1, C2, . . . , Cn} be the set of all distinct connected components of the structures
in F . Quasitransversals and transversals are defined in the same way as above;
we note that neither for the definition nor for proving Lemma 7 do we need the
fact that the elements of Fc are trees.

For a quasitransversal M , let M = {C′ ∈ Fc : C ∈M ⇒ C � C′}.
Fact 1. If M ⊆ Fc is a transversal, then there exists a unique digraph D ∈ D
that satisfies

1. C � D for every C ∈M ,
2. C′ → D for every C′ ∈M .

Proof. If M = ∅, let D ∈ D be arbitrary. Otherwise set S =
∑

C′∈M C′. Because
(F ,D) is a generalised duality, either there exists F ∈ F such that F → S or
there exists D ∈ D such that S → D. If F → S, by (T2) there exists C ∈ M
satisfying C → F → S, and since C is connected, C → C′ for some C′ ∈ M ,
which is a contradiction with the definition of M . Therefore there exists D ∈ D
that satisfies S → D. It can be checked that such D satisfies both (1) and (2)
and that such a graph must be unique. �

For a transversal M , the unique D ∈ D satisfying the conditions (1) and (2)
above is denoted by d(M).

Fact 2. D = {d(M) : M is a transversal}.
Proof. Let D ∈ D. We want to show that D = d(M) for a transversal M . Let
M ′ = min→{C′ ∈ Fc : C′

� D} be the set of all C-minimal components that
are not homomorphic to D. The set M ′ is a quasitransversal: if some F ∈ F is
not supported by M ′, then all its components are homomorphic to D, and also
F → D, a contradiction.

Let M be a transversal such that M ′ � M . To prove that D = d(M), it
suffices (by the uniqueness part of Fact 1) to check conditions (1) and (2). �

Fact 3. For two distinct transversals M1, M2, we have

(a) M1 ∩M2 	= ∅,
(b) d(M1) � d(M2).

Proof. (a) By (T3), M1 � M2, so there exists C2 ∈ M2 such that C1 � C2 for
any C1 ∈M1. Obviously C2 ∈M1 \M2 ⊆M1. Since we chose C2 ∈M2, we have
C2 ∈M1 ∩M2.

(b) Let C2 ∈ M1 ∩ M2, as above. Then C2 → d(M1) and C2 � d(M2).
Consequently d(M1) � d(M2). �
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Fact 4. If M is a transversal, then the pair
(
M, {d(M)}) is a finitary homo-

morphism duality, and consequently d(M) = D(M).

Proof. We can prove that for a digraph G, the following statements are equiva-
lent:

(1) G ∈ ⋂
C∈M (C �)

(2) C � G for any C ∈M
(3) C � G+

∑
Č∈M Č for any C ∈M

(4) G+
∑

Č∈M Č → d(M)
(5) G→ d(M)
(6) G ∈ (→ d(M))
The equivalence (1)⇔ (6) is precisely the definition of finitary duality. �


Fact 5. Each component C ∈ Fc is a tree.

For the proof, we use the following

Theorem 10 ([10]). Let A and C be relational structures such that A < C, and
C is a connected structure that is not a tree. Then there exists a structure X
such that A < X < C.

Proof (of Fact 5). Using Theorem 10, it can be proved that if some component
C ∈ Fc is not a tree, then there exists a digraph X such that X < C and X
is homomorphic to exactly the same elements of Fc as C, and moreover for any
C′ ∈ Fc, C′ 	= C, we have C′ → C if and only if C′ → X . Then if G is created
by replacing C with X in some F ∈ F , the graph G violates the definition of
generalised duality (no F ∈ F is homomorphic to G and G is homomorphic to
no D ∈ D). �


We finish the proof of Theorem 9. All elements of F are forests by virtue of
Fact 5. The set D is uniquely determined as a consequence of Fact 2 and due to
Fact 4 and Theorem 3 it is determined by the transversal construction. �


3 Finite Maximal Antichains

First, we discuss when a generalised duality forms a maximal antichain; precisely,
for what families F of incomparable forests isQ = F∪D(F) a maximal antichain
in the homomorphism order of digraphs.

Obviously, if a generalised duality forms an antichain, then it is maximal. It
is also evident that F � D for any F ∈ F , D ∈ D. So, a generalised duality
does not form an antichain if and only if there exist D ∈ D and F ∈ F such that
D → F .

Let P1 = ({1, 2}, {(1, 2)}) be the digraph consisting of a single edge (the path
of length 1). If P1 ∈ Fc, then obviously F = {P1} and D = {0}. So for the rest,
we can assume that P1 	∈ Fc.

Let P2 = ({1, 2, 3}, {(1, 2), (2, 3)} be the directed path of length 2.
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Lemma 11. Let F be a set of pairwise incomparable core forests. Then F∪D(F)
is not an antichain if and only if F = {P1} or F = {P2}.
Proof. We have just observed that if F ∪ D(F) is not an antichain, there exist
D ∈ D and F ∈ F such that D → F . Fix such F and D.

Let A be a digraph. If there exists a tree T such that A→ T , we say that A
is balanced. It is easy to see that A is balanced if and only if it is homomorphic
to a forest.

Since F is a forest, we have that D is balanced. Moreover, by Theorem 9,
D = D(M) for a transversal M ⊆ Fc.

Let Zs be the antidirected orientation of a cycle of length 2s+ 1 such that Zs

contains a unique directed path of length 2. Since Zs is not balanced, Zs � D =
D(M); therefore (by the definition of finitary duality) for every positive integer s
there exists C ∈ M such that C → Zs. Hence there exist some s and C → Zs

such that |V (C)| < 2s + 1. Since any proper subgraph of Zs is homomorphic
to P2, we get that C → P2. This finishes the proof as the other implication is
evident. �

We have now observed that only two generalised dualities that are not antichains
exist: ({P1}, {0}) and ({P2}, {P1}). Let us now consider the question when a
maximal antichain is not a generalised duality.

Notice that a finite maximal antichain Q is formed from a generalised duality
if and only if there exist disjoint sets F , D such that Q = F ∪ D and for an
arbitrary digraph X there exists F ∈ F such that F → X or there exists D ∈ D
such that X → D.

Lemma 12. Let Q be a finite maximal antichain in the homomorphism order
of digraphs. Then the following are equivalent:

1. Q is not formed from a generalised duality, i.e. whenever Q = F ∪ D, the
pair (F ,D) is not a generalised duality,

2. Q is one of the sets {P1} or {P2}.
Proof. Both sets {P1} and {P2} are obviously finite maximal antichains not
formed from a generalised duality.

The other implication is proved by splitting Q into F and D in a suitable way,
which allows us to show that all elements of F are balanced. But since (F ,D)
is not a generalised duality, we can use an argument similar to the above proof
to show that F is one of the sets {P1} or {P2}. �

Thus we come to the correspondence between generalised dualities and maximal
antichains. This solves a problem posed in [1], where maximal antichains of size 2
were characterised.

Theorem 13. The correspondence

(F ,D) �→ Q = F ∪ {D ∈ D : D � F for any F ∈ F}
is a one-to-one correspondence between generalised dualities and finite maximal
antichains in the homomorphism order of directed graphs.

Proof. Follows immediately from Theorem 4 and Lemmas 11 and 12. �
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4 Extensions

4.1 MAC Decidability

We are interested in the following decision problem, called the MAC decision
problem: given a finite nonempty set Q of digraphs, decide whether Q is a maxi-
mal antichain. The results of the previous section allow us to state the following
result, whose proof will appear in the full version of the paper.

Theorem 14. The MAC decision problem is decidable. Moreover, it is NP-hard.

Another consequence of Theorem 13 is the following.

Theorem 15. Let Q be a finite maximal antichain in C. An element of Q that
is comparable with an input structure A can be found in polynomial time.

4.2 Duality Decidability

Using a recent result of [13], we can deduce that it is decidable whether for a
setH of digraphs there exists a set F of digraphs such that (F ,H) is a generalised
duality.

It is easy to see that H is the right-hand side of a generalised duality if and
only if each structure in H is a finitary dual and they are pairwise incomparable.
The former is decidable (and even in NP) due to [13], the latter is obviously in
NP. It also follows from [13] that in general, the problem is NP-complete.

4.3 GCSP Dichotomy

As an analogy to CSP, we define GCSP, the generalised constraint satisfaction
problem, as the following: given a finite set H of digraphs, decide for an input
digraph G whether there exists H ∈ H such that G→ H .

Note that if (F ,D) is a generalised duality, then GCSP(D) is polynomially
solvable.

As in Conjecture 1, one could ask whether there is a dichotomy for GCSP.
However, this problem is not very captivating, as the positive answer to the
dichotomy conjecture for CSP would imply a positive answer here as well:

Theorem 16. Let H be a finite nonempty set of pairwise incomparable digraphs.

1. If CSP(H) is tractable for all H ∈ H, then GCSP(H) is tractable.
2. If CSP(H) is NP-complete for some H ∈ H, then GCSP(H) is NP-complete.

Thus from the complexity (and dichotomy) point of view, generalised CSP is
equivalent to CSP. But their first-order definability is another matter: it is both
interesting and more involved.

4.4 First-Order Definable GCSP

We remark that GCSP(H) is first-order definable if and only if there exists a
set F such that (F ,H) is a generalised duality. This result is an extension of a
similar theorem for CSP contained in [14], and its proof follows the same way.
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5 Summary and Concluding Remarks

In Sect. 2, we characterised all the generalised dualities (F ,D) in the category
of directed graphs: the set D such that (F ,D) is a generalised duality exists if
and only if F is a finite family of forests; if this is the case, D is determined
uniquely (up to homomorphic equivalence).

In Sect. 3 we described all finite maximal antichains in the homomorphism
order of directed graphs. They all appear to be formed from generalised dualities
by taking all maximal elements of F ∪ D.

We mention here that the result on generalised dualities extends to the fully
general setting of relational structures with relations of arbitrary arity. Similarly,
Theorem 13 can be generalised for relational structures with one relation of
arbitrary arity. The maximal antichains which are not of the form F ∪ D for a
generalised duality (F ,D) are {P1} and S, where S is the set of all core trees
with two edges. Both these results will appear in the full version of this paper.

Let us note that the characterisation of finite maximal antichains is hard and
interesting for infinite graphs. It has been proved in [15] that for every countable
infinite graph G, G not equivalent to K1, K2, Kω, there exists a graph H incom-
parable with G. There are also infinitely many maximal antichains, however, as
pointed out in [15], all maximal antichains seem to contain a finite graph.

We believe that the interplay of order theoretic notions (such as maximal
antichain) and descriptive complexity notions (such as generalised duality and
first order definability) leads to further insight into the structure of CSP. For
example, the duality theorems present a rich supply of non-trivial CSP problems,
for which polynomial algorithms exist.
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Abstract. It is known to be NP-hard to decide whether a graph can be
made chordal by the deletion of k vertices. Here we present a uniformly
polynomial-time algorithm for the problem: the running time is f(k) ·nα

for some constant α not depending on k and some f depending only on
k. For large values of n, such an algorithm is much better than trying
all the O(nk) possibilities. Therefore, the chordal deletion problem pa-
rameterized by the number k of vertices to be deleted is fixed-parameter
tractable. This answers an open question of Cai [2].

1 Introduction

A graph is chordal if it does not contain an induced cycle of length greater than
3. It can be decided in linear time whether a graph is chordal [9]. However, it is
NP-complete to decide whether a graph can be made chordal by the deletion of
k vertices [6], by the deletion of k edges [7], or by the addition of k edges [10] (if
k is part of the input).

In this paper we investigate these problems from the parameterized complex-
ity point of view. Parameterized complexity deals with problems where the input
has a distinguished part k (usually an integer) called the parameter. A parame-
terized problem is called fixed-parameter tractable if there is an algorithm with
running time f(k) · nα, where f(k) is an arbitrary function and α is a positive
constant independent of k. It turns out that several NP-hard problems, such as
Minimum Vertex Cover and Longest Path, are fixed-parameter tractable.
The function f(k) is usually exponential, thus if the parameter k can be arbi-
trary, then the algorithms are not polynomial (as expected). However, for small
fixed values of k, fixed-parameter tractable problems have low-degree polynomial
algorithms, which are sometimes even practically feasible. For more background,
the reader is referred to the monograph of Downey and Fellows [3].

If k is a fixed constant, then the three chordal deletion/completion problems
can be solved in polynomial time by complete enumeration. For example, in the
vertex deletion problem we can try all the O(nk) possible sets of size k and check
whether their removal makes the graph chordal. Moreover, in [1,5] it is shown
that it can be decided in O(4k/(k + 1)3/2 · (n + m)) or O(k2nm + k624k) time
whether a graph with n vertices and m edges can be made chordal by adding
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k edges. Therefore, chordal edge completion (which is also called the minimum
fill-in problem) is fixed-parameter tractable. The main result of the paper is that
chordal vertex deletion is also fixed-parameter tractable. This answers an open
question of Cai [2].

Theorem 1. Chordal vertex deletion is fixed-parameter tractable with parameter
k, the number of vertices to be deleted.

The iterative compression method introduced in [8] allows us to concentrate on
the following easier problem: given a set X of k + 1 vertices such that G \X is
chordal, find k vertices whose deletion makes G chordal. To solve this “solution
compression” problem, we first determine the size of the maximum clique in the
chordal graph G\X . If the clique size G\X is small, then G\X (and hence the
slightly larger G) has small treewidth. Using standard techniques, the problem
can be solved in linear time for graphs with bounded treewidth. On the other
hand, we show that if there is a large clique in G \X , then the clique contains
“irrelevant” vertices that can be removed from the graph without changing the
solvability of the problem.

The paper is organized as follows. Section 2 reviews some basic facts on chordal
graphs. In Section 3 we show how the iterative compression method of [8] can
be applied to our problem. Section 4 discusses how we can reduce the size of the
cliques to make our graph a bounded treewidth graph.

2 Chordal Graphs

A graph is chordal if it does not contain a cycle of length greater than 3 as an
induced subgraph. This is equivalent to saying that every cycle of length greater
than 3 contains at least one chord, i.e., an edge connecting two vertices not
adjacent in the cycle. A chordless cycle of length greater than 3 will be called
a hole. Chordal graphs can be also characterized as the intersection graphs of
subtrees of a tree (see e.g., [4]):

Theorem 2. The following two statements are equivalent:

1. G(V,E) is chordal.
2. There exists a tree T (U,F ) and a subtree Tv ⊆ T for each v ∈ V such that

u, v ∈ V are neighbors in G(V,E) if and only if Tu ∩Tv �= ∅ (i.e., Tu and Tv

have a common node).

For clarity, we will use the word “vertex” when we refer to the graph G(V,E),
and “node” when referring to T (U,F ). The tree T together with the subtrees Tv

is called the tree decomposition of G. A tree decomposition of G can be found in
polynomial time (see [4,9]). We say that a vertex v contains node x if Tv contains
node x. Similarly, node x can be reached from vertex v is shorthand for saying
that there is a vertex v′ that contains x and there is a path between v and v′.
For an arbitrary node x of T , the vertices whose tree contain x induce a clique.
Moreover, for every clique K, there is a node of T such that every v ∈ K contains
this node (cf. [4]). The following easy observation will be used repeatedly:
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Proposition 3. Let x, y, z be vertices in G(V,E) such that xy, xz ∈ E but
yz �∈ E. If there is a walk T in G \ x from y to z such that in T only y and z
are neighbors of x, then T ∪ x contains a hole of length at least 4. �	
The problem studied in this paper is formally defined as follows:

Chordal Vertex Deletion

Input: A graph G(V,E) and an integer k

Parameter: k

Task: Is there a set X ⊆ V of size at most k such that G \X
is chordal?

If the deletion of X ⊆ V makes the graph chordal, then we say that X is a
hole cover. It turns out that the deletion problem is very different from the edge
completion problem. The algorithms in [1,5] for chordal edge completion use the
standard method of bounded search trees (with some non-trivial optimizations).
The techniques rely on the fact that the graph cannot contain a large hole,
otherwise the graph could not be made chordal by adding k edges. In the deletion
problem we cannot make this assumption: it is possible that the graph can be
made chordal by deleting few vertices, even if there are large holes.

3 Iterative Compression

Reed, Smith and Vetta [8] have shown that the Bipartite Vertex Deletion

problem (make the graph bipartite by deleting k vertices) is fixed-parameter
tractable. They introduced the method of iterative compression that can be used
in the case of the chordal deletion problem as well. The idea is that it is sufficient
to show that the following easier problem is fixed-parameter tractable:

Hole Cover Compression

Input: A graph G, an integer k, and a size k + 1 hole cover W .

Parameter: k

Task: Is there a size k hole cover X of G?

This problem is easier: the extra input W gives us useful information on G.
In particular, we know that G \W is chordal, our algorithm builds on this fact.

Assume that we have an algorithm with running time f(k)nα for Hole Cover

Compression, then Chordal Vertex Deletion can be solved as follows. Let
v1, v2, . . . , vn be an ordering of the vertices, and let Gi be the graph induced
by v1, . . . , vi. We try to find a size k hole cover for each Gi. Graph Gk trivially
has a size k hole cover. Now assume that Gi has a size k hole cover W . Clearly,
W ∪vi+1 is a size k+1 hole cover of Gi+1. Therefore, the compression algorithm
can be used to find a size k hole cover for Gi+1. If there is such a hole cover,
then we can proceed to Gi+2. Otherwise the answer is no, we can conclude that
supergraph G of Gi+1 cannot have a size k hole cover either. The algorithm



40 D. Marx

calls the compression method at most n times, thus the total running time is
f(k)nα+1, which shows that the problem is fixed-parameter tractable.

The compression algorithm will be described later in this section. Our algo-
rithm is somewhat weaker than the one defined in the above scheme. First, it
looks for only a W -avoiding hole cover, i.e., a hole cover that is disjoint from W .
Furthermore, the compression algorithm either finds a W -avoiding hole cover
W ′, or returns a set N , whose size can be bounded by a function of k, such that
every W -avoiding size k hole cover contains at least one vertex of N . (Such a set
N will be called a necessary set.) If the compression algorithm finds that N = ∅
is necessary, then this means that there is no W -avoiding hole cover.

If the compression algorithm returns a necessary set N , then we can conclude
that every size k hole cover contains at least one vertex of N ∪W . Therefore, we
branch into |N ∪W | directions: for each vertex v of N ∪W , we check whether
there is a size k − 1 hole cover of G \ v. Thus the problem can be reduced to at
most bk subproblems with smaller parameter values, where bk depends only on
k. The overall algorithm is the following:

Chordal Vertex Deletion(G, k)

1. Set i := k and let W be the vertices of Gk.
2. Invariant condition: W is a size k hole cover of Gi. If i = n, then return

“W is a size k hole cover of G.”
3. Set W := W ∪ vi+1, now W is a size k + 1 hole cover of Gi+1.
4. Call Hole Cover Compression(Gi+1, k,W ).

– If the answer is a size k hole cover W ′ of Gi+1, then let W := W ′,
i := i+ 1, and go to Step 2.

– If the answer is a set N , then let T := N ∪W .
5. For each vertex v ∈ T , call Chordal Vertex Deletion(G \ v, k − 1).

– If the answer is yes for some v ∈ T , and W is a size k − 1 hole cover
of G \ v, then answer “W ∪ v is a size k hole cover of G.”

– If the answer is no for every v ∈ T , then answer “No.”

Chordal Vertex Deletion calls the compression algorithm at most n
times, and may make at most bk recursive calls to Chordal Vertex Dele-

tion with parameter k − 1 (where bk is the maximum size of T ). Therefore,
if the compression algorithm runs in f(k)nα time (which will be shown in the
next section), and Chordal Vertex Deletion runs in g(k− 1)nα+1 time for
parameter k− 1, then for parameter k the algorithm runs in g(k)nα+1 time, for
some appropriate constant g(k). Thus by induction, we have a g(k)nα+1 time
algorithm for every k, proving Theorem 1.

Now let us turn our attention to the Hole Cover Compression algorithm
itself. Assume that a size k+ 1 hole cover W of G is given. Let V0 = V \W and
denote by G0 the chordal graph G\W . If the size of the maximum clique in V0 is
c, then the treewidth of the chordal graph G0 is c− 1, and the treewidth of G is
at most c− 1 + k+ 1. With standard techniques (applying Courcelle’s Theorem
or dynamic programming) we can show that Chordal Vertex Deletion is
linear-time solvable for graphs with bounded treewidth (details omitted).
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Lemma 4. For every k and w, Chordal Vertex Deletion can be solved in
linear time for graphs with treewidth at most w. �	
In Section 4, we present a method of reducing the clique size of G0 to a constant
depending only on k. A vertex v ∈ V is irrelevant if every W -avoiding size k
hole cover of G \ v is also a hole cover of G. If we identify an irrelevant vertex v,
then the problem can be reduced to finding a size k hole cover in G\v. We show
that if there is a clique K in G0 whose size is greater than some constant ck,
then the problem can be reduced to a simpler form. More precisely, for a large
clique K the clique reduction algorithm does one of the following:

– Identifies an irrelevant vertex v ∈ K. In this case v can be deleted. If the
maximum clique size is still larger than ck, then the algorithm can be applied
again. Otherwise we can use the algorithm of Lemma 4.

– Identifies a set N of constant size such that every W -avoiding size k hole
cover contains at least one vertex of N . As mentioned above, it is possible
that the compression algorithm returns a necessary set.

In the following, it is assumed that in the graph G every hole of size 4 or 5
is completely contained in W . If there is a hole H of size at most 5 that has
vertices outside W , then every W -avoiding hole cover has to contain at least one
vertex of H \W , thus the compression algorithm can return H \W as a necessary
set of constant size. Testing whether such a hole H exists can be easily done in
polynomial time (e.g., by complete enumeration).

In summary, the compression algorithm makes the following steps:

Hole Cover Compression(G, k,W )

1. By complete enumeration, determine if there is a hole H of length at most
5 that is not completely contained in W .
– If there is such a hole H , then return “H \W is a necessary set.”

2. If the clique size of G\W is at most ck, then use the algorithm of Lemma 4.
3. If G\W has a clique K of size more than ck, then call the clique reduction

algorithm for K.
– If the result is an irrelevant vertex v, then delete v from G, and go to

Step 2.
– If the result is a necessary set N , then return “N is a necessary set.”

The clique reduction method is described in the following section.

4 Clique Reduction

Henceforth it is assumed that W = {w1, w2, . . . , wk+1} is a hole cover of G. As
in the previous section, let V0 = V \W and denote by G0 the chordal graph
G \W . In this section we show that if there is a large clique K in G0, then K
contains a irrelevant vertex.
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In the rest of the paper, we prove several lemmas that state certain proper-
ties of the instance. However, these properties do not always hold, but in this
case the compression algorithm can identify and return a necessary set. We use
the expression “We can make sure” to mean that there is a polynomial-time
algorithm that finds a necessary set if the statement does not hold.

4.1 Labeling

If a vertex v ∈ V0 is the neighbor of some vertex � ∈ W , then we say that v has
label �. A vertex can have more than one label, the labels of a given vertex form
a subset of W . The following property will be used repeatedly:

Proposition 5. If P is a path connecting u and v, vertices u and v are not
neighbors, they have label �, and the internal vertices of P do not have label �,
then every W -avoiding hole cover has to contain at least one vertex of P .

Proof. If X is a W -avoiding hole cover disjoint from P , then �uPv� contains a
hole in G \X (Prop. 3), a contradiction. �	
In Lemma 7 we give a bound on the number of independent labeled vertices. To
prove Lemma 7, we need the following technical result:

Lemma 6. Let B be a connected set of vertices in G0 without label t, and let
A be a set of vertices with label t in the neighborhood of B. We can make sure
that for every vertex z ∈ B, if z and its neighbors are deleted from G0, then at
most (k + 1)2 components of the remaining graph can contain vertices from A.

Proof. Consider the tree decomposition of G0, let Tv be the subtree of T that
corresponds to v. Assume that after deleting z and its neighbors, components
C1, . . . , C(k+1)2+1 contain vertices of A, let ai ∈ A be in Ci. The vertices in Ci

are not neighbors of z, hence their subtrees do not intersect Tz. Let pi be the
node closest to Tz that is contained in some vertex of Ci.

Let Z contain those neighbors of z that do not have label t. We show that
if a vertex v ∈ Z contains pi for at least k + 2 different values of i, then v is
a necessary vertex. Assume without loss of generality that v contains p1, . . . ,
pk+2. If X is a W -avoiding size k hole cover, then without loss of generality it
can be assumed that X does not contain p1, p2 or any of the vertices in C1 and
C2. Since p1 can be reached from a1 using only the vertices in C1, and v contains
p1, thus there is a path P1 that connects a1 and v. The internal vertices of P1

may have label t, let a′1 be the t-labeled vertex of P1 closest to v, and let P ′
1 be

the subpath of P1 connecting a′1 and v. We can define P ′
2 and a′2 in a similar

way. Now a′1 ∈ C1 and a′2 ∈ C2 are not neighbors, they both have label t, and
the internal vertices of the path a′1P

′
1vP

′
2a

′
2 do not have label t. Hole cover X

does not intersect this path, which is a contradiction by Prop. 5.
For each component Ci, there is at least one vertex of Z that contains node pi.

This follows from the fact that vertex ai is in the neighborhood of B, thus there
is a path between ai and z whose internal vertices do not have label t. For each
component Ci, select a zi ∈ Z that contains pi. We have seen in the previous
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paragraph that the same vertex of Z can be zi for at most k+ 1 different values
of i. Therefore, if we have more than (k + 1)2 components, then without loss of
generality it can be assumed that z1, . . . , zk+2 are distinct vertices. We claim
that z is a necessary vertex. Assume that X is a W -avoiding size k hole cover
that does not contain z. Without loss of generality, it can be assumed that X
does not contain z1, z2, or any of the vertices in C1 and C2. As in the previous
paragraph, there is a path P ′

1 that connects a t-labeled vertex a′1 ∈ C1 and vertex
z1 such that only a′1 has label t in this path. The path P ′

2 is similarly defined in
C2. Now X contains none of the vertices in the path a′1P

′
1z1zz2P

′
2a

′
2, thus X is

not a hole cover by Prop. 5. �	
Lemma 7. Let B be a connected subset of V0 such that no vertex in B has label
t. We can make sure that there can be at most k4 independent vertices with label
t in the neighborhood of B.

Proof. Let I = {v1, v2, . . . , vk4+1} be an independent set of vertices with label t
in the neighborhood of B. We show that there is no W -avoiding size k hole cover
in G. Assume that X is such a hole cover. It has to contain at least one vertex of
B, otherwise v′, v′′ ∈ I \X can be connected by a path P whose internal vertices
are in B, which is not possible by Prop. 5. For each vertex vi we can select an
xi ∈ X∩B such that vi and xi are connected by a path Pi whose internal vertices
are in B \X . Since |X | = k, there has to be more than k3 vertices vi such that
the corresponding vertices xi are the same. Assume without loss of generality
that x1 = x2 = · · · = xk3+1 = x. We claim that if x and its neighbors are
deleted, then vertices v1, . . . , vk3+1 are separated. By Lemma 6, is not possible
(for k ≥ 3).

Assume that v1 and v2 are connected by a path P that does not go through
the neighborhood of x. Let y1 (resp., y2) be the neighbor of x on P1 (resp., P2).
If y1 and y2 are the same or neighbors,then the t-labeled vertices v1 and v2 are
connected by the walk v1P1y1y2P2v2 in G \X , which is not possible by Prop. 5.
If y1 and y2 are not neighbors, then y1P1v1Pv2P2y2 is a walk connecting y1 and
y2 such that its internal vertices are not neighbors of x. Therefore, by Prop. 3,
there is a hole in G0, contradicting the fact that W is a hole cover. �	

4.2 Dangerous Vertices

Let us fix a clique K of G0. A vertex v ∈ V0 \K is called a t-dangerous vertex
(for K) if v has label t and there is a path P from v to a vertex u ∈ K such
that only v has label t on the path. Vertex v is a t∗-dangerous vertex if v has
label t and there is a path P from v to a vertex u ∈ K such that v and u are
not neighbors, u also has label t, and the internal vertices of the path do not
have label t. Vertex u is the t-witness (t∗-witness) of v, the path P is a t-witness
(t∗-witness) path of v. A vertex v can be t-dangerous for more than one t ∈ W ,
or it can be t- and t∗-dangerous at the same time.

The name dangerous comes from the observation that if there is a hole in G
that goes through the clique K, then the hole has to go through a dangerous
vertex as well. For example, if a hole starts in t ∈ W , goes to the t-labeled
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neighbor v ∈ V0 of t, goes to a t-labeled vertex u ∈ K via a path P ⊆ V0,
and returns to t, then v is a t∗-dangerous vertex, u is its witness, and P is
the witness path. Thus when we delete vertices to make the graph chordal, our
aim is to destroy as many witness paths as possible and to make many vertices
non-dangerous. It will turn out that if a clique is large, then it contains many
vertices whose deletion does not affect the dangerous vertices, thus there is no
use of deleting them.

First we bound by k4 (resp., k6) the number of independent t-dangerous
(resp., t∗-dangerous) vertices. Since G0 is chordal (hence perfect), it follows that
these vertices can be covered by k4 (resp., k6) cliques.

Lemma 8. We can make sure that there are at most k4 independent t-dangerous
vertices.

Proof. Consider the subgraph G′
0 of G0 induced by those vertices that do not

have label t. The clique K contains vertices only from one connected component
of G′

0, let B be this component. Clearly, every t-dangerous vertex is a neighbor
of B in G0. Therefore, by Lemma 7, the size of an independent set of t-dangerous
vertices can be at most k4. �	
Lemma 9. We can make sure that there are at most k6 independent t∗-dangerous
vertices.

Proof. Consider the subgraph G′
0 of G0 induced by the vertices without label t.

Let C1, . . . , Cc be the connected components of G′
0. The internal vertices of a

witness path for a t∗-dangerous vertex are completely contained in one of these
components. Let A be a set of independent t∗-dangerous vertices, and let Ai ⊆ A
contain a t∗-dangerous vertex v if and only if v has a witness path with internal
vertices only in Ci.

If |Ai| > k4, then we are ready by using Lemma 7 for connected subgraph
Ci. For each t∗-dangerous vertex vj ∈ A, fix a witness uj and a witness path
Pj . Select an arbitrary path Pj and throw away all the other paths that use the
same component as Pj . Repeat this until every path is either selected or thrown
away. In each step we select one path and throw away less than k4 paths, thus
|A| > k6 implies that we can select more than k2 paths. Thus assume without
loss of generality that the paths P1, . . . , Pk2+1 do not intersect each other outside
the clique K. If a vertex u ∈ K is contained in more than k + 1 of these paths,
then u is a necessary vertex. To see this, notice that for each i = 1, . . . , k + 1
a W -avoiding size k hole cover has to contain at least one vertex of each Pi

(Prop. 5). Since P1, . . . , Pk+1 intersect each other only in u, this is only possible
if X contains u. Therefore, it can be assumed that every u ∈ K is contained in at
most k of the paths P1, . . . , Pk2+1. Now a simple counting argument shows that
there are k + 1 pairwise disjoint paths. This means that there is no W -avoiding
size k hole cover, as it would have to intersect all these k + 1 disjoint paths. �	
4.3 Marking the Clique

In the next two lemmas, we show that for a clique Q of dangerous vertices, there
is only a constant (i.e., depending only on k) number of vertices in K whose
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deletion can make a vertex of Q non-dangerous. For every other vertex u ∈ K, if
v is t-dangerous, then v ∈ Q remains t-dangerous in G \ u. Even more is true: if
X is a size k set and v ∈ Q is t-dangerous in G \X , then v remains t-dangerous
in G \ (X ∪ u) as well.

Lemma 10. Let Q be a clique of t-dangerous vertices. For every k, there is a
constant dk, such that we can mark dk vertices in K such that if X is a set of
size k and v ∈ Q has an unmarked t-witness u in G0 \X, then v has a marked
t-witness u′ in G0 \ (X ∪ u).

Proof. Consider the tree decomposition of the chordal graph G0, let Tz be the
subtree corresponding to a vertex z. Since Q and K are cliques, thus there are
two nodes x and y such that every vertex of Q contains x, and every vertex of
K contains y. Consider the unique path connecting x and y in the tree, and
identify the nodes of the path with the integers 1, 2, . . . , n, where x = 1 and
y = n. Let u1, u2, . . . be an ordering of the vertices not having label t in K such
that if ai denotes the smallest node of Tui on this path, then the sequence ai is
non-decreasing.

We mark the vertices u1, . . . , uk+1 (or up to uj , if there are only j such
vertices). Assume that the witness u of v is the vertex ui in this ordering. If
i ≤ k + 1, then ui is marked, and we are ready. Otherwise there is a marked
vertex ui′ for some i′ ≤ k + 1 < i that is not contained in X . By the way the
vertices are ordered, the witness path that goes from v to ui has to go through
the neighborhood of ui′ . Thus there is a path from v to ui′ , showing that ui′ is
a t-witness of v in G \ (X ∪ u). �	
The next lemma proves a similar statement for t∗-dangerous vertices. However,
now the marking procedure is more complicated. The reason for this complication
is that a t∗-witness for v has to satisfy two requirements: the witness has to be
reachable from v (thus it has to be close to the clique Q), but it should not be
a neighbor of v (thus it should not be too close to Q). The proof will appear in
the full version of the paper.

Lemma 11. Let Q be a clique of t∗-dangerous vertices. For every k, there is a
constant d∗k such that we can mark d∗k vertices in K such that if X is a set of
size k and v ∈ Q has an unmarked t∗-witness in G0 \X, then v has a marked
t∗-witness as well in G0 \X. �	
In the next three lemmas, we extend Lemma 10 and Lemma 11 to apply not only
for a clique Q of dangerous vertices, but for all dangerous vertices. Moreover, we
extend it by requiring witnesses that satisfy certain other properties as well.

Let F ⊆W be a set of labels. An F -free vertex is a vertex that does not have
any of the labels in F . Assume that a t-dangerous vertex v has a witness u with
a corresponding witness path P . If the vertices in P \ v are F -free, then we say
that u is an F -free witness. Moreover, let � ∈ F , and assume that the vertices in
P \ (u ∪ v) do not have labels from F , vertex u has label � but it does not have
any other label from F . In this case u is said to be an �-labeled F -free witness.
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Notice that an �-labeled F -free witness is not an F -free witness, since it has label
�, which is not allowed for F -free witnesses.

By Lemma 8 and 9, there are no large independent sets of dangerous vertices.
Since G0 is chordal, it follows that the number of cliques required to cover
the dangerous vertices is a constant dependening only on k. The proofs of the
following lemmas are based on this observation, and on the fact that number of
different sets F that we have to consider depends also only on k. Details omitted.

Lemma 12. For every k, there is a constant c(1)k such that we can mark c
(1)
k

vertices in K such that for every size k vertex set X, set of labels F , and label
t ∈ F , if in G0 \ X there is a t-dangerous vertex v with an unmarked F -free
witness u, then v has an F -free marked witness u′ in G0 \ (X ∪ u).

Lemma 13. For every k, there is a constant c(2)k such that we can mark c
(2)
k

vertices in K such that for every size k vertex set X, set of labels F , and labels
�, t ∈ F , if in G0 \X there is a t-dangerous vertex v with an unmarked �-labeled
F -free witness u, then v has such a marked witness in G0 \ (X ∪ u) as well.

Lemma 14. For every k, there is a constant c(3)k such that we can mark c
(3)
k

vertices in K such that for every size k vertex set X and label t ∈ W , if in G\X
a t∗-dangerous vertex v has an unmarked witness u, then v has a marked witness
in G0 \ (X ∪ u) as well.

4.4 Fragments of a Hole

Let H be a hole in G. Since G \W is chordal, H has to contain at least one
vertex of W . Hence H \W is a set of paths P1, P2, . . . , Ps, the set F = H ∩W
together with this collection of paths will be called the fragments of the hole
H . The internal vertices of every path Pi are F -free. Moreover, each end point
has exactly one label from F . The only exception is that if a path consists of
only a single vertex, then it contains exactly two labels from F . A label in F
can appear only on at most two vertices in the fragments: if a vertex of W is in
the hole, then at most two of its neighbors can belong to the hole. However, the
neighbors of a vertex in W can also be in W , thus it is possible that a label in
F appears on only one or on none of the paths.

The following two easy lemmas show that if we have the fragments of a hole,
and a path is replaced with some new path satisfying certain requirements, then
the new collection of paths also induces a hole. Proofs are omitted.

Lemma 15. Let F , P1, . . . , Ps be the fragments of the hole H. Let P ′
1 be a

path that has the same end points as P1, and whose internal vertices are F -free.
There is a hole in the graph induced by the vertices of F , P ′

1, P2, . . . , Ps.

Lemma 16. Let F , P1, . . . , Ps be the fragments of the hole H. Assume that the
length of P1 is at least 1. Let x and y be the end points of P1, and let �x and �y
be their labels in F , respectively. Let P ′

1 be a path with the following properties:

– the end points of P ′
1 are x and y′ where y′ is a vertex that has label �y, but

does not have any other label from F ,
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– the internal vertices of P ′
1 are F -free,

– if �x = �y, then x and y′ are not neighbors.

There is a hole in the graph induced by the vertices of F , P ′
1, P2, . . . , Ps.

To show that a vertex u ∈ K is irrelevant, we have to show that every hole cover
of G \ (X ∪ u) is a hole cover in G \X . That is, if X is a size k set and there
is a hole H in G \X going through u, then there is a hole H ′ in G \ (X ∪ u).
The idea is to look at the fragments of H : if path P1 is going through u, then
we find a path P ′

1 avoiding u, and use Lemma 15 or 16 to obtain the hole H ′.

Lemma 17. For every k, there is a constant ck such that we can make sure that
every clique of size greater than ck contains an irrelevant vertex.

Proof. Given a clique K, mark the vertices according to Lemma 12, 13, and 14.
Moreover, for each F ⊆W and � ∈ F , we consider those vertices that have label
�, but do not have any other label from F , and we mark k + 1 of these vertices
(if there are less than k+1 such vertices for a given F and �, then all of them are
marked). We argue that any unmarked vertex is irrelevant. Since the number of
marked vertices depends only on k, the lemma follows.

Let u be an unmarked vertex. To show that u is irrelevant, assume thatX ⊆ V0

has size at most k, and H is a hole in G \X containing u. We have to show that
G \X contains a hole avoiding u.

Let F , P1, . . . , Ps be the fragments of H . Since the paths of the fragments are
independent (i.e., the vertices on two different paths are not neighbors), without
loss of generality it can be assumed that u is in P1 and only P1 intersects the
clique K. Let x and y be the two end vertices of P1, let their labels be �x and �y,
respectively. Path P1 can contain at most one other vertex of K besides u. We
consider several cases depending on which combination of x = y, u = x, u = y,
�x = �y, |K ∩ P1| = 1 holds:

Case 1: P1 consists of only a single vertex (x = y = u). Details omitted.
In the remaining cases we assume that x �= y and w.l.o.g u �= x.
Case 2: P1 consists of two vertices x, y = u, and P1 is completely contained

in K. Since u is not marked, there are k + 1 marked vertices in K that have
label �y but do not have any other label from F . At least one of these vertices
are not in X , let u′ be such a vertex. If we replace P1 = {x, u} with the path
P ′

1 = {x, u′}, then by Lemma 16 there is a hole not containing u.
In the remaining cases we assume without loss of generality that end point x

is not in K. The following 4 cases handle the situation when y is in K.
Case 3: |K ∩ P1| = 1, u = y, �x �= �y. Vertex x is an �x-dangerous vertex

for K, and u is an �y-labeled F -free witness for x in G0 \ X . By the way the
vertices are marked (see Lemma 13) there is another �y-labeled F -free witness
u′ in G0 \ (X ∪ u). Let P ′

1 be the witness path corresponding to u′. Now F , P ′
1,

P2, . . . , Ps satisfy Lemma 16, thus there is a hole not containing u.
Case 4: |K∩P1| = 2, u = y, x �∈ K, �x �= �y. Since u is not marked, thus there

are k + 1 marked vertices in K that have label �y but do not have any other
label from F . At least one of these vertices are not in X , let u′ be such a vertex.
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Let P ′
1 the same as P1, but replace the last vertex u with u′. Now Lemma 16 is

satisfied, hence there is a hole not containing u.
Case 5: |K ∩ P1| = 2, y �= u. Vertex x is �x-dangerous in G0 \ X and u is

an F -free witness for x. By Lemma 12, there is a marked F -free witness u′ in
G0 \ (X ∪ u); let P ′ be the corresponding witness path. The internal vertices of
P ′

1 := xP ′u′y are F -free, thus by Lemma 15 there is a hole in G0 \ (X ∪ u).
Case 6: u = y, �x = �y. In this case s = 1: the hole consists of only �x ∈ W

and the path P1. Vertex x is an �∗x-dangerous vertex in G0 \X for K, and u is a
witness for x. By the way the vertices are marked (see Lemma 14) in G0\(X∪u)
there is another witness u′ ∈ K of x. Let P ′

1 be the witness path corresponding
to u′. It is clear that F , P ′

1 satisfies Lemma 16.
Case 7: x, y �∈ K. Vertex x (resp., y) is an �x-dangerous (resp., �y-dangerous)

vertex in G0 \ X for K, and u is an F -free witness for both x and y. By the
way the vertices are marked (see Lemma 12) in G \ X there is another F -free
witness u′x (resp., u′y) for x (resp., y). Let Px (resp., Py) be the witness path of
u′x (resp., u′y). Let P ′

1 be the path xPxu
′
xu

′
yPyy going from x to y. The internal

vertices of P ′
1 are F -free, thus by Lemma 15, G \X has a hole avoiding u. �	
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Abstract. We present a fixed-parameter algorithm which computes for

a set P of n points in the plane in O(2c
√

k log k ·k√kn3) time a minimum
weight triangulation. The parameter k is the number of points in P that
lie in the interior of the convex hull of P and c = (2+

√
2)/(
√

3−√2) < 11.

1 Introduction

In this paper we outline how small graph separators might help to reduce the
running time of fixed-parameter algorithms for certain hard geometric problems.
For an introduction to the concept of fixed-parameter algorithms we refer the
reader to the book of Downey and Fellows [6]. We will focus on the Minimum
Weight Triangulation problem (MWT). The input for MWT consists of a set P
of n points in the plane and we want to compute a triangulation of the point
set P such that the total edge length is minimum. As a recent breakthrough
this problem was shown to be NP-hard by Mulzer and Rote [19]. Suggestions
how to cope with MWT include heuristics [4,13] and approximation algorithms
[14,20,21].

Hoffmann and Okamoto [11] were the first to show that MWT is fixed-
parameter tractable with respect to the number k of inner points in P which
are the points in P lying in the interior of the convex hull of P . They give an
algorithm running in O(6kn5 logn) time. In [23] it is shown that the approach
of Hoffmann and Okamoto can be improved to yield an algorithm running in
O(2kkn3 + n3) time. Independently, Grantson et al. presented algorithms for
MWT running in O(4kkn4) [8] and O(k!kn3) [9] time. Other geometric prob-
lems that have been successfully parameterized with the number of inner points
include the Traveling Salesman Problem (TSP) [3] and the problem of finding
certain types of optimal convex partitions [7,10,24].

In [11] it was posed as an open problem to find a fixed-parameter algorithm
for MWT running in 2o(k)poly(n) time. We will give such an algorithm based on
small separators for planar graphs. We decided to concentrate on the problem
MWT because for this problem our ideas can be explained most easily. However,
we expect the basic idea to work also for TSP by applying techniques similar to

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 49–57, 2006.
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(a)

R1

R2 R3

(b) (c)

Fig. 1. A point set, a partition and two triangulations of this point set

those presented in [12]. Graph separators have been used before in the design of
fixed-parameter algorithms. One approach, as followed by Alber et al. [2], is to
reduce the input to a linear size problem kernel and then apply the separator
result to this problem kernel. Unfortunately, for MWT no reduction to such a
problem kernel is known.

The paper is structured as follows. In Section 2 we outline the basic strategy
underlying the known fixed-parameter algorithms for MWT. In Section 3 we
show that the existence of small graph separators implies that the aforemen-
tioned basic strategy yields a much better running time than the methods used
for analysis so far suggest. We conclude in Section 4.

2 The Basic Strategy

In this section we outline how the known fixed-parameter algorithms attack
MWT. To ease argumentation we assume that no three points in P are collinear
but the algorithm can be adapted to work without this assumption.

Let CH(P ) denote the convex hull of P . A partition of P is a set E of straight
line segments with endpoints in P , called edges, such that edges do not cross
each other. Two edges cross if they share a point which is not an endpoint of
both edges. We will only consider partitions E of P that contain all the edges
forming the boundary of CH(P ). The edges in such an E partition the interior
of CH(P ) into a finite set R(E) of regions. A region is a connected component
of the set of those points of the interior of CH(P ) that do not belong to any
edge in E. In Figure 1(a) we give an example of a set of points, drawn as solid
disks, and the edges of a partition E of this point set. The edges in E partition
the interior of the convex hull into the set R(E) = {R1, R2, R3} of regions.

A partition T of P is called a triangulation of P if all the regions in R(T )
are empty triangles. A region of a partition is empty if it does not contain a
point of P in its interior. There can be more than one triangulation of P . In
Figures 1(b) and (c) we show two different triangulations of the same point set.
A triangulation T of P is called a minimum weight triangulation of P if the sum
of the lengths of the edges in T is minimum.

To find a minimum weight triangulation of P we can simply do an exhaustive
search among all triangulations of P and keep track of the one with minimum
total length encountered so far. To this end, we start with an arbitrary edge e of
the convex hull of P . For every triangulation T of P there is a unique triangle
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(a)

e
t R

(c)

e

(b)

R3
R2

R1

Fig. 2. The exhaustive search for a minimum weight triangulation

in R(T ) that has edge e in its boundary. Thus, we do a branching on the set of
empty triangles with vertices in P and edge e in its boundary. An example of
one such triangle t is given in Figure 2(a). The edges of the convex hull together
with the edges of t form a partition E of P . In our example there are exactly two
regions in R(E) one of which is the empty triangle t. The other region R �= t in
R(E) is a topological disk with some points of P in its interior.

At this point we have to extend our notion of a partition such that we can
also speak of the partition of a region R ∈ R(E) of a partition E of P : We call a
set of edges E′

|R a partition of R if there is a partition E′ of P such that E ⊆ E′

and E′
|R contains exactly those edges in E′ that are contained in the closure of

region R. Now we can also speak of triangulations of a region R. Coming back
to our example in Figure 2(a), in the particular branch of the recursion tree of
the algorithm we search through all triangulations of P that contain the edges
of triangle t, i.e., all triangulations of region R.

In general, we have a partition E of P and for one of the regions in R(E)
a particular triangulation is fixed. We will call this region fixed and all other
regions in R(E) we will call open. The goal is to compute minimum weight
triangulations for all open regions in R(E). Throughout the algorithm we will
maintain the following invariant: Every open region R is a topological disk with
possibly some points of P in its interior and the part of the boundary of R
that is contained in the interior of the convex hull CH(P ) of P is connected.
In Figure 2(b) we show an example of the situation after several branchings
have been performed. The fixed region is indicated by shading. It remains to
find minimum weight triangulations for the open regions R1, R2 and R3, each.
The parts of the boundaries of these regions that are contained in the interior
of CH(P ) are drawn with solid lines.

Let’s focus on an open region R. In order to maintain our invariant we select
an edge e that is part of the boundary of R but not an edge of CH(P ). Then
we branch on the set of empty triangles with vertices in P that are contained in
region R and have edge e in its boundary. For an example consider the region
R3 in Figure 2(b). In Figure 2(c) we show a possible choice for edge e and one
of the empty triangles on which we do the branching. The triangle is indicated
by shading. As a result we obtain two new smaller open regions, both contained
in R3, for which we have to compute a minimum weight triangulation, each.

So, the open regions that we encounter during our search for a minimum
weight triangulation can be viewed as the subproblems we have to deal with. In
order to do this efficiently we build on the following property.
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Property 1. An open region is essentially defined by the part of its boundary
that is contained in the interior of CH(P ). Since this part is connected it forms
a possibly closed polygonal path with pairwise non-crossing edges. All vertices
of such a polygonal path are inner points, except at most two that are outer
points.

Since we repeatedly run into the same subproblems it is worthwhile to try to
employ the dynamic programming technique, i.e., we store minimum weight
triangulations for subproblems, once computed, in a table where we can look
them up in constant time, each. However, this will only pay off, if we are able
to give a suitable bound on the total number of subproblems encountered by
our algorithm. This can be done as follows. Due to Property 1 it suffices to
bound the number of polygonal paths that define the open regions encountered
as subproblems. Suppose the polygonal path has exactly l vertices that are in-
ner points. There are

(
k
l

)
possible ways to select these l inner points. For the

at most two vertices on the polygonal path that are outer points there are at
most n2 possible choices. By a fundamental result of Ajtai et al. [1] the num-
ber of crossing-free polygonal paths on top of the selected vertices is in O(dl)
for some constant d > 1. The current record holders are Sharir and Welzl [22]
with d < 87. Thus, we can bound the number of subproblems asymptotically by∑k

l=0

(
k
l

)
n2dl = (d+ 1)k · n2.

A subproblem can easily be processed as outlined above. After selecting edge
e in constant time we consider at most n triangles. For each of these triangles
we must do some checking, for example whether the triangle is empty. This can
easily be done in O(k) time for each triangle. Hence, we can process a subproblem
in O(kn) time. Since there are at most O(88k ·n2) subproblems at all we obtain
a running time in O(88k · kn3).

Note that Hoffmann and Okamoto [11] obtained a much better result based on
the observation that we can restrict to subproblems that are defined by polygonal
paths that are monotone with respect to the x-axis. The number of these so-
called x-monotone paths is in O(2kn2). Employing some additional arguments of
geometric flavor it is possible to obtain an algorithm running in O(2kkn3) time
[23]. However, it seems hard to substantially improve upon this result relying on
the concept of x-monotone paths only. So we tried a different approach: find a
good upper bound on the number of vertices of the polygonal paths that define
subproblems. And this is the point where small graph separators come into play.
Unfortunately, it seems that our approach does not mix well with the concept
of x-monotone paths.

3 Employing Graph Separators

In this section we show that in the basic strategy outlined in Section 2 we can
restrict to subproblems which are defined by a crossing-free polygonal path with
only O(

√
k) vertices. In Section 3.1 we briefly review the separator results we

want to employ in Section 3.2.
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3.1 Simple Cycle Separators

Given a planar graph G = (V,E) a vertex separation is a partition of V into
three sets A, B and S such that no edge in E has one endpoint in A and the
other endpoint in B. The set S is called the separator. A trivial vertex separation
would be S = V and A = B = ∅. But we are interested in vertex separations
where S is small and A contains roughly the same number of vertices as B.
This can be achieved by a famous result of Lipton and Tarjan [16]: every planar
graph with n vertices admits a vertex separation such that |S| ≤ 2

√
2n and

max{|A|, |B|} ≤ 2
3n.

To use vertex separators in the design of algorithms is not a new idea. Lipton
and Tarjan already have employed there result in that way [17]. We will follow
Lingas [15] and use the related result of Miller [18], formulated as the following
theorem for future reference.

Theorem 1. Every triangulated planar graph admits a vertex separation such
that |S| ≤ β√n, max{|A|, |B|} ≤ αn and the vertices of S lie on a simple cycle.

The constants in Miller’s result are α = 2/3 and β = 2
√

2. We can even achieve
β = (2 +

√
2)/
√

3 < 1.9712 as shown by Djidjev and Venkatesan [5].

3.2 Employing Simple Cycle Separators

A standard way of employing graph separators is to devise a divide and conquer
algorithm where the input is split into smaller subproblems by a suitable separa-
tor. In Section 1 we have already pointed out that we could follow this approach
in the design of fixed-parameter algorithms if the problem under consideration
admitted a reduction to a linear size problem kernel.

In this paper we will only use the existential result of Theorem 1 in the
analysis of the running time of the algorithm implicit in the description of the
simple strategy in Section 2. Note that we will not compute graph separators at
any point of this algorithm. We will refer to this algorithm as the basic algorithm,
for short. The core result of our analysis is summarized in the following lemma.

Lemma 1. In the algorithm for MWT outlined in Section 2 it is sufficient to
consider only subproblems defined by crossing-free polygonal paths with at most
c
√
k vertices that are inner points for some constant c > 0.

Proof: As before, let P denote the given set of points. We will prove a slightly
more general result. In order to give a precise formulation we introduce some
more notation. For a partition E of P and a region R ∈ R(E) we denote by
Rin and Rbd the set of points in P lying in the interior and on the boundary
of R, respectively. Furthermore we extend the notion of fixed and open regions
introduced in Section 2 to situations where we want to find a minimum weight
triangulation of a region R ∈ R(E).

Claim. For every partition E of P we can compute for every region R ∈ R(E)
a minimum weight triangulation with the basic algorithm in such a way that at
any time the number of points in Rin on the boundary of the fixed region is at
most c

√|Rin|.
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(a) (b) (c)

e
R(e)

(d)

e

Fig. 3. Using a simple cycle separator to obtain the skeleton

We will do induction on the number l of points in Rin. It is clear that for a
region R such that Rin = ∅ the fixed region cannot contain points of Rin on its
boundary. Hence, the claim is trivially true for l = 0.

Now suppose we have a region R that contains l > 0 points of P in its interior.
Let T denote a fixed minimum weight triangulation of R. An example is given
in Figure 3(a). The points in Rbd and Rin are drawn as solid disks and empty
circles, respectively. To keep our argumentation clear we introduce the graph
G(T ) whose vertices correspond to the points of P contained in Rin ∪ Rbd and
whose edges correspond to the edges in the triangulation T . Let Gin(T ) denote
the subgraph of G(T ) that is induced by those vertices of G(T ) that correspond
to points in Rin. The graph Gin(T ) is planar but not necessarily triangulated.
To apply Theorem 1 we consider an arbitrary triangulation GΔ

in(T ) (in the graph
theoretic sense) of Gin(T ). In Figure 3(b) edges of Gin(T ) are drawn with solid
lines. The dotted edges are added to obtain a triangulated planar graph.

Now, in GΔ
in(T ) we can find a simple cycle separator C such that |C| ≤ β√l.

In Figure 3(b) the edges of the separating cycle are drawn heavier. Let Gsk(T )
denote the subgraph of G(T ) that is induced by the vertices in C and those
vertices of G(T ) that correspond to points in Rbd. We call Gsk(T ) the skeleton
of G(T ), for short. The edges in the skeleton correspond to a partition Esk of R.
Due to our construction every region in R(Esk) has at most αl points of P in its
interior. Furthermore every region in R(Esk) has at most β

√
l points of Rin on

its boundary. In our example we obtain the partition Esk shown in Figure 3(c).
Now imagine we run the basic algorithm on region R. Although we do not

know what the partition Esk looks like exactly, its existence helps us to guide
the algorithm. As outlined in Section 2 we start with an arbitrary edge e on
the boundary of R. There is a unique region R(e) ∈ R(Esk) that has edge e
in its boundary. If we knew region R(e) we could first compute a minimum
weight triangulation for R(e). Since R(e) contains at most αl < l points of P
in its interior, according to the induction hypothesis, this could be done with
the basic algorithm in such a way that the fixed region has always at most
c
√
αl points of Rin(e) on its boundary. In Figure 3(d) a fixed region possibly

encountered by the algorithm is indicated by shading.
This suggests the following strategy to compute a minimum weight triangula-

tion for region R. We start at edge e and try to keep the fixed region a subregion
of R(e). Of course, we cannot tell exactly when we leave region R(e). However,
as soon as there are more than c

√
αl+β

√
l points of Rin on the boundary of the

fixed region we know that we are definitely outside R(e). This can be seen as
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follows: As long as we stay within region R(e) the boundary of the fixed region
can only contain points of Rin which are in Rin(e) ∪ Rbd(e). By the induction
hypothesis we can manage to have at most c

√
αl points from Rin(e) in the

boundary of the fixed region. The number of points in Rin ∩Rbd(e) is bounded
by the size of the separator C which is at most β

√
l.

Now the indicated argumentation can be iterated: Imagine that at some point
we have region R(e) as the fixed region. We continue with a region in R(Esk)
adjacent to R(e) and so on. The number of points of Rin in the boundary of the
fixed region will always be at most the size of the separator C plus the bound
obtained from the induction hypothesis, which is β

√
l + c
√
αl. Thus, as soon as

we encounter a fixed region with more than this number of points from Rin on
its boundary we know that we do not have to further pursue this branch of the
recursion tree and track back.

It remains to devise a suitable value for constant c. We need β
√
l+c
√
αl ≤ c√l.

This can be achieved with c = β/(1−√α). This finishes our inductive proof of the
claim above. Since inner points on the defining polygonal path of a subproblem
are inner points on the boundary of the fixed region this gives us Lemma 1. �
The result of Lemma 1 leads to an improved bound on the running time of the
basic algorithm as stated in the following theorem.

Theorem 2. We can compute a minimum weight triangulation of a set P of n
points in the plane in O(2c

√
k log k ·k√kn3) time. The parameter k is the number

of inner points in P and c = (2 +
√

2)/(
√

3−√2) < 10.7421.

Proof: By Lemma 1 it suffices to consider subproblems that are defined by
crossing-free polygonal paths with at most c

√
k inner points on it. Such a polyg-

onal path can be described by the sequence of its vertices. When there are l inner
points on the polygonal path then there are at most kl possible sequences. For
the at most two outer points on the polygonal path there are at most n2 possible
choices. Hence, the number of defining polygonal paths and thus also the num-
ber of subproblems encountered by the algorithm can asymptotically be bounded
by

∑�c√k�
l=0 kln2 = n2(k�c

√
k�+1 − 1)/(k − 1) ∈ O(k�c

√
k�n2) ⊆ O(2c

√
k log kn2).

In Section 2 we have outlined that using dynamic programming a subproblem
can be processed in O(kn) time. However, it is no longer sufficient to consider
only one arbitrary edge. In order to stay inside the fixed region we must con-
sider every edge on the defining polygonal path. Since such a path has O(

√
k)

edges a subproblem can be processed in O(nk
√
k) time. This gives us an up-

per bound of O(2c
√

k log k · k√kn3) on the running time of the algorithm where
c = β/(1 −√α) = (2 +

√
2)/[
√

3(1−√
2/3)] = (2 +

√
2)/(
√

3−√2). �

Remark 1. It seems that employing the combinatorial bound O(dl) on the num-
ber of crossing-free polygonal paths on top of l vertices [1,22] does not help to
get rid of the log k-factor in the exponent in the bound on the running time
stated in Theorem 2.
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4 Concluding Remarks

The main contribution of this paper is that we have outlined a way to beat the 2k

term in the bound on the running time of previously known algorithms for MWT.
We expect the general idea to work also for other hard geometric problems such
as TSP. However, our results as stated here are mostly of theoretical interest
since 2k < 2c

√
k log k for all k ≤ 20000.
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Abstract. We introduce divide-and-color, a new technique for the so-
lution of hard graph problems. It is a combination of the well-known
divide-and-conquer paradigm and color-coding [2]. Our approach first
randomly colors all edges or nodes of a graph black and white, and then
solves the problem recursively on the two induced parts.

We demonstrate this technique by giving new randomized algorithms
for the solution of two important problems. These yield runtime bounds
of O∗(4k) for finding a simple path of length k and O∗(4(h−1)k) for finding
k edge-disjoint (resp. vertex-disjoint) copies of a graph H with h edges
(resp. h nodes) in a given graph. Derandomization gives deterministic
algorithms for these problems with running times O∗(24k) and O∗(24hk),
respectively.

All these results significantly improve over the currently known best
bounds. In particular, our generic algorithms beat specialized ones that
have been designed to find k triangles or paths of length two.

1 Introduction

As of today, it is commonly assumed that there are no polynomial-time algo-
rithms for NP-complete problems. On the other hand, these problems occur over
and over again in real-life applications, and thus simply need to be dealt with.
This contradictory situation has led to the development of several relaxed no-
tions of “solving,” such as approximation and randomization. Another approach
is called parameterized complexity.

In classical NP-completeness theory, run-time bounds are derived with re-
gard to the worst case taken over all instances of the same size. Informally,
the paradigm of parameterized complexity [5] tries to look closer in order to
find properties that better measure the hardness of a problem. An instance of
length n may still be easy to solve if it fulfills a certain property. If this property
can be quantified by a number k—such as the treewidth of a graph, the number
of literals that may be set to true in a propositional formula, or the maximum
length of a simple path—this number can then be seen as a parameter describing
the hardness of an instance.

More precisely, if there exists an algorithm that solves the problem in O(f(k) ·
poly(n)) time for some function f , we say that the problem is fixed-parameter
tractable. The corresponding complexity class is called FPT. Since appropriately
� Supported by the DFG under grant RO 927/6-1 (TAPI).

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 58–67, 2006.
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chosen parameters can be very small in instances occuring in practice, this para-
digm often yields rather applicable algorithms. On the other hand, the values of
f(k) can be rather large for certain problems. For example, the best parameter-
ized algorithm for Dominating Set Of Queens known today has a running
time of O∗(225k) [3].

There are a lot of techniques for designing FPT algorithms in the litera-
ture, among them kernelization, bounded search trees, dynamic programming,
treewidth methods and color-coding. The best runtime bounds for the parame-
terized versions of some graph problems have been obtained using the latter
method, which has been introduced by Alon et al. [2]. The underlying idea of
this technique is to color the nodes or edges of a graph randomly in order to
ease the detection of certain subgraphs. For instance, a path of length k may
be hard to find1, but after coloring the nodes with k colors, a colorful path of
length k− 1—i.e., a path that consists of k nodes having k different colors—can
be detected quite quickly using dynamic programming.

The runtime bounds obtained via color-coding are usually of the form O∗(ck)
for some constant c. Note that this is only exponential in k and thus much better
than, e.g., bounds resulting from Courcelle’s famous theorem [4]. The constant c,
however, can be very large, as detailed in Section 2. Derandomizing the resulting
algorithms [2,6] leads to bounds of the same form with even larger constants.

In this paper, we present a new and more efficient color-coding technique that
can also be derandomized with less dramatic effects on the runtime bound. The
crucial idea lies in using only two colors combined with a divide-and-conquer
approach. Recursively solving the problem on two subgraphs induced by the
coloring turns out to be easier than employing a dynamic programming algorithm
as used in classical color-coding.

For a graph G, let V [G] denote the set nodes in G. Similarly, let E[G] denote
the set of edges. We apply the new technique to several graph problems, obtain-
ing new runtime bounds of O∗(22k) for Longest Path and O∗(22(h−1)k) for
H-Graph Packing, where h = |V [H ]|, as well as H-Graph Edge-Packing

where h = |E[H ]|, in the randomized case. The respective bounds for the deran-
domized case are O∗(24k) and O∗(24hk). Let us first formally define the problems
that are to play a rôle in what follows.

Definition 1. The problem Longest Path is defined as follows:

Input: A graph G and a number k
Parameter: k
Question: Is there a simple path of length k in G?

The classical color-coding algorithm by Alon et al. [2] solves Longest Path in
time O∗((2e)k) = O∗(22.45k) (randomized) or 2O(k) with large hidden
1 One way of solving this problem is to look at a depth-first search tree of the graph.

If there is a back-edge spanning a path of length k, we are done. Otherwise, there
is a tree decomposition of width k, and the problem can be solved using Courcelle’s
Theorem [4]. Unfortunately, this method yields extremely large values of f(k) even
for small k.
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constants (deterministic). We improve these running times to O∗(22k) and
O∗(24k), respectively.

Definition 2. The problem H-Graph Packing is defined as follows:

Input: A graph G and a number k
Parameter: k
Question: Are there k vertex-disjoint instances of H in G?

Definition 3. The problem H-Graph Edge-Packing is defined as follows:

Input: A graph G and a number k
Parameter: k
Question: Are there k edge-disjoint instances of H in G?

As of today, the best runtime bounds published for H-Graph Packing and
H-Graph Edge-Packing are O∗(22.45hk) for the randomized and O∗(210hk)
for the deterministic case [6]. We take these to O∗(22(h−1)k) and O∗(24hk), re-
spectively.

As to our knowledge, specialized algorithms have been designed for at least
two variants of H-Graph Packing andH-Graph Edge-Packing, the first be-
ing K2,1-Packing [10] and the second Edge-Disjoint Triangle Packing [9].
The corresponding runtime bounds are O∗(25.301k) and O∗(2

9
2 k log k+ 9

2 k).2 Our
randomized algorithms improve both of these to O∗(24k). Moreover, the de-
randomized version yields a bound of O∗(212k) for Edge-Disjoint Triangle

Packing.

2 Color-Coding

Unfortunately, the papers on color-coding that have been published so far omit
a lot of details, especially regarding hidden factors in the respective runtime
bounds. This holds for the results on both the problem of finding a path of
length k and the problem of finding k occurrences of a fixed subgraph. In the
seminal paper on color-coding [2], for example, Alon et al. considered k a mere
constant. In subsequent papers [6,9], k was already interpreted as a parameter,
but the runtime bounds were stated without giving explicit constants for the
basis of the exponential function. This section is dedicated to a more precise
analysis of these bounds.

Let us first examine the algorithm for H-Graph Edge-Packing by Fellows
et al. [6]: Given a graph G and a number k, does G contain k edge-disjoint
occurrences of some fixed subgraph H? Let h denote the number of edges in H .
For the analysis, fix a set M of k edge-disjoint occurrences of H in an instance.

2 The latter algorithm is based on kernelization. There also is a 2O(k)-algorithm based
on color-coding. However, the constants hidden in the O-notation are so large that
the kernelization-based algorithm is considered more practical.
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If coloring all the edges in G randomly using hk colors leaves all the edges in
M colored differently, the following algorithm will find these k occurrences of H
(or, possibly, some other k occurrences):

For each S ⊆ {1, . . . , hk} where |S| is a multiple of h, use dynamic program-
ming to find out whether G contains |S|/h occurrences of H whose edges have
exactly the colors in S. If this is eventually the case for S = {1, . . . , hk}, the
graph G indeed contains k edge-disjoint occurrences of H . This computation
takes O∗(2hk) steps. The probability of coloring all the hk edges in M with
different colors is (hk)!/(hk)hk = Ω(

√
ke−hk). In order to make the failure prob-

ability exponentially small, it thus suffices to repeat the entire procedureO∗(ehk)
times. This gives a total running time of O∗((2e)hk) = O∗(5.44hk).

A deterministic algorithm can be obtained via derandomization, as described
by Alon et al. [2]. It is possible to construct a family F of hash functions
{1, . . . , n} → {1, . . . , k} such that for every S ⊆ {1, . . . , n} with |S| = k there is
one f ∈ F that maps S onto {1, . . . , k}, i.e., is bijective on S. There are such
families of size 2O(k) logn that can be efficiently constructed and evaluated [2].
Instead of coloring the edges randomly, we can consecutively use all members of
a family of hash functions f : E → {1, . . . , hk}. This leads to a running time of
2O(hk)nO(h).

The constants in the above bound are rather large, but Fellows et al. have
proposed two ideas on how to improve the running time [6]. The first one is
to use more colors in order to increase the probability that all the edges in a
solution are assigned different colors. This, however, leads to a more costly dy-
namic programming phase. The second idea regards the family of hash functions
employed: Alon et al. did not aim to minimize the size of F with respect to k.
Instead, efficient evaluation was a criterion, but is not needed in this context.
For example, a size of O∗(24hk) would be possible at the expense of using 6hk
colors, leading to an overall running time of only O∗(210hk) [6,7,11].

Let us now briefly discuss the original algorithm [2] for Longest Path: We
color the nodes randomly using k colors. For a fixed path of length k, there
are kk possible colorings, k! of which make the path colorful by assigning k
different colors to the k nodes in the path. Hence, the path is colorful with
a probability of e−k. A colorful path of length k can be detected in O∗(2k)
steps using dynamic programming. On the other hand, it takes ek iterations to
obtain an exponentially small probability that the path is never colorful. Con-
sequently, this randomized algorithm for Longest Path has a runtime bound
of O∗((2e)k) = O∗(5.44k).

3 Algorithms Based on Divide-and-Color

The basic idea of our new approach is to use only two colors—say, black and
white—and to solve a reduced instance of the problem on each of the two induced
subgraphs recursively. These two solutions must then be combined into a solution
for the original instance. Intuitively, this method has three major advantages:

Firstly, when coloring in stages, a wrong coloring may be amended in the
current stage, whereas in classical color-coding, one would have to start from
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scratch. Secondly, in opposition to classical color-coding, there is no more need
for solving the complicated problem addressed by the dynamic programming
algorithm. This is because the recursive approach eventually reduces the problem
to trivial instances. Thirdly, derandomization becomes a lot easier in the new
approach, because we can use almost k-wise independent random variables [1]
instead of universal families of hash functions.

3.1 Finding a Path of Length k

Instead of solving the decision problem Longest Path directly, we use an em-
bedding into the following closely related search problem:

Definition 4. Given a graph G = (V,E), we write u
k−→ v for two nodes

u, v ∈ V whenever there is a simple path of length k − 1 from u to v.

The problem Extended Longest Path is defined as follows:

Input: A graph G = (V,E) and a number k
Parameter: k
Output: The set { (u, v) ∈ V 2 | u k−→ v }.

We say an algorithm solves Extended Longest Path with error probability p
if for every graph G = (V,E) and every u, v ∈ V with u k−→ v its result contains
(u, v) with probability at least p on input G, k.

Lemma 1. Algorithm L from Table 1 solves Extended Longest Path with
error probability at most 1/4 in time O∗(4k).

Proof. It is easy to see that if Algorithm L returns a pair {u, v}, then indeed
u

k−→ v. On the other hand, if G contains such a path, L does not return the
corresponding pair {u, v} with some probability pk.

Assume there is a simple k-node path from u to v in G. The probability that
the first �k/2� nodes are black and that the other �k/2	 nodes are white is 2−k.
In that case, L(G1) and L(G2) do not contain pairs that allow the algorithm to
insert {u, v} into R with probability at most 2p�k/2�. After 3 · 2k iterations, the
probability that {u, v} /∈ R is at least

(
1− 2−k + 2−k+1p�k/2�

)3·2k

,

because with probability 1−2−k the coloring is bad and with probability at most
2−k+1p�k/1� the coloring is good, but the recursive detection of the black or white
subpath fails. We show that pk ≤ 1/4 for every k: Obviously p1 = 0, and for
k ≥ 2 we get the inequality pk ≤ (1−2−k +2−k+1/4)3·2

k

= (1−2−(k+1))
3
2 ·2k+1 ≤

e−3/2 < 1/4 by induction on k.
Let Tk denote the number of recursive calls issued by Algorithm L. Observe

that the recursive calls issued in the innermost for-loop have the same parameters
for all u, v, w, x. It thus suffices to perform these two calls only once for each
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Table 1. Algorithm L

Input: A graph G = (V, E) and a number k Parameter: k

Output: The set { (u, v) ∈ V 2 | u k−→ v }.
if k = 1 then return { (v, v) | v ∈ V } fi; for
3 · 2k times do

Choose some V ′ ∈ 2V with uniform probability;
G1 := G[V ′]; G2 := G[V − V ′]; R := ∅;
for all u, v, w, x ∈ V do

if (u, v) ∈ L(G1, �k/2�) ∧ {v, w} ∈ E ∧ (w, x) ∈ L(G2, �k/2	)
then R := R ∪ {(u, x)} fi

od
od; return R

coloring and to remember the results when processing the inner for-loop. We
obtain the recurrence

Tk ≤ 3 · 2k · (T�k/2� + T�k/2�) ≤ 3 · 2k+1T�k/2�.

Using the simple fact that k+ �k/2�+⌈�k/2�/2⌉
+ · · ·+1 ≤ 2k+log k where the

sum ends when a term becomes 1, we get Tk = O(3log kk24k) = O(klog 3k24k) =
O∗(4k). All other operations performed during a call to the algorithm only take
polynomial time.

Algorithm L thus finds a paths of length k with probability at least 3/4 if one
exists. Iterating it linearly often yields an exponentially small error probability
while keeping the running time at O∗(4k). �

Theorem 1. Longest Path can be solved with exponentially small error prob-
ability in time O∗(4k).

Proof. Applying Algorithm L a linear number of times solves the more
general problem Extended Longest Path with exponentially small error
probability. �


3.2 Graph Packing and Graph Edge-Packing

Lemma 2. Algorithm P from Table 2 solves H-Graph Edge-Packing with
failure probability 1/4 in time O∗(4(h−1)k), where h = |E[H ]|.
Proof. Assume that H has h > 1 edges. In line 6 of the algorithm, E is par-
titioned into E′ and E − E′. Let us call the edges in E′ black and the edges
in E − E′ white. Fix a solution, i.e., a set of k edge-disjoint copies of H in G.
For each copy of H , the probability that all its edges have the same color is
2−h+1. The probability that all copies are monochromatic is 2−(h−1)k and the
probability that exactly �k/2� copies are black and �k/2	 copies are white is at
least 2−(h−1)k/k.
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Table 2. Algorithm P

Input: A graph G = (V, E) and a number k
Parameter: k
Question: Does G contain k edge-disjoint copies of H?

if k ≤ 1 then
if there are k or more edge-disjoint copies of H then return true
else return false fi

fi;
for 3 · 2(h−1)k times do

Choose some E′ ∈ 2E with uniform probability;
G1 := (V, E′); G2 := (V, E − E′);
if P (G1, �k/2�) ∧ P (G2, �k/2	) then return true fi

od;
return false

Let pk be the probability that Algorithm P does not find the fixed solution.
Then

pk ≤
(

1− 2−(h−1)k

k
+

2−(h−1)k

k

(
p�k/2� + p�k/2�

)
)3·2−(h−1)k

.

We show by induction on k that pk ≤ 1/4. For k ≤ 1 we have pk = 0 and if
k > 1 then

pk ≤
(

1− 2−(h−1)k

k
+

2−(h−1)k

2k

)3·2(h−1)k

≤
(

1− 2−(h−1)k−1
)3·2(h−1)k

< e−3/2.

The runtime analysis is very similar to that of Algorithm L. �

Theorem 2

1. The problem H-Graph Edge-Packing can be solved with exponentially
small error probability in O∗(22(h−1)k) steps where h = |E[H ]|.

2. The problem H-Graph Packing can be solved with exponentially small
error probability in O∗(22(h−1)k) steps where h = |V [H ]|.

Proof. For H-Graph Edge-Packing simply repeat the 1/4-error-probability
algorithm linearly often in order to amplify the success probability. H-Graph

Packing can be solved very similarly. Essentially, we have to color nodes instead
of edges. �

Corollary 1. We can solve Edge-Disjoint Triangle Packing in O∗(24k)
steps and K1,s-Packing in O∗(22sk) with exponentially small failure probability.

4 Derandomization

The common object of the divide-and-color algorithms introduced in the last
section lies in finding some subset S of nodes or edges with some property and



Divide-and-Color 65

given size. The first step towards this goal always consists in coloring all nodes
or edges black and white. Progress will be made whenever this global coloring
implies one particular coloring of S. For example, when looking for a path of
length k, we want the first half of this path black, and the second one white. In the
randomized approaches detailed above, we color the nodes or edges randomly and
repeat this very often, so that the right coloring of S is hit with high probability.

In order to make failure impossible, we have to cycle through a family of node
or edge colorings deterministically. Doing so will succeed when we make sure
that every possible coloring of S is hit at least once. Since we do not know S,
however, we need to hit every coloring for any set of size |S| at least once. The
notion of (almost) k-wise independence will ease this task for us.

Definition 5. [1] A set X ⊆ {0, 1}n is k-wise independent if when x1 . . . xn

is chosen uniformly from X, then for any k positions i1 < · · · < ik and any
k-bit string y, we have Pr[xi1 . . . xik

= y] = 2−k. It is (ε, k)-independent if
|Pr[xi1 . . . xik

= y]− 2−k| ≤ ε.

If we had an X ⊆ {0, 1}n that is (2−|S|−1, |S|)-independent, we could color a set
of n nodes or edges according to each element in X with the guarentee that S is
colored in every possible way at least once. Fortunately, Alon et al. have found
a construction that does the job.

Proposition 1. [1] Let n = 2t−1 and let k be an odd integer. Then it is possible
to construct n bits that are (ε, k)-independent using 2

(�log 1
ε +log(1+(k−1)t/2)�)

bits.

Moreover, their construction works in quasi-linear time. Notice that the number
of bits in the seed of an (2−|S|−1, |S|)-independent set X can be bounded by
2|S| + 2 log |S| + 2 log logn + 2. The cardinality of X is thus no more than
O(4|S| · |S|2 · log2 n), and X can be constructed in O∗(4|S|) time.

Theorem 3. Algorithm P′ solves H-Graph Edge-Packing in time O∗(16hk),
where h = |E[H ]|.

Proof. There are O(4hk(hk)2 log2 |E|) = O∗(4hk) possibilities to choose s. A
runtime analysis similar to that for Algorithm L shows that the total number of
recursive calls is O∗(16hk).

The correctness follows from the fact that for a solution consisting of k copies
of H with a total of hk edges, E′ eventually contains exactly the edges of �k/2�
many of those copies. �


Analogously, we can prove the following theorem.

Theorem 4. There is a deterministic algorithm solving Longest Path in time
O∗(16k).
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Table 3. Algorithm P′

Input: A graph G = (V, E), E = {e1, . . . , em} and a number k
Parameter: k
Question: Does G contain k edge-disjoint copies of H?

if k ≤ 1 then
if there are k or more edge-disjoint copies of H then return true
else return false fi

fi;
for all s ∈ {0, 1}�2hk+2 log(hk)+2 log log |E|�+2 do

Expand s into x ∈ {0, 1}|E| as in Proposition 1;
E′ := { ei ∈ E | xi = 1 };
G1 := (V, E′); G2 := (V, E − E′);
if P (G1, �k/2�) ∧ P (G2, �k/2	) then return true fi

od;
return false

5 Conclusion

We have introduced a new technique and applied it to design faster algorithms
for several problems. However, we did not exhaust the method’s full potential.
In particular, we think that the cost incurred by derandomization could be de-
creased. While almost k-wise independent random variables seem to be the right
tool for derandomizing the Longest Path algorithm, a weaker property suf-
fices for packing problems. In the case of Triangle Packing, for instance, we
used almost 3k-independent random variables to make sure we encounter every
possible coloring of the 3k edges of k triangles. It would be enough, however,
if for every possible way of grouping 3k edges into k triangles, exactly half of
these triangles were colored black and the others white at least once. Designing
appropriate sample spaces thus seems to be a promising goal.

Remark. Some of the results presented in this paper, such as a randomized
O(4kpoly(n)) algorithm for Longest Path, have also been obtained by Liu et
al. using a different approach. The respective paper was accepted for IWPEC
2006 and will appear later this year [8].

Acknowledgement. We thank Martin Dietzfelbinger for pointing us in the di-
rection of almost k-wise independent random variables and Ryan Williams for
helpful comments regarding the runtime analysis.
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Abstract. We propose three algorithms for enumeration problems; given a graph
G, to find every chordal supergraph (in Kn) of G, to find every interval super-
graph (in Kn) of G, and to find every interval subgraph of G in Kn. The algo-
rithms are based on the reverse search method. A graph is chordal if and only
if it has no induced chordless cycle of length more than three. A graph is an in-
terval graph if and only if it has an interval representation. To the best of our
knowledge, ours are the first results about the enumeration problems to list every
interval subgraph of the input graph and to list every chordal/interval supergraph
of the input graph in polynomial time. The time complexities of the first algorithm
is O((n + m)2) for each output graph, and those for the rest two algorithms are
O(n3) for each output graph, where m is the number of edges of input graph
G. We also show that a straight-forward depth-first search type algorithm is not
appropriate for these problems.

1 Introduction

Listing all the objects that satisfy a specified property, with no duplications, is called
“enumeration”. For example, the enumeration of substrings contained by a string “ab-
cab” is “a”, “b”, “c”, “ab”, “bc”, “ca”, “abc”, “bca”, “cab”, “abca”, “bcab” and “abcab”.
Enumeration has many applications in such areas as data mining, optimization, and sta-
tistics.

Since enumeration problems often require us to output very many objects, we need
to reduce the time used to output each object in order to keep the total time reasonably
short. We also need to keep the total memory space reasonably small, as well as in the
case of solving other computational problems. However, straight-forward algorithms for
an enumeration often take much time and space, requiring time exponential in output
size and space exponential in input size. Developing an output-sensitive enumeration
algorithm using a small amount of memory is an important task. When we enumerate
exponentially many objects (in input size) in output-sensitive computational time with
a small memory, we have to avoid duplicate outputs without storing previously output
objects in memory, since the size of the storage must be exponentially large. Further,
simple search strategies may fail with some problems. For example, branch-and-bound
type algorithms are not effective if the subproblems related to the bounding operations
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Fig. 1. An interval graph and its interval representation

are difficult. However, efficient algorithms for enumerations have been provided for
some problems, such as enumerations of vertices of a polytope, all cells in a hyperplane
arrangement, spanning trees of a graph [1], maximal cliques of a graph [12] and perfect
elimination orderings of a chordal graph [5].

We have addressed the supergraph enumeration problems and the subgraph enumer-
ation problem related to chordal graphs and interval graphs: enumerating all chordal/
interval graphs (in Kn) that contain the given graph, and enumerating all interval graphs
that are included in the given graph. Related to these problems, in [10], the authors
previously proposed an algorithm for chordal subgraph enumeration using techniques
different from those of the techniques used in this paper.

A graph is chordal if and only if it has no induced chordless cycle of length more
than three. A graph G is an interval graph if and only if there is a one-to-one corre-
spondence between its vertices and a set of intervals on the real line, such that two
vertices are adjacent if and only if the corresponding intervals have an intersection. The
set of intervals is called an interval representation of G (Fig. 1). Chordal graphs have
many applications, for example, to matrix computation [3] or to relational databases[2].
Chordal graphs are also used for modeling some systems in computer science and in
the social sciences [16]. Enumerating chordal graphs may be applied to the enumeration
of these models. Interval graphs also have many applications in such diverse areas as
archeology, biology, and scheduling [8].

In this paper, we define the adjacencies between chordal graphs and between interval
graphs. Two adjacent chordal/interval graphs differ only in one of their edges. We can
thus traverse the graphs by removing or adding one edge. We propose efficient poly-
nomial delay algorithms traversing along the adjacencies based on reverse search. The
complexities of the algorithms are O(n3) time and O(n2) space for the supergraph enu-
merations, and O((n+m)2) time and O(n+m) space for the subgraph enumeration.

The organization of the paper is as follows. Section 2 provides the preliminaries.
Then, we show some properties of chordal graphs and interval graphs to develop the
search trees in Section 3. Section 4 describes the algorithms we propose, and Section 5
concludes the paper.

2 Preliminaries

2.1 Terms and Notations

Graph G = (V,E) is a subgraph of G′ = (V ′, E′) iff V ⊆ V ′ and E ⊆ E′, and graph
G is a supergraph of G′ iff G′ is a subgraph of G.
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Fig. 2. All the graphs in K5 whose edge set is {(2, 4), (2, 5), (4, 5)}. The filled vertices are in the
vertex set, and non-filled vertices are not in the vertex set.

Given a graph G that is a subgraph of the n-vertex complete graph Kn, we call
finding (without duplications) all subgraphs of G that have a given specified property
as subgraph enumeration. The property is, for example, that the graph is chordal, or
that the graph is an interval graph. Similarly, given graph G included in Kn, we call
finding (without duplications) all subgraphs of Kn that are supergraphs of G and have
specified properties as supergraph enumeration. To be more specific, when the property
is that the graph is chordal (an interval graph), we call the problems as chordal (interval)
subgraph/supergraph enumeration. Given an edge set E, it is easy to enumerate every
graph whose edge set is E, that may contain some isolated vertices. (See 2)). Therefore,
we enumerate graphs by enumeration of edge sets. For simplicity, given an edge set E,
we denote by G〈E〉 the graph whose vertex set is vertices incident to edges in E and
whose edge set is E.

We denote by G+ e the graph obtained by adding edge e to the edge set of graphG,
and we denote by G− e the graph obtained by removing edge e from that edge set.

2.2 Difficulty of Super/Subgraph Enumeration

Enumerating chordal/interval graphs involves some difficulties. Chordal graphs in all
graphs with n vertices are exponentially few in ratio to non-chordal graphs [17]. Since
interval graphs are chordal graphs [11], this fact is also true for interval graphs. Thus,
if we enumerate them by generating all graphs included in Kn and determine whether
they satisfy the definitions of these graph classes, the algorithm takes an exponentially
long time in n to output a graph.

We can consider branch-and-bound type algorithms. Let us consider a chordal sub-
graph enumeration algorithm: given a graph G = (V,E), we enumerate all chordal
subgraph of G. At every level of the search, we choose an edge e in E, and divide
the problem into two subproblems: an enumeration of chordal subgraphs containing
edge e, and an enumeration of those not containing edge e. We stop dividing the prob-
lem when we know that there is no chordal subgraph in a subproblem. In this way,
we can enumerate all chordal subgraphs of G by outputting all leaves of the search
tree. The problem is that deciding whether or not there is a chordal subgraph in a sub-
problem is difficult. Let A be the current graph in the algorithm and B be the input
graph. The problem to decide whether or not there is a graph belonging to specified
graph class that contains A and included in B is known as “graph sandwich problem”.
The graph sandwich problem for chordal graphs is proved to be NP-complete [9]. The
algorithm thus possibly takes an exponentially long time at the bounding phase, or
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root
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Fig. 3. Spanning forest on the objects to be enumerated. Paths from all leaves aim at the roots.

the algorithm visits exponentially many subgraphs of G that are not chordal, unless
P = NP. Hence, the algorithm may take an exponentially long time to output a chordal
subgraph. Golumbic et al. also showed in [9] that a graph sandwich problem for interval
graphs, deciding whether or not there is an interval graph included in one given graph
and containing another given graph, is NP-complete. The interval subgraph enumera-
tion thus has a similar difficulty. We use the reverse search method to overcome this
difficulty.

2.3 Reverse Search

For efficient enumerations, a good search method is necessary. The reverse search
method suits this requirement. The reverse search is a sophisticated depth-first search
type scheme for enumerations and was originally developed by Avis and Fukuda in
[1]. Because of its simplicity and efficiency, this search method has been used in many
algorithms for problems in many fields [1,13,14,12].

Let F be the set of objects that we want to enumerate. For example, F is the set
of chordal/interval graphs included in/containing a given graph in our problems. We
define a parent-child relation by determining a parent for each object, except for some
specified objects called root objects, which do not have parents. The definition of the
parents has to satisfy that no object is a proper ancestor of itself, that is, by starting from
an object x and moving in continuing succession to its parent and parent’s parent, we
never come to the start object x again. The graph representation of the relation induces
a set of disjoint rooted trees spanning all objects, in which paths from all leaves aim to
the roots. We illustrate an example of the graph representation in Fig. 3. Each object
to be enumerated is drawn by a point, and an object and its parent are connected by a
directed arrow.

Tracing each edge in the reverse direction enables us to perform a depth-first search
to visit all objects. We can thus find all objects without duplications by using two subal-
gorithms: one algorithm to find all root objects, and another to find all children of each
object. We often have to store the nodes that we have visited in memory to avoid visiting
them twice when performing depth-first search algorithms. In contrast with such cases,
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the reverse search algorithms automatically avoid duplications by limiting the base
structure for searching to tree (forest) structure.

2.4 Chordal Graphs and Interval Graphs

Chordal graphs have the important property of having at least one simplicial vertex, and
if the chordal graph has more than one vertex, there are at least two simplicial vertices
in it [7], where a vertex is simplicial iff its neighbors induce a clique. Eliminating a
simplicial vertex from a chordal graph is well known to result in another chordal graph,
where an elimination of a vertex means removing the vertex and edges incident to it.
Thus, we can iteratively eliminate simplicial vertices from a chordal graph until the
graph has no vertices. The vertex ordering by which we eliminate the simplicial vertices
is called a perfect elimination ordering. It is known that a graph has a perfect elimination
ordering if and only if the graph is chordal. Given a graphG, we can decide whether or
not graph G is chordal in time linear in the input size [15].

Interval graphs also have interesting properties. We can find an interval representa-
tion of a given interval graph, and thus decide whether or not the graph is an interval
graph, in time linear in the input size [4,6]. In general, an interval graph has many non-
isomorphic interval representations. The class of interval graphs is a proper subclass of
that of chordal graphs [11]. Although this fact means that we can solve optimization
problems on interval graphs with algorithms for chordal graphs, this is not the case for
enumeration problems.

3 Preparation for Our Algorithms

All algorithms presented in this paper are based on the reverse search method. We
explain how to define the parent-child relations for the reverse searches, in this section.

In the chordal supergraph enumeration, we define the parent H of a chordal graph
H ′ such that the difference between H and H ′ is always one, i.e., we can obtain, in
reverse searching, a child by removing an edge. Given chordal graph H , with such a
parent-child relation, checking all the candidates of children to determine whether or
not they are children of H requires only polynomial time, since there must be only
O(n2) of candidates of children of H . Therefore, defining parents in such a way, we
can enumerate each chordal supergraph of the given graph in polynomial time. Defining
such parent-child relations also enables us to find the root easily. We can add at least
an edge to every chordal graph not equal to Kn keeping the chordality, as we show in
the next section. The root of the chordal supergraph enumeration is thus simply Kn. In
a similar way, we can define parents for the interval supergraph enumeration and the
interval subgraph enumeration. To show that we can define parents in such a way and
that the root is Kn (the empty graph in the case of the subgraph enumeration), and to
make our algorithm efficient, we must first prove some lemmas about edge deletions
and edge additions.

Lemma 1. Given an n-vertex chordal graph H = (V,E) �= Kn and any vertex v ∈ V
of degree smaller than n − 1, there exists a vertex v′ ∈ V not adjacent to v such that
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graph H + (v, v′) is chordal. Moreover, we can find such vertex v′ in O(n+m) time,
where m is |E|.

Proof. We can find a perfect elimination ordering of H where the vertex v is located at
the tail [15]. We denote such a perfect elimination ordering by P = (p1, p2, . . . , pn),
where pn = v. Let pk be the last vertex in P that is not adjacent to v. We show that
pk is the desired vertex v′ by proving that P is a perfect elimination ordering of H ′ =
H + (v, pk) and H ′ is thus chordal.

We denote by Hj the subgraph of H induced by {pj, pj+1, . . . , pn}, and we denote
by H ′

j the subgraph of H ′ induced by {pj, pj+1, . . . , pn}. We denote by Ni(v) (resp.
N′

i(v)) the set of neighbors of vertex v in Hi (resp. H ′
i).

Vertex pi (i = 1, 2, . . . , k − 1, k + 1, k + 2, . . . , n) is a simplicial vertex of H ′
i , for

Ni(pi) and N′
i(pi) are identical. Since pk is a simplicial vertex ofHk, Nk(pk) induces a

clique in Hk and also in H ′
k. Since all the vertices of Nk(pk) are adjacent to vertex pn,

N′
k(pk) = Nk(pk)∪{pn} also induces a clique in H ′

pk
. Hence, vertex pk is a simplicial

vertex of H ′
pk

. P is thus a perfect elimination ordering of H ′.
We can obtain a perfect elimination ordering P such that v is located at the tail in

O(n+m) time [15]. To find pk from the ordering P , we need O(n) time. Thus, we can
find the desired v′ in O(n+m) time. �	

Lemma 2. Given an n-vertex interval graph I = (V,E) �= Kn and any vertex v ∈ V
of degree smaller than n − 1, there exists a vertex v′ ∈ V not adjacent to v such that
graph I + (v, v′) is an interval graph. Moreover, we can find such vertex v′ in O(n+m)
time, where m is |E|.

Proof. We denote an interval representation of I by (I1, I2, . . . , In), where each inter-
val Ii (i = 1, 2, . . . , n) corresponds to vertex vi ∈ V . We can assume without loss of
generality that all of the end points of the intervals are distinct. Let vertex vj be the
vertex v.

Since the degree of vertex v is smaller than n − 1, the corresponding interval Ij =
[lj , rj ] does not intersect some intervals. We can assume without loss of generality
that there are some intervals at the right-side of Ij that do not intersect Ij , since the
symmetric intervals also form an interval representation of interval graph I . Let Ik =
[lk, rk] be the interval such that the difference between rj and the left end is the smallest
among such intervals. We change the interval Ij to [lj , lk + ε], where ε is a sufficiently
small number (Figure 4). Then, the resulting interval representation is that of an interval
graph I + (v, vk). Hence, the vertex vk is the desired vertex v′.

1 2

3 4 5

6 7

1 2

3 4 5

6 7

Fig. 4. We can add a new edge incident to vertex 1
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We can obtain an interval representation (I1, I2, . . . , In) of I in O(n+m) time [4,6],
and to find Ik from the representation, we need O(n) time. We can thus find the desired
v′ in O(n+m) time. �	
Lemma 3. Given an n-vertex connected interval graph I = (V,E) (|E| ≥ 1), there
exists an edge e ∈ E such that G〈E \ {e}〉 is a connected interval graph. Moreover, we
can find the edge e in O(n+m) time, where m is |E|.
Proof. We denote an interval representation of I by (I1 = [l1, r1], I2 = [l2, r2], . . . ,
In = [ln, rn]), where each interval Ii(i = 1, 2, . . . , n) corresponds to vertex vi ∈ V .
We can assume without loss of generality that all of the end points of the intervals are
distinct. Let lj be the smallest among li (i = 1, 2, . . . , n).

Since I is connected, Ij = [lj , rj ] intersects some intervals. Let Ik = [lk, rk] be the
interval that intersects Ij and the value lk be the largest among such intervals. Setting
rj to lk − ε produces a new interval graph that we obtain by removing an edge between
vertices vj and vk. If the interval graph is connected, (vj , vk) is the desired edge. Oth-
erwise, the graph is divided into two connected interval graphs, where the left-hand one
contains Ij . Then, doing the process recursively with the right-hand intervals, we can
find the desired edge eventually. At the end of the recursion, it is possible that the graph
is divided into an isolated vertex and the rest of the graph. However, in the sense of an
edge set, the graph is connected.

It takes O(n + m) time to obtain an interval representation of I . We can find every
k at every iteration by sweeping intervals from l1 until we find the desired vertex. Each
interval Ii (i = 1, 2, . . . , n) is swept at most once. Therefore, we can find all k’s at
every iteration in O(n) time. Thus, the time complexity to find e is O(n+m). �	

4 Enumeration Algorithms

4.1 Supergraph Enumeration of Chordal/Interval Graphs

First, we present our algorithm for the chordal supergraph enumeration. We define the
root chordal graph and the parent of other chordal graphs. Let A be an algorithm ob-
tained from the proof of Lemma 1; A inputs a chordal graph H , and outputs an edge
e∗(H) = (v, v′) such that v is the youngest vertex with degree smaller than n− 1 and
H+(e∗(H)) is chordal. We can transformH to be canonical in some way, since H has
vertex indices. Thus, we can assume that A outputs the identical edge for the identical
inputs. Hence, we can define e∗(H) uniquely for any H �= Kn. We define the parent
of a chordal graph H �= Kn as H + e∗(H). The root chordal graph is the complete
graph Kn.

Lemma 4. For every chordal graph H �= Kn, the parent always exists and is unique.

Lemma 5. The parent-child relation induces a rooted tree, whose root is the complete
graph Kn.

We describe an outline of our algorithm below. We just have to call the procedure with
the argumentH = Kn.
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procedure enum super chordal(H ,G)
H : chordal graph, G : graph;
begin

output H ;
for every edge e ∈ E(H) \ E(G) do

if H − e is chordal and
the parent of H − e is H then
enum super chordal(H − e, G);

end for
end.

The algorithm performs a depth-first back tracking to enumerate all the chordal su-
pergraphs included in Kn. From the lemmas above, we can easily confirm that this
algorithm finds without duplications all the chordal supergraphs of G. We discuss the
complexity in the theorem below.

Theorem 1. There is an algorithm for the chordal supergraph enumeration, that finds
every chordal supergraph of a given graph in O(n3) time and O(n2) space.

Proof. Given a chordal graphH , let v∗ be the youngest vertex that has a degree smaller
than n− 1.

For edge e incident to a vertex younger than v∗ such thatH−e is chordal, the parent
of H − e is always H , due to the definition of the parent. If more than one vertices
are younger than v∗, these vertices induces a clique, since their degrees are n − 1.
We consider any two of such vertices, v1 and v2. From the symmetric property, for
any vertex v and edge e2 = (v, v2), H − e2 is chordal if and only if edge e1 = (v, v1)
satisfies thatH−e1 is chordal. Thus, we have to check chordality on only O(n) graphs,
to determine, for every edge e incident to vertices younger than v∗, whether or notH−e
is chordal. We can do these checks in O(n3) time, since we can check chordality of a
graph in O(n2) time.

For edge e = (v∗, v+), where v+ is elder than v∗, such that H − e is chordal, we
can check whether or not the parents of H − e is H in O(n2) time, since we can obtain
the parent of H − e in O(n2) time by Lemma 1. Hence, for all edges e = (v∗, v+), we
can check whether or not H − e is a child of H , i.e., H − e is chordal and the parent of
H − e is H , in O(n3) time.

For edge e whose end points are elder than v∗, the parent of H − e is neverH , since
we can add toH−e an edge whose one end point is v∗ keeping chordality by Lemma 1.

Hence, the total time complexity to check for every candidate of a child ofH whether
or not it is really a child of H is O(n3). �	

The algorithm and the analysis technique also can be applied to the case of the interval
supergraph enumeration similarly, since Lemma 2 plays the same role of Lemma 1.
We can thus enumerate interval graphs which contain given graph G, where the time
complexity for finding every interval supergraph is O(n3).

Theorem 2. There is an algorithm for the interval supergraph enumeration, that finds
every interval supergraph of a given graph in O(n3) time and O(n2) space.
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Notice that these algorithms and the analysis can be applied to connected chordal/
interval supergraph enumeration, since the parent of a connected chordal/interval graph
is connected.

4.2 Subgraph Enumeration of Interval Graphs

Similarly to the algorithm for the supergraph enumeration, we can develop an algorithm
for interval subgraph enumeration.

First, we explain the case of the connected interval graph enumeration. We define the
root interval graph and a parent-child relation. The parent interval graph of connected
interval graph I that is not the empty graph is a connected interval graph obtained by
removing edge e∗(I) from I , where e∗(I) is an edge obtained by the algorithm derived
from Lemma 3. We define the root as the empty graph.

Now, we present our algorithm below. We just have to call the procedure with the
argument I = (φ, φ), i.e., the empty graph.

procedure enum sub interval(I ,G)
I : interval graph, G : graph;
begin

output I;
for every edge e ∈ E(G) \ E(I) do

if I + e is connected interval and
the parent of I + e is I then
enum sub interval(I + e, G);

end for
end.

For graph I , we have to check O(n + m) candidates of the children. We can find the
parent of the given interval graph in O(n+m) time, by Lemma 3. Thus, computational
time of this algorithm to find each connected interval graph included in graph G is
O((n+m)2). In contrast to the case of the supergraph enumerations, we can not remove
an edge incident to an arbitrary vertex keeping the intervality. Thus, the time complexity
of this algorithm for finding each connected interval subgraph is larger than that in the
case of supergraph enumeration.

The (not necessarily connected) interval subgraph enumeration algorithm is straight-
forward from that of the connected version. With some deterministic algorithm, we
can easily obtain an ordering of the connected components of an interval graph I . Let
I1, I2, . . . , Is be such an ordering of the connected components of I . We define a parent
of I as (the parent of I1) ∪ I2∪, . . . ,∪Is.

Theorem 3. There is an algorithm for the (connected) interval subgraph enumeration,
that finds every (connected) interval subgraph of a given graph in O((n+m)2) time.

5 Conclusion

We focused on adding and removing edges on chordal and interval graphs. We showed
that we can define the rooted tree structures by them on all the chordal/interval su-
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pergraphs of a given graph, and on all the interval subgraph of a given graph. Us-
ing the structures, we introduced algorithms for interval subgraph enumeration, and
chordal/interval supergraph enumerations. The time complexity to find every chordal
or interval graph containing a given graph are both O(n3) for each. The time complex-
ity to find every interval graph included in a given graph is O((n+m)2) for each.
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Abstract. A dominating set D of a graph G = (V,E) is a subset of
vertices such that every vertex in V \D has at least one neighbour in D.
Moreover if D is an independent set, i.e. no vertices in D are pairwise
adjacent, then D is said to be an independent dominating set. Finding a
minimum independent dominating set in a graph is an NP-hard problem.
We give an algorithm computing a minimum independent dominating
set of a graph on n vertices in time O(1.3575n). Furthermore, we show
that Ω(1.3247n) is a lower bound on the worst-case running time of this
algorithm.

1 Introduction

During the last years the interest in the design of exact exponential time algo-
rithms has been growing significantly. Nice surveys have been written on this
subject. In one due to Woeginger [18], the author emphasizes the major tech-
niques used to design exact exponential time algorithms. We also refer the reader
to the recent survey of Fomin et al. [7] discussing some new techniques in the
design of exponential time algorithms. In particular they discuss Measure &
Conquer and lower bounds.

The Minimum Independent Dominating Set problem (MIDS) is also known as
Minimum Maximal Independent Set, since every independent dominating set is
a maximal independent set. This problem asks for a set of minimum cardinality
that is both independent and dominating. Whereas Maximum Independent Set
and Minimum Dominating Set have been studied very deeply in the field of
exact algorithms, the best known exact algorithm for MIDS trivially enumerates
all maximal independent sets.

Known Results. A set I ⊆ V of a graph G = (V,E) is independent if no two
vertices in I are adjacent. The problem of finding a Maximum Independent Set
(MIS) of a graph was among the first problems shown to be NP-hard.

It is known that a MIS of a graph on n vertices can be computed in O(1.4423n)
time by combining a result due to Moon and Moser, who showed in 1965 [13]
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that the number of maximal independent sets of a graph is upper bounded by
3n/3, and a result due to Johnson, Yannakakis and Papadimitriou, providing
in [11] a polynomial delay algorithm to generate all maximal independent sets.
Moreover many exact algorithms for this problem have been published, starting
in 1977 by an O(1.2600n) algorithm by Tarjan and Trojanowski [17]. The best
known algorithms for MIS until now are an O(1.2108n) algorithm by Robson [15]
in 1986, a very long algorithm of running time O(1.1889n) by Robson [16] in
2001 and a very simple algorithm with running time O(1.2210n) by Fomin et al.
[5] in 2006.

A set D ⊆ V of a graph G = (V,E) is dominating if every vertex in V \D has
at least one neighbour in D. The problem of finding a Minimum Dominating Set
(MDS) of a graph is well known to be NP-hard.

Until recently, the only known exact exponential time algorithm to solve MDS
asked for trivially enumerating the 2n subsets of vertices. The year 2004 saw a
particular interest in providing some faster algorithms for solving this problem.
Indeed, three papers with exact algorithms for MDS were published. In [8] Fomin
et al. present an O(1.9379n) time algorithm, in [14] Randerath and Schiermeyer
establish an O(1.8899n) time algorithm and Grandoni [9] obtains an O(1.8026n)
time algorithm.

By now, the fastest published algorithm is due to Fomin et al. [6]. They use
the Measure & Conquer approach to obtain an algorithm with running time
O(1.5263n) and using polynomial space. By applying a memorization technique
they show that this running time can be reduced to O(1.5137n) when allowing
exponential space usage.

A natural and well studied combination of these two problems asks for a subset
of vertices of minimum cardinality that is both dominating and independent.
This problem is called Minimum Independent Dominating Set (MIDS).

It has been established that a minimum independent dominating set (MIDS)
can be found in polynomial time for several graph classes like interval graphs [2],
chordal graphs [4], cocomparability graphs [12] and AT-free graphs [1], whereas
the problem remains NP-complete for bipartite graphs [3] and comparability
graphs [3]. Concerning inapproximability results, Halldórsson established in [10]
that there is no constant ε > 0 such that MIDS can be approximated within a
factor of n1−ε in polynomial time, assuming P �= NP .

To the best of our knowledge, the only paper giving an exact exponential
time algorithm for MIDS has been written by Randerath and Schiermeyer [14].
They use the result due to Moon and Moser [13] as explained previously and an
algorithm enumerating all the maximal independent sets to obtain anO(1.4423n)
time algorithm for MIDS.

Our Results. In this paper we present an O(1.3575n) time algorithm for solv-
ing MIDS using the Measure & Conquer approach to analyze its running time.
As the bottleneck of the algorithm in [14] are the vertices of degree two, we use
some nice tricks to handle them more efficiently such as marking some vertices
and a sophisticated reduction rule described in section 3.1. Combined with some
elaborated branching rules, this enables us to lower bound shrewdly the progress
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made by the algorithm at each branching step, and thus to obtain an algorithm
which improves the best known result from O(1.4423n) to O(1.3575n). Further-
more, we obtain a very close lower bound of Ω(1.3247n) on the running time of
our algorithm, which is very rare for non trivial exponential time algorithms.

2 Preliminaries

Let G = (V,E) be an undirected and simple graph. For a vertex v ∈ V we
denote by N(v) the neighbourhood of v and by N [v] = N(v) ∪ {v} the closed
neighbourhood of v. The degree d(v) of v is the cardinality of N(v). For a given
subset of vertices S ⊆ V , G[S] denotes the subgraph of G induced by S, N(S)
denotes the set of neighbours in V \ S of vertices in S and N [S] = N(S) ∪ S.
We also define NS(v) as N(v) ∩ S and dS(v) (called the S-degree of v) as the
cardinality of NS(v). In the same way, given two subsets of vertices S ⊆ V and
X ⊆ V , we define NS(X) = N(X) ∩ S.

A clique is a set S ⊆ V of pairwise adjacent vertices. A graph G = (V,E) is
called bipartite if V admits a partition into two independent sets. A bipartite
graph G = (V,E) is a complete bipartite graph if every vertex of one independent
set is adjacent to every vertex of the other independent set. A connected compo-
nent of a graph is a maximal subset of vertices inducing a connected subgraph.

In a branch-and-reduce algorithm the current problem is divided into smaller
ones such that an optimal solution, if one exists, occurs in at least one subprob-
lem. If the algorithm considers only one subproblem in a given case, we refer to
a reduction rule, otherwise to a branching rule.

Consider a vertex u ∈ V of degree two with two non adjacent neighbours v1
and v2. In such a case, a branch-and-reduce algorithm will typically branch into
three subcases when considering u: either u or v1 or v2 are in the solution set.
In the third branch, one can consider that v1 is not in the solution set as this is
already considered by the second branch. In order to memorize that v1 is not in
the solution set but still needs to be dominated, we mark v1.

Definition 1. A marked graph G = (F,M,E) is a triple where F ∪M denotes
the set of vertices of G and E denotes the set of edges of G. The vertices in F
are called free vertices and the ones in M marked vertices.

Definition 2. Given a marked graph G = (F,M,E), an independent domi-
nating set D of G is a subset of free vertices, i.e. D ⊆ F , such that D is an
independent dominating set of the graph G′ = (F ∪M,E).

Remark 1. It is possible that such an independent dominating set does not exist
in a marked graph, namely if a marked vertex has no free neighbours.

To close this section we introduce the notion of an induced marked subgraph.

Definition 3. Given a marked graph G = (F,M,E) and two subsets S, T ⊆
(F ∪M), an induced marked subgraph G[S, T ] is the marked graph G′ = (S ∩
(F ∪M), T ∩ (F ∪M), E′) where E′ ⊆ E are the edges of G with both end points
in S ∪ T .
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Note that notions like neighbourhood and degree in a marked graph G =
(F,M,E) are the same as in the corresponding simple graph G = (F ∪M,E).

3 Computing a MIDS on Marked Graphs

In this section we present an algorithm solving MIDS on marked graphs.
¿From the previous definitions it follows that a subset D ⊆ V is a MIDS of a

graphG′ = (V,E) if and only if D is a MIDS of the marked graph G = (V, ∅, E).
Hence the algorithm of this section is able to solve the problem on simple graphs
as well.

Given a marked graph G = (F,M,E), consider the graph G[F ] induced by
its free vertices. In the following subsection we introduce a reduction rule which
deletes a connected component of G[F ] which is a clique.

3.1 Eliminating Cliques in G[F ]

Consider the function RedClique. (See next page.)

Lemma 1. Let G = (F,M,E) be a marked graph and C a connected component
of G[F ] which is a clique. The function RedClique computes in polynomial time
a marked graph G′ = (F ′,M ′, E′) such that:

(i) the size of a MIDS of G is equal to the size of a MIDS of G′ plus one,
(ii) F ′ = F \ C,
(iii) no edge of E′−E has both end points in F ′, i.e. the function adds no edge

between two free vertices.
Proof. First, note that whenever there is a clique component C in G[F ], every
independent dominating set contains exactly one vertex of C. Indeed, at least
one vertex of C has to be taken in the independent dominating set to dominate
C and at most one vertex in C can be taken because the solution has to be an
independent set.

If |C| = 1, the unique vertex in C must be part of the MIDS. So, the function
just deletes C and its neighbourhood. By now we assume that |C| ≥ 2.

If there is a vertex v ∈ C with no marked neighbour, then we will not choose
this vertex in the MIDS. As a matter of fact, every vertex in C dominates C.
So, a vertex in C which also dominates some marked vertices is always a better
choice than a vertex that does not. Consequently, the function just deletes v and
calls itself recursively on the clique component C − {v}.

Assume now that |C| ≥ 2 and that every vertex in C has at least one neighbour
in M . Then, the function will create one new marked vertex hi,j for every two
vertices hi, hj ∈ N(C) that do not share a same neighbour in C. It replaces N [C]
by these new marked vertices. A vertex hi,j will be adjacent to a vertex v ∈ F \C
iff hi or hj was adjacent to v. So, when all vertices hi,j will be dominated by
vertices in F \ C in G′, at least all the vertices in N(C) except the neighbours
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Function RedClique(G = (F,M,E), C ⊆ F )
Input: A marked graph G = (F,M,E) and a clique C ⊆ F such that C is a

connected component of G[F ].
Output: A marked graph G′ = (F ′,M ′, E′) s.t. G′ has the properties

defined in Lemma 1.
if |C| = 1 then

G′ ← G[F \ C,M \N(C)];
else

if ∃v ∈ C s.t. NM (v) = ∅ then
G′ ← RedClique(G[F − {v},M ], C − {v})

else
let N(C) = {h1, h2, . . . , hk}
H ← ∅
for i← 1 to k − 1 do

for j ← i+ 1 to k do
if NC(hi) ∩NC(hj) = ∅ then

add to H a new marked vertex hi,j

G′ = (F ′,M ′, E′)← G[F \ C,M \N(C)]
M ′ ←M ′ ∪H
foreach hi,j ∈ H do

foreach v ∈ NF (N [C]) s.t. {v, hi} ∈ E or {v, hj} ∈ E do
E′ ← E′ ∪ {v, hi,j}

return G′

of a unique vertex u ∈ C are dominated in G. It is then clear which vertex of
C will be in the MIDS. And whenever a vertex hi,j is not dominated in G′, no
vertex of C can dominate all undominated vertices in N(C) in G.

Remark that, once all these new marked vertices are dominated, it is possible
to determine in polynomial time which vertex of the clique C must be added to
the solution in order to obtain a MIDS for the initial marked graph.

As N [C] is deleted from the original graph, we have F ′ = F −C. The function
does not create new edges between two free vertices because the only new edges
created during the computation join free and new marked vertices. It is not hard
to see that RedClique has polynomial running time. 	


3.2 The Algorithm

In this subsection, we give the algorithm ids computing the size of a MIDS of a
marked graph. The branching rules are quite complicated but it is fairly simple
to check that the algorithm computes the size of a MIDS (if one exists). It is
not difficult to transform ids into an algorithm that actually outputs a MIDS.
In the next section we prove the correctness and give a detailed analysis of ids.
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Algorithm ids(G)
Input: A marked graph G = (F,M,E).
Output: The size of a MIDS of G.

if F = M = ∅ then
return 0 (0)

if ∃u ∈M s.t. dF (u) = 0 then
return ∞ (1)

else if ∃u ∈M s.t. dF (u) = 1 then
let v be the unique free neighbour of u
return 1 + ids(G[F \N [v],M \N(v)]) (2)

else if ∃C ⊆ F s.t. C is a clique ∧NF (C) = ∅ then
return 1 + ids(RedClique(G,C)) (3)

else if ∃B ⊆ F s.t. B induces a complete bipartite graph ∧NF (B) = ∅ then
let B be partitioned into two independent sets X and Y
return min{ |X|+ ids(G[F \N [X], M \N(X)]);

|Y |+ ids(G[F \N [Y ],M \N(Y )])}
(4)

else if ∃C ⊆ F s.t. C is a clique ∧ |C| ≥ 3 ∧ ∃!v ∈ C s.t. dF (v) ≥ |C| then
return min{ 1 + ids(G[F \N [v], M \N(v)]);

ids(G[F \ {v},M ∪ {v}, E])}
(5)

else
choose u ∈ F of minimum F -degree with a neighbour in F of
maximum F -degree
if dF (u) = 1 then

return 1 + min{ ids(G[F \N [u], M \N(u)]);
ids(G[F \N [NF (u)],M \N(NF (u))])}

(6)

else if dF (u) = 2 then
let NF (u) = {v1, v2}
return 1 + min{ ids(G[F \N [u], M \N(u)]);

ids(G[F \N [v1],M \N(v1)]);
ids(G[F \ (N [v2] ∪ {v1}), (M ∪ {v1}) \N(v2)]}

(7)

else
choose v ∈ F of maximum F -degree
return min{ 1 + ids(G[F \N [v], M \N(v)]);

ids(G[F \ {v},M ∪ {v}])}
(8)

4 Correctness and Analysis of the Algorithm

Intuitively, marked vertices do not make the instance of the problem more dif-
ficult: they cannot be taken in the MIDS and the only thing they are good
for is to put restrictions on their free neighbours. Moreover, free vertices having
only marked neighbours can be handled without branching. So, it is an advan-
tage when the F -degree of a vertex decreases. We will therefore assign different
weights to the free vertices according to their F -degree.

Let ni denote the number of free vertices having F -degree i. For the running
time analysis we consider the following measure of the size of G:
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k = k(G) =
∑

i≥0

wini ≤ n

where the weights wi ∈ [0, 1]. In order to simplify the running time analysis, we
make the following assumptions:

– w0 = 0,
– wi = 1 for i ≥ 3,
– w1 ≤ w2,
– Δw1 ≥ Δw2 ≥ Δw3 where Δwi = wi − wi−1, i ∈ {1, 2, 3}.

Theorem 1. Algorithm ids solves the minimum independent dominating set
problem in time O(1.3575n).

Proof. Let P [k] denote the number of subproblems recursively solved to compute
a solution for an instance of size k. As the time spent in each call of ids, excluding
the time spent by the corresponding recursive calls, is polynomial, it is sufficient
to show that for a valid choice of the weights, P [k] = O(1.3575n).
We will analyse the nine cases of algorithm ids one by one. Cases (0) to (3) are
reduction rules and the other cases correspond to branching rules.

Case (0). If the set of vertices is empty, the algorithm returns 0 since it has
computed an independent dominating set of the marked graph.

Case (1). If there is a marked vertex u having no free neighbour, u has no
possibility to be dominated and thus the algorithm returns ∞, meaning that
there is no solution for this subproblem.

Case (2). If there is a marked vertex u with only one free neighbour v, the only
possibility for u to be dominated is to add v to the MIDS. So, N [v] is deleted
and the measure k decreases at least by 2w1.

Case (3). If there is a clique C of free vertices which are not adjacent to any
other free vertices, we use the function of Lemma 1 to remove C. Since the
number of free vertices decreases by |C| and no new edges are added between
any two free vertices, the F -degrees of the remaining free vertices do not increase.
Thus the measure k decreases. (Note that the number of marked vertices and
their F -degree can increase by this reduction, but these parameters do not occur
in our measure.)

Case (4). If there is a subsetB of free vertices such thatG[B] induces a complete
bipartite graph and no vertex of B is adjacent to a free vertex outside B, then
the algorithm branches into two subcases. Let X and Y be the two maximal
independent sets of G[B]. Then a MIDS contains either X or Y . In both cases
we delete B and the marked neighbours of either X or Y . The smallest possible
subset B satisfying the conditions of this case is a P3, i.e. a path of three vertices,
as any smaller complete bipartite component in F is handled by case (3). Since
we only count the number of free vertices, we obtain the following recurrence:

P [k] ≤ 2P [k − 2w1 − w2]. (1)
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It is clear that any complete bipartite component with more than three vertices
would lead to a better recurrence.

Case (5). If there is a subset C of at least three free vertices which form a clique
and only one vertex v ∈ C has free neighbours outside C, the algorithm either
includes v in the solution set or it excludes this vertex by marking it. In the first
case, all the neighbours of v are deleted (including C). In the second case, v is
marked and the C − {v} clique component appears in G[F ]. Then C − {v} will
be deleted by the reduction rule of case (3). In both cases, C is deleted and in
the first case, the neighbours of v outside C are also deleted (at least one free
vertex of F -degree at least one). So we have:

P [k] ≤ P [k − w1 − 2w2 − w3] + P [k − 2w2 − w3]. (2)

Case (6). If there is a free vertex u such that dF (u) = 1, a MIDS either
includes u or its free neighbour v in the solution. Vertex v cannot have F -degree
one because this would have been handled by case (3). For the analysis, we
consider two cases:

1. dF (v) = 2. Let x denote the other free neighbour of v. Note that dF (x) �= 1
as this would have been handled by case (4). We consider again two subcases:
(a) dF (x) = 2. When u is chosen in the independent dominating set, u and

v are deleted and the degree of x decreases to one. When v is chosen in
the independent dominating set, u, v and x are deleted from the marked
graph. So, we obtain the following recurrence for this case:

P [k] ≤ P [k − 2w2] + P [k − w1 − 2w2]. (3)

(b) dF (x) ≥ 3. Vertices u and v are deleted in the first branch, and u, v and
x are deleted in the second branch. The recurrence for this subcase is:

P [k] ≤ P [k − w1 − w2] + P [k − w1 − w2 − w3]. (4)

2. dF (v) ≥ 3. At least one free neighbour of v has F -degree at least 2. Otherwise
case (4) would have been applied. Therefore the recurrence for this subcase
is:

P [k] ≤ P [k − w1 − w3] + P [k − 2w1 − w2 − w3]. (5)

Case (7). If there is a free vertex u such that dF (u) = 2 and none of the above
cases apply, the algorithm branches into three subcases. Let v1 and v2 be the
two free neighbours of u. Either u belongs to the MIDS, or v1 is taken in the
MIDS, or v1 is being marked and v2 is taken in the MIDS. We distinguish two
cases:

1. dF (v1) = dF (v2) = 2. In this case, due to the choice of the vertex u by
the algorithm, all free vertices of this connected component T in G[F ] have
F -degree 2. T cannot be a C4, i.e. a cycle of 4 vertices, as this is a complete
bipartite graph and would have been handled by case (4).
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(a) Suppose that T is a C5. Let the vertices of T be ordered (u, v1, x1,
x2, v2). When u is taken in the MIDS, u, v1, v2 are deleted and in the
next recursive call, case (3) is applied for the clique {x1, x2} and thus,
x1 and x2 will also be deleted. When v1 is taken in the MIDS, three
vertices are again deleted and case (3) will be applied for {v2, x2}. When
v2 is taken in the MIDS, N [v2] is deleted and v1 becomes marked. In
the next recursive call, x1 will be taken in the MIDS by case (2). In
every recursive call, T is entirely deleted:

P [k] ≤ 3P [k − 5w2]. (6)

(b) Suppose that T is a C6. Let the vertices of T be ordered (u, v1, x1, y,
x2, v2). When u is taken in the MIDS u, v1, v2 are deleted and in the
next recursive call, case (4) will be applied for {x1, y, x2} and thus, the
algorithm will branch into two subcases, both deleting x1, y and x2.
When v1 is taken in the MIDS, three vertices are again deleted and
case (4) will be applied for {v2, x2, y}. When v2 is taken in the MIDS,
N [v2] is deleted and v1 becomes marked. In the next recursive call, x1

will be taken in the MIDS by case (2). Finally in each of the 5 recursive
calls, T is entirely deleted, thus:

P [k] ≤ 5P [k − 6w2]. (7)

(c) Suppose that T is a C7. Let the vertices of T be labeled (u, v1, x1, y1, y2,
x2, v2) in clockwise order. When u is chosen in the MIDS u, v1, v2 are
deleted and the F -degrees of x1, x2 decrease by one. We obtain a similar
situation when branching on v1: three vertices are deleted and the F -
degrees of two vertices decrease to one. When the algorithm chooses v2
in the MIDS, v1 is marked and x1 must be added to the MIDS by case
(2) and y2 will then be added by case (3). Consequently, the algorithm
deletes the C7 entirely and we obtain the recurrence:

P [k] ≤ 2P [k + 2w1 − 5w2] + P [k − 7w2]. (8)

(d) Suppose now that T is a Cl, l ≥ 8. Using the same arguments as in
the previous cases, it is not hard to check that we obtain the following
recurrence:

P [k] ≤ 2P [k + 2w1 − 5w2] + P [k + 2w1 − 8w2]. (9)

2. Without loss of generality, suppose now that dF (v1) ≥ 3. We analyze two
subcases:
(a) dF (v2) = 2. In this subcase, v1 and v2 are not adjacent, otherwise case (5)

could have been applied. Let x3 denote the other neighbour of v2. Recall
that due to the choice of u by the algorithm ∀y ∈ F , dF (y) ≥ dF (u).
If dF (x3) = 2, as previously we branch on u, v1 and v2, and we get the
following recurrence:

P [k] ≤ P [k+w1−3w2−w3]+P [k+w1−4w2−w3]+P [k−3w2−w3]. (10)
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And if dF (x3) ≥ 3, let q denote the number of vertices in NF (v1) with
F -degree at least 3. In the worst case q < 3 and branching on u, v1 and
v2, we obtain the following recurrence for q ∈ {0, 1, 2}:

P [k] ≤ P [k + (2− q)w1 − (4 − q)w2 − w3] +
P [k + w1 − (4− q)w2 − (1 + q)w3] + P [k − 2w2 − 2w3]. (11)

(b) dF (v2) ≥ 3. If v1 and v2 are not adjacent, branching on u, v1 and v2
leads to the following recurrence:

P [k] ≤ P [k − w2 − 2w3] + P [k − 3w2 − w3] + P [k − 3w2 − 2w3]. (12)

However if v1 and v2 are adjacent, let x1 ∈ NF (v1)\{u, v2}. We consider
two possible cases:

i. if dF (x1) = 2, we obtain:

P [k] ≤ P [k + w1 − 2w2 − 2w3] + 2P [k − 2w2 − 2w3]. (13)

ii. if dF (x1) ≥ 3. Let x2 ∈ NF (v2) \ {u, v1}. If dF (x2) = 2, then:

P [k] ≤ P [k + w1 − 2w2 − 2w3] + P [k + w1 − 2w2 − 3w3] +
P [k − 2w2 − 2w3]. (14)

However if dF (x2) ≥ 3 we get the following recurrence:

P [k] ≤ P [k − w2 − 2w3] + 2P [k − w2 − 3w3]. (15)

Case (8). In this case the algorithm either takes v in the MIDS or marks it,
i.e. v does not belong to the MIDS. We consider two cases:

1. dF (v) = 3. In this case, regarding the previous rules handled by the algo-
rithm, every free vertex has degree three. NF [v] cannot be a clique, otherwise
case (3) would have been applied. So, at least two vertices in NF (v) have a
neighbour outside NF [v] (remark that this could be the same vertex). This
implies that if the algorithm takes v in the MIDS, the F -degree of at least
two free vertices decreases to two in the worst case (if |NF (NF [v])| = 1 then
the decrease of the measure would be higher since Δw2 +Δw3 ≥ 2Δw3 be-
cause of the conditions on the weights). If the algorithm marks v, then three
free vertices get F -degree two. The recurrence for this case is:

P [k] ≤ P [k + 2w2 − 6w3] + P [k + 3w2 − 4w3]. (16)

2. dF (v) ≥ 4. When v is taken in the MIDS, at least five free vertices are
deleted. When v is marked, the measure decreases by w3. Thus we have this
recurrence:

P [k] ≤ P [k − 5w3] + P [k − w3]. (17)

Finally the values of weights are computed by a random local search for min-
imizing the bound on the running time. Using the values w1 = 0.8372 and
w2 = 0.9644 for the weights, one can easily verify that P [k] = O(1.3575n). 	

The tight recurrences of the latter proof (i.e. the worst case recurrences) (15)
and (16) correspond to cases where there are many vertices of F -degree 3 in the
local structure the algorithm considers.
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5 A Lower Bound on the Running Time of the Algorithm

In order to analyze the progress of the algorithm during the computation of
a MIDS, we used a non standard measure. In this way we have been able to
determine an upper bound on the size of the subproblems recursively solved by
the algorithm, and consequently we obtained an upper bound on the worst case
running time. However the use of another measure could provide a “better upper
bound” without changing the algorithm but only improving the analysis.

In this section, we establish a lower bound on the worst case running time of
our algorithm. This lower bound gives a really good estimation on the precision of
the analysis. For example, in [6] Fomin et al. obtain a O(1.5137n) time algorithm
for solving the dominating set problem and they exhibit a construction of a
family of graphs giving a lower bound of Ω(1.2599n) for its running time. They
say that the upper bound of many exponential time algorithms is likely to be
overestimated only due to the choice of the measure for the analysis of the
running time, and they note the gap between their upper and lower bound for
their algorithm. However, for our algorithm we have the following result:

Theorem 2. Algorithm ids solves the minimum independent dominating set
problem in Ω(1.3247n).

Proof. Due to space restriction we only give a sketch of the proof. A detailed
proof will be given in the full version of this paper.

Consider the graph Gn = (Vn, En) (see Fig. 1) defined by Vn = {ui, vi : 1 ≤
i ≤ n} and En = {u1, v1} ∪

{{ui, vi}, {ui, ui−1}, {vi, vi−1}, {ui, vi−1} : 2 ≤ i ≤
n
}

. We denote by G′
n = (V, ∅, E) the marked graph corresponding to the graph

Gn = (V,E).

Fig. 1. Graph Gn

It is possible to show that given the graph G′
n as input, as long as the re-

maining graph has more than four vertices, algorithm ids applies case (7) in
each recursive call. Moreover, without loss of generality, we can suppose that
whenever ids would apply case (7), it chooses the vertex with smallest index.

Consider now the graph G′
n and the search tree which results of branchings

using case (7) until k vertices, 1 ≤ k ≤ 2n, have been removed from the given
input graph G′

n (G′
n has 2n vertices). Denote by L[k] the number of leaves

in this search tree. It is not hard to see that this would lead to the recurrence
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L(k) = L(k−3)+L(k−4)+L(k−5) and therefore L(k) ≥ 1.3247k. Consequently
1.3247n is a lower bound of the maximum number of leaves that a search tree
for ids could give with an input graph on n vertices. 	
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Abstract. We show an O(1.344n) = O(20.427n) algorithm for edge-colo-
ring an n-vertex graph using three colors. Our algorithm uses polynomial
space. This improves over the previous, O(2n/2) algorithm of Beigel and
Eppstein [1]. We extend a very natural approach of generating inclusion-
maximal matchings of the graph. The time complexity of our algorithm
is estimated using the “measure and conquer” technique.

1 Introduction

In the problem of edge-coloring the input is an undirected graph and the task is
to assign colors to the edges so that edges with a common endpoint have different
colors. This is one of the most natural graph coloring problems and arises in a
variety of scheduling applications.

We consider the problem of verifying whether a given graphG is edge-colorable
with k colors and finding such a coloring. Let Δ(G) denote the maximum degree
in graph G. Trivially at least Δ(G) colors are needed, so if k < Δ(G) the answer
is “no”. On the other hand, Vizing [9] proved that when k ≥ Δ+ 1 the answer
is “yes”. Unfortunately, when k = Δ(G) the problem is NP-hard even for k ≥ 3.
In this paper we focus on the simplest NP-hard case: k = 3.

One way to solve our problem is to apply a vertex-coloring algorithm to the
line graph L of G. The currently fastest algorithm for 3-vertex-coloring a given
graph L is due to Beigel and Eppstein [1] and it works in O(1.3289|V (L)|) time.
For k = 3, since Δ(G) = 3, the line graph has at most 3

2n vertices (throughout
the paper n denotes the number of vertices in the input graph G), hence it yields
an O(1.532n) algorithm. However, for 3-edge-coloring Beigel and Eppstein get
an O(2n/2) = O(1.415n)-time algorithm by applying nontrivial preprocessing
and their algorithm for (3, 2)-CSP problem.

As it was pointed out by Fomin [4], the paper of Fomin and Høie [7] implies
an O(6n/6) = O(1.34801n)-time algorithm based on dynamic programming and
path decomposition. However, such an algorithm uses exponential space.

In this paper we present a 3-edge-coloring algorithm with time complexity
O(1.344n) = O(20.427n). The space complexity of our algorithm is polynomial
(even linear). We apply the “measure and conquer” technique. Its basic idea
was introduced by Beigel and Eppstein [1], and further developed by Fomin,
Grandoni and Kratsch, who recognized its power and wide applicability – they
used it in analysis of very simple algorithms for the minimum dominating set [5]

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 90–101, 2006.
c© Springer-Verlag Berlin Heidelberg 2006
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and maximum independent set problems [6], obtaining the best known upper
bounds on their complexity. In many papers the algorithm consists on identifying
one of a large number of possible local configurations in the instance, reducing
the configuration in several ways obtaining several smaller instances, and solving
the problem in each of them recursively (this is called branching). Then the time
complexity analysis is rather short and trivial. This situation is reversed in the
papers of Fomin, Grandoni and Kratsch [5,6] and also in an earlier paper of
Eppstein [2] on TSP in cubic graphs. In these works, the algorithm performs
just a few types of different reductions, while the tedious case analysis is moved
to the time complexity proof. Our algorithm follows the same approach.

2 The Algorithm and Its Correctness

For the sake of simplicity, we will describe an algorithm for deciding whether a
given graph is 3-edge-colorable. It is straightforward to extend our description
to an algorithm which finds a coloring if one exists and which has the same
time and space complexity as the decision version. Throughout the paper we
will consider only subcubic graphs, i.e. graphs with vertices of degree at most
three, since any other graph clearly is not 3-edge-colorable.

2.1 Outline

The outline of our algorithm is as follows. Let G be the input graph. Let us
call a subcubic graph semi-cubic when it has no 1-vertices and each pair of 2-
vertices is at distance at least 3. Our algorithm finds a set A of semi-cubic graphs
such that G is 3-edge-colorable if and only ifA contains a 3-edge-colorable graph.
Additionally, the graphs in A have no cycles of length smaller than 5. Generating
these graphs is done using branching and A may have exponential size. Then we
make use of the following simple fact. A matching M in graph H is called fitting
when each connected component of H −M is a path or even length cycle.

Lemma 1. A graph is 3-edge-colorable iff it contains a fitting matching. ��
For each of the generated semi-cubic graphs H ∈ A the algorithm verifies
whether it contains a fitting matching. Again using branching, the algorithm
checks a possibly exponential number of (not necessarily fitting) matchings.
Then for each of them it can be verified in polynomial time whether it can
be completed to a fitting matching.

The intuition behind the above algorithm is as follows. This is an improvement
of the natural algorithm which generates all maximal matchings of the input
graph, and for each of them verifies (in polynomial time) whether it is fitting.
(This is a counterpart of Lawler’s 3-vertex-coloring algorithm [8]). Unfortunately,
the number of maximal matchings may be large. However, for cubic graphs one
can observe that every fitting matching is a perfect matching, and the number
of perfect matchings is much lower than the number of maximal matchings. A
matching in subcubic graph will be called semi-perfect when every 3-vertex is
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matched. Clearly, every fitting matching in semi-cubic graph is semi-perfect.
Again, in semi-cubic graphs there are much fewer semi-perfect matchings than
maximal matchings. The only problem is that the input graph is subcubic but
not necessarily semi-cubic. However, it turns out that if a graph G contains
a pair of 2-vertices at distance 2 (hence it is not semi-cubic), then there are
two graphs such that G is 3-edge-colorable if and only if at least one of the two
graphs is edge-colorable, and, what is very important, these two graphs are much
smaller than G (i.e. work factor is large – see Section 3). Similarly, graphs with
no 4-cycles have fewer semi-perfect matchings and one can get rid of these cycles
using another large work factor reduction. That is why the set A is generated.
To reduce the time complexity even further we notice that generating all semi-
perfect matchings of semi-cubic graphs in A is not needed. Instead, we generate
all matchings with some nice structure so that verifying whether they extend to
a fitting semi-perfect matching takes only polynomial time.

2.2 Generating Semi-cubic Graphs

In this section we describe the part of our algorithm which generates a set
A of semi-cubic graphs with neither 3- nor 4-cycles and such that the input
graph is 3-edge-colorable iff A contains a 3-edge-colorable graph. This part is
implemented as a recursive procedure EdgeColor – see Pseudocode 2.1. After
finding each graph H ∈ A, the algorithm calls function FittingM, described
in the next subsection, which verifies whether H contains a fitting matching.
Note that the input graph in procedure EdgeColor is allowed to have double
and triple edges. This simplifies the correctness proof (one does not need to care
about keeping the graph simple during reductions) but also makes our result
more general.

Lemma 2. Consider an execution of algorithm EdgeColor on an input graph
G. Let A be the set of all graphs H such that FittingM(H,H,∅) was executed.
Then G is 3-edge-colorable iff at least one graph in A is 3-edge-colorable.

Proof. It suffices to prove that whenever EdgeColor(G) performs “return
EdgeColor(G1)” / “return EdgeColor(G1) or EdgeColor(G2)” then G1

/ both G1 and G2 are subcubic multigraphs with no self-loops, and G is 3-edge-
colorable if and only if G1 is edge colorable / at least one of graphs G1, G2 is
edge colorable.

For an example consider the case in line 22. (The easy proofs of the other
cases are left to the reader.) Let G1 = G − V (C) + {x′y′, u′z′} and G2 = G −
V (C) + {x′u′, y′z′}. G1 and G2 may have double edges x′y′, u′z′, x′u′ or y′z′.
However, in this proof when we refer to these edges we mean the edges added
to G after removing V (C). Clearly both G1 and G2 are subcubic multigraphs.
Also, both G1 and G2 have no self-loops since the condition in line 13 was false.

Assume there is a 3-edge-coloring of G. We will show that one of G1, G2 is
3-edge-colorable. Then cycle C is either colored with two or three colors. In the
first case all the four edges xx′, yy′, zz′ and uu′ have the same color, say a. Hence
one gets a 3-edge-coloring of G1 by copying the colors of edges in E(G)∩E(G1)
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Pseudocode 2.1. Procedure EdgeColor(G)
Input: subcubic multigraph G with no self-loops.
Output: True if G is 3-edge-colorable, False otherwise.

1: if exists v ∈ V (G) such that deg(v) ∈ {0, 1} then
2: return EdgeColor(G− v)
3: else if exists uv ∈ E(G) such that deg(u) = deg(v) = 2 then
4: return EdgeColor(G− uv)
5: else if G contains a triple edge uv then
6: return EdgeColor(G− {u, v})
7: else if G contains a double edge uv then
8: if deg(u) = 2 or deg(v) = 2 then
9: return EdgeColor(G− {u, v})

10: else
11: Let u1 (resp. v1) be the neighbor of u (resp. v) distinct from v (resp. u)
12: if u1 = v1 then return False else return EdgeColor(G−{u, v}+u1v1)

13: else if exists a 3-cycle C then
14: Let G′ be the graph obtained from G by contracting V (C) into one vertex.
15: return EdgeColor(G′)
16: else if exists a path xuzvy (possibly x = y) such that deg(u) = deg(v) = 2 then
17: z′ ← the neighbor of z distinct from u and v � (Note that deg(z) = 3)
18: return EdgeColor(G− {z, v}+ uy) or EdgeColor(G− {u, z, v}+ xz′)
19: else if exists a 4-cycle C = xyzu with deg(x) = deg(y) = deg(z) = 3, deg(u) = 2

then
20: Let x′ (resp. y′, z′) be the neighbor of x (resp. y, z) outside the cycle
21: return EdgeColor(G− V (C) + x′y′) or EdgeColor(G− V (C) + z′y′)
22: else if exists a 4-cycle C = xyzu with deg(x) = deg(y) = deg(z) = deg(u) = 3

then
23: Let x′ (resp. y′, z′, u′) be the neighbor of x (resp. y, z, u) outside the cycle
24: return EdgeColor(G − V (C) + {x′y′, u′z′}) or EdgeColor(G − V (C) +
{x′u′, y′z′})

25: else � G is semi-cubic and has no 3-, 4-cycles
26: return FittingM(G,G,∅)

from G and coloring both edges x′y′ and u′z′ with color a. In the second case
one color appears in E(C) twice, and each of the two other once. By symmetry,
we can assume w.l.o.g that edges xy, yz, zu, ux have colors b, a, b, c. Then both
yy′ and zz′ have color c and both uu′ and xx′ have color a. Hence one gets a
3-edge-coloring of G2 by copying the colors of edges in E(G) ∩ E(G2) from G,
coloring edge y′z′ with color c and u′x′ with color a.

Now assume G1 is 3-edge-colorable (by symmetry there is no need for checking
G2 separately). Now we show how to color G. The common edges of G1 and G
inherit their colors from G1. If edges x′y′ and u′z′ have the same color, say a,
then in G edges xx′, yy′, zz′ and uu′ are colored with a, xy and zu with b, and
yz and ux with c. Finally assume that x′y′ has color a and u′z′ has color b. Then
xx′, yy′ and zu are colored with a, while zz′, uu′ and xy are colored with b, and
both xu and yz are colored with c. ��
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2.3 Finding a Fitting Matching

In this section we describe a recursive procedure FittingM (G0, G, M). The
parameters G and G0 are simple semi-cubic graphs, and G ⊆ G0. The parameter
M is a matching in G0 such that V (M) ∩ V (G) = ∅ and every 3-vertex in
V (G0)− V (G) is matched. The procedure verifies whether G0 contains a fitting
matching M ′ = M ∪N such that N ⊆ E(G).

We will use the following auxiliary definitions. Any vertex in G which has
degree 3 in G0 will be called forced. A switch is a 4-path P in G such that P
forms a connected component in G and the two inner vertices of P are forced,
while the endvertices are not forced. An edge e in G will be called allowed if
both of its endvertices are forced and e does not belong to a switch. The weight
of an edge is the sum of degrees of its endvertices.

Pseudocode 2.2. Procedure FittingM(G0,G,M)
1: if every connected component of G is a switch then
2: return SetSwitches(G0,G,M) � see the next section
3: else if exists a forced vertex v ∈ V (G) such that degG(v) = 0 then
4: return False

5: else if exists a non-forced vertex v ∈ V (G) such that degG(v) = 0 then
6: return FittingM(G0, G− {v}, M)

7: else if exists a forced vertex v ∈ V (G) such that degG(v) = 1 then
8: u← the neighbor of v in G
9: return FittingM(G0, G− {u, v}, M ∪ {uv})

10: else
11: uv ← an allowed edge with the highest weight in G (it exists, see proof of Th. 1)
12: return FittingM(G0, G−{u, v}, M ∪ {uv}) or FittingM(G0, G− uv, M)

2.4 Setting Switches

Lemma 3. Let G0 be a simple semi-cubic graph, and let G be a subgraph of
G0 in which each connected component is a switch. Let M be a matching in G0

such that V (M) ∩ V (G) = ∅ and every 3-vertex in V (G0) − V (G) is matched.
Then procedure SetSwitches (G0, G, M) verifies whether G0 contains a fitting
matching M ′ such that M ′ = M ∪N for some N ⊆ E(G).

Let us assume that G0, G and M satisfy the assumptions of the above lemma.
Let s = xuvy be a switch and let M ′ be a semi-perfect matching in G0 such that
M ′ = M ∪ N for some N ⊆ E(G). Observe that either uv ∈ M ′ (then we will
say that the switch is closed in M ′) or xu, vy ∈M ′ (the switch is open in M ′).
Let M ′′ = M ′ ⊕ E(s), where ⊕ denotes the xor operation. Clearly, then M ′′

is a semi-perfect matching (recall that V (M) ∩ V (G) = ∅). Also, if s was open
in M ′, it is closed in M ′′ and vice versa. Let C be a cycle in G0 −M ′ and let
s = xuvy and s′ = x′u′v′y′ be a pair of closed switches such that V (s) ⊆ V (C)
and V (s′) ⊆ V (C) and let P be a path in C between x and y. When P contains
exactly one of the vertices x′, y′, we will say that the switches s, s′ are crossing.
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We will say that a set of switches S improves matching M ′ when for matching
M ′′ = M ′ ⊕⋃

s∈S E(s) graph G0 −M ′′ has fewer odd cycles than G0 −M ′ or
the total length of odd cycles in G0 −M ′′ is larger than in G0 −M ′.

Pseudocode 2.3. Procedure SetSwitches(G0,G,M)
1: M ′ ←M
2: for each switch s = xuvy in G do
3: M ′ ←M ′ ∪ {xu, vy} � Set all the switches as open

4: while G0 −M ′ contains an odd cycle C do
5: if there is a switch s or pair of crossing switches s1, s2 which improve M ′ then
6: M ′ ←M ′ ⊕E(s), (resp. M ′ ←M ′ ⊕ (E(s1) ∪E(s2))
7: else
8: return False

9: return True

Proof (of Lemma 3). Assume that the procedure returned True. Note that after
the loop in lines 2–3 is performed M ′ is a semi-perfect matching. Hence G0−M ′

is a collection of paths and cycles. Since the condition in line 4 was eventually
not satisfied all the cycles in G0−M ′ are even, hence M ′ is fitting. The condition
that M ′ is an extension of M using edges of G is also trivially satisfied.

Now assume that False is returned. Then there is an odd cycle C in G0−M ′

and no switch/pair of crossing switches which improve a current matching M ′.

Claim 1: Any switch s = xuvy such that V (s) ∩ V (C) �= ∅ is closed and
V (s) ⊆ V (C).

First assume that s is open. Then x, y �∈ V (C) since they are of degree 2 in
G0 and they are matched by M ′. Hence u or v is in V (C). As uv �∈M ′ it implies
that both u and v are in V (C). The connected component of G0−M ′ containing
x is a path, similarly for y. If it is just one path with x and y as endpoints, then
either M ′′ = M ′⊕E(s) has 1 odd cycle fewer than M ′ (when the path is of even
length) or M ′′ has larger total length of odd cycles (when it is odd). This is a
contradiction. Similarly, when these two paths are distinct, M ′′ = M ′⊕E(s) has
one odd cycle fewer than M ′ (C transforms into a path), a contradiction again.

Hence s is closed. Then x, u ∈ V (C) or v, y ∈ V (C). Assume w.l.o.g. x, u ∈
V (C). Now assume that v �∈ V (C). Then the connected component of G0 −M ′

containing u (i.e. cycle C) is distinct from the connected component Kv of G0−
M ′ containing v. Hence, in G0− [M ′⊕E(s)] cycle C is replaced by a path. If Kv

is a cycle, then operation M ′ ⊕ E(s) splits it into a path. Also, if Kv is a path,
it splits into two paths. Hence the number of odd cycles in G0 − [M ′ ⊕ E(s)] is
smaller than it was in G0−M ′, a contradiction. Hence we are left with the case
v ∈ V (C). Then also y ∈ V (C). This establishes the claim.

Let T be the set of all the switches that touch C. Now assume that there exists
a fitting matching F in G0 such that F = M ∪N and N ⊆ E(G), contradicting
our lemma. Hence there is a set of switches S such that M ′ ⊕⋃

s∈S E(s) = F .
Observe that S ∩ T �= ∅, for otherwise G0 − F contains the odd cycle C. Since
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among the switches in T there is no crossing pair, we can enumerate switches in
S ∩ T from s1 to s|S∩T | so that after removing the forced vertices of any switch
in S ∩ T , the cycle C splits into two parts such that one part contains all the
switches with smaller numbers and the other with larger numbers (informally,
we enumerate the switches from left to right). Since each switch s in T has all
vertices in C, after performing the operation M ′⊕E(s) cycle C either splits into
two paths (which is excluded, because then s improves M ′) or into a path and
an odd cycle. Let us denote this resulting shorter cycle by C(s). Observe that
cycle C(s) either contains all the switches preceding s (then C(s) will be called
preceding), or all the switches succeeding s (then C(s) will be called succeeding).
If every switch s in T ∩ S has cycle C(s) succeeding then the cycle C(s|S∩T |) is
odd, and it exists in G0−F , hence F is not fitting, a contradiction. Let si ∈ T∩S
be a switch with preceding cycle C(si) such that for any j < i, cycle C(sj) is
succeeding. If i = 1 then the cycle C(s1) is odd, and it exists in G0−F , hence F
is not fitting, a contradiction. Hence i > 1. Let us denote the forced vertices of
si by ui, vi, and the forced vertices of si−1 by ui−1, vi−1 in such a way that they
appear around cycle C in the order ui, ui−1, vi−1, vi. Let a, b, c and d denote the
length of the path in C joining ui with ui−1, ui−1 with vi−1, vi−1 with vi, and
vi with ui, respectively (there are always two such paths, but we mean the path
which does not contain the other two forced vertices of switches si−1, si). Then
a+ b+ c+ 1 ≡ 1 (mod 2) and a+ c+ d+ 1 ≡ 1 (mod 2), since the cycles C(ui)
and C(ui−1) have odd length. It implies that b+ d ≡ 0 (mod 2). As C has odd
length, a+ b+ c+ d ≡ 1 (mod 2). Hence a+ c ≡ 1 (mod 2) and so a+ c+ 2 is
odd. However, a + c + 2 is the length of a cycle that appears after performing
operation M ′ ⊕ (E(si−1) ∪ E(si)). This cycle exists also in G0 − F , which is a
contradiction. It ends the proof. ��
Theorem 1. Algorithm EdgeColor correctly verifies whether a given subcubic
graph is 3-edge-colorable.

Proof. By Lemma 2 and Lemma 1 it suffices to show that FittingM(G,G,∅)
correctly verifies whether the semi-cubic graph G has a fitting matching. Us-
ing Lemma 3 for the base case it easy to show by induction on |V (G)| that
FittingM(G0,G,M), with parameters satisfying assumptions of Lemma 3, ver-
ifies whether G0 contains a fitting matching M ′ = M ∪N for some N ⊆ E(G).
The only unclear issue is why in line 11 graph G must contain an allowed edge.
To see this consider any connected component K of G which is not a switch. (It
exists since the condition in line 1 was false.) Let v be any vertex in K. If v is not
forced then since the condition in line 5 was false v has at least one neighbor, say
w, which must be forced since G0 is semi-cubic. As the conditions in lines 3 and
7 were false degG(w) ≥ 2. Since G0 is semi-cubic at least one of the neighbors
of w, say u, is forced. Hence edge uw is allowed. It ends the proof. ��

3 Time Complexity Analysis

Solving Recurrences. Our algorithm uses the “branch-and-reduce” approach,
which means that it is recursively applied to the problem instance and uses two
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types of rules. Reduction rules, (see e.g. lines 1-15 of EdgeColor procedure)
simplify the instance. Branching rules (see e.g. lines 18, 21 of EdgeColor) also
simplify the instance, but in several ways, generating several smaller instances
in such a way that the initial instance (graph) is 3-edge-colorable iff one of the
simplified ones is. Then the problem is solved recursively for each of the smaller
instances. Hence execution of procedure EdgeColor is a traversing of a recur-
sion tree, with nodes corresponding to single calls of procedures EdgeColor,
FittingM and SetSwitches. Reducing rules correspond to nodes with only
one child, hence their number is only polynomially larger than the number of
nodes corresponding to branching rules. It follows that in order to bound the
time complexity up to a polynomial factor it suffices to focus on branching rules.
Then for each branching rule we act like it was the only rule in the algorithm.
Consider a branching rule generating smaller instances I1, I2 (there are never
more ones in our algorithm) such that the size of I1, I2 is smaller than the ini-
tial instance by r1 and r2, respectively. This leads to a recurrence of the form
T (s) = T (s− r1) + T (s− r2), whose solution is the unique positive zero of the
function f(x) = 1 − x−r1 − x−r2 . This zero will be called a work factor and
denoted as λ(r1, r2). After finding the zeroes of all the functions corresponding
to branching rules we choose the largest one, say λ. Then the time complexity
of the algorithm is O(λnp(n)) for some polynomial p. The intuition behind it
is that in the worst case the “weakest branching rule” may apply in all nodes
of the search tree. In this paper we use only numerically obtained (not sharp)
upper bounds of the work factors. Hence we can omit the polynomial factor in
time complexity, since λnp(n) = O((λ + ε)n) for any ε > 0.

Analysis Via Measure and Conquer. We apply the “measure and con-
quer” approach for estimating the number of nodes of search tree. This approach
consists in using a carefully selected measure of the size of an instance of our
problem. For example, a natural measure of the instance size in our case is the
number of vertices of the graph. However, it is clear that in procedure FittingM,
a forced vertex of degree 1 should not be counted into the instance size, because
it disappears from the graph in polynomial time. We can go further: intuitively,
forced 2-vertex x should contribute less to the instance size than a 3-vertex,
because there are only two choices: either one or the other edge incident with x
belongs to a fitting matching (or, the 2-vertex is closer to becoming a 1-vertex,
which does not contribute to the size). This suggests using weights of vertices,
and defining the size of the instance as the sum of vertices weights. Clearly, the
time complexity (solution of a relevant recurrence) depends heavily on the size
measure used. The weights are chosen in a way which minimizes the time com-
plexity, i.e., the largest work factor. This was done by quasi-convex programming
algorithm due to Eppstein [3] (a C++ implementation can be downloaded from
the author’s website http://www.mimuw.edu.pl/~kowalik/papers).

Theorem 2. Algorithm EdgeColor works in O(1.344n) time.

Proof. Let G be the graph passed to procedure EdgeColor or FittingM.
Vertex in G may be in one of the following states. Either it is unmarked, or it
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is marked as forced or it is marked as unforced. We assume that in the input
graph all the vertices are unmarked, while in the moment of calling procedure
FittingM, all the vertices of degree 3 are marked as forced and all the other
are marked as unforced. Now we define a non-standard measure s(G) of the size
of G as the sum of weights of vertices, which are assigned as follows. Forced
2-vertices have weight α and unforced 1-vertices have weight β. Values of these
parameters will be adjusted later; at this moment let us merely put a bound
0 ≤ α, β ≤ 1. Isolated vertices and forced 1-vertices have weight 0. All the
remaining vertices — i.e. unmarked vertices, forced 3-vertices and unforced 2-
vertices — have weight 1. Note that the size of the instance passed to procedure
EdgeColor is simply the number of non-isolated vertices. We observe that
when there is no branching, i.e. a procedure calls another procedure just once,
the size of the instance does not increase.

Now for each possible branching rule in our algorithm we are going to de-
termine its work factor. Some of the work factors will depend on the values of
parameters α and β. After identifying all work factors we will set these parame-
ters in such a way that the largest work factor is minimized.

First we focus on branchings in procedure EdgeColor. There are three of
them, in lines 18, 21 and 24. They have the following work factors: λ(2, 3) ≤ 1.325
for the first one and λ(4, 4) ≤ 1.190 for the two latter ones.

Now we consider the branching rule in procedure FittingM (in line 12). This
will require more involved analysis. Let uv be the edge picked by the algorithm
(recall it is the heaviest allowed edge inG). Assume w.l.o.g. that deg(u) ≤ deg(v).
Case 1. deg(u) = deg(v) = 3. Consider the graph with vertices u and v removed.
As graph G0 is semi-cubic at most one neighbor of u is unforced (analogously
for v). An unforced neighbor decreases its weight either from 1 to β (when
it has degree 2) or from β to 0 (when it is a 1-vertex). A forced 3-neighbor
decreases its weight from 1 to α. Any forced 2-neighbor becomes forced 1-vertex
and hence it will be matched with its unique neighbor before the next branching
happens. This unique neighbor has weight α, β, or 1. Then both of them are
removed from the graph so the size decreases by at least α + min{α, β}. The
last statement is not true when two neighbors of u and v are forced 2-neighbors
with a common neighbor, but then the relevant call of FittingM returns False

in polynomial time (without performing any branching). The other possibilities
of counting some weight reduction twice are excluded because of the lack of
3- and 4-cycles. It follows that the size of the instance is reduced by at least
2 + 2 min{1−α, α+ min{α, β}}+ 2 min{β, 1− β, 1−α, α+ min{α, β}}. On the
other hand, when only the edge uv is removed, the size reduces by 2(1 − α).
Hence we get the following upper bound on the work factor: λ(2 + 2 min{1 −
α, α+ min{α, β}}+ 2 min{β, 1− β, 1− α, α+ min{α, β}}, 2(1− α)).
Case 2. deg(u) < 3. Since uv was an allowed edge, u is forced. As reduction rules
were not applied, deg(u) = 2. Consider the maximal path P of forced 2-vertices
containing u. Observe that in each of the two recursive calls all the vertices of P
are matched and removed from graph G without branching (in O(|V (P )|) time).



Improved Edge-Coloring with Three Colors 99

Case 2.1 P is a cycle. If |V (P )| is odd then within O(|V (P )|) steps the func-
tion returns False, because there appears a forced 0-vertex. If |V (P )| is even
|V (P )| ≥ 6, since the graph contains no 4-cycles. Then in both of the recursive
calls the size is reduced by at least 6α, which gives the work factor λ(6α, 6α).
Case 2.2 P is a simple path, P = v1 · · · vk. Let x and y be the neighbors of v1
and vk outside P , respectively. Assume w.l.o.g. that deg(x) ≥ deg(y).
Case 2.2.1. |V (P )| ≥ 3.
Case 2.2.1.1. deg(x) = 1 and deg(y) = 1. In one of the two recursive calls x is
matched with v1 and v2 with v3. These vertices disappear, reducing the size by
β+3α. The neighbor of v3 distinct from v2 is either y (and then it is removed as
an unforced 0-vertex) or v4 (and then it is matched with its another neighbor).
This gives us further reduction in size by at least min{β, α+ min{α, β}}. In the
other recursive call v1 is matched with v2, and v3 is matched with its another
neighbor (either v4 or y). A reasoning similar as before shows that the reduction
in size is also β + 3α + min{β, α + min{α, β}}. To sum up, this case has work
factor λ(β + 3α+ min{β, α+ min{α, β}}, β + 3α+ min{β, α+ min{α, β}}).
Case 2.2.1.2. deg(x) ≥ 2. Either x is of degree 2 and then it is unforced by the
definition of P or x is of degree 3 and then it must be forced. In both cases x
has weight 1. First consider the recursive call where x is matched with v1 and v2
with v3. Because cycles have length at least 5 neighbors of x are distinct from
v2, v3. Consider such a neighbor x̃. Then x̃ reduces its weight either by β (if x̃ is
unforced 1-vertex) or by 1−β (if x̃ is unforced 2-vertex) or by 1−α (if x̃ is forced
3-vertex) or by α (if x̃ is forced 2-vertex). Hence the instance size decreases by
at least 1 (for x) plus 3α (for v1, v2,v3) plus min{β, 1− β, α, 1 − α} (for x̃).

Now consider the other recursive call, with v1 matched with v2 and v3 matched
with its neighbor distinct from v2, say ṽ4. The weight of x decreases either by
1 − β (when x is of degree 2) or by 1 − α (when x is of degree 3). As before,
vertices v1, v2, v3 are matched which causes reduction in size of 3α. Vertex ṽ4
can be unforced 1- or 2-vertex or forced 3-vertex, hence it has weight at least
min{1, β} = β. To sum up, in this recursive call within O(|V (P )|) steps the
instance reduces its size by ≥ min{1− β, 1− α} + 3α+ β without branching.

Let us write down the work factor for this case: λ(1+3α+min{β, α, 1−β, 1−
α},min{1− β, 1− α}+ 3α+ β).
Case 2.2.2. |V (P )| = 2. Since P is not a part of a switch and there are no forced
1-vertices, at least one vertex of x, y is of degree ≥ 2.
Case 2.2.2.1. deg(x) = 2 and deg(y) = 1. Observe that x is unforced by the
definition of P and y is unforced because forced 1-vertices are excluded. It follows
that weights of x and y are 1 and β, respectively. It also implies that {u, v} =
{v1, v2}. Hence allowed edges have both ends of degree 2, for otherwise the
algorithm would not choose edge uv. Let z be the neighbor of x outside P .
Vertex z is forced, since G0 is semi-cubic. Hence deg(z) ≥ 2. The neighbors of
z distinct from x are also forced, again because G0 is semi-cubic. It follows that
edges joining z and its neighbors distinct from x are allowed. Consequently z
has degree 2 and its only neighbor distinct from x, say z̃ is also of degree 2.
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In one of the recursive calls before any branching is performed, v2 is matched
with y, v1 with x and z with z̃, which gives reduction in instance size of α+β+
α+1+2α. In the other recursive call v1 is matched with v2, x reduces its weight
from 1 to β and y is removed as an unforced 0-vertex, which gives reduction of
2α+ (1− β) + β. Hence we get the following work factor: λ(4α+ β + 1, 2α+ 1).
Case 2.2.2.2. deg(x) = 3 and deg(y) = 1. Then x has weight 1 and y has weight
β. Note that {u, v} = {x, v1}. Hence neither of the neighbors of x is a 3-vertex,
for otherwise the algorithm could choose an allowed edge with larger weight. In
one of the recursive calls, v2 is matched with y and v1 with x. Moreover, both
neighbors of x distinct from v1 reduce their weight. The reduction is from α to
0 if such a neighbor was a forced 2-vertex, from 1 to β if it was an unforced
2-vertex and from β to 0 if it was an unforced 1-vertex. Hence the instance size
reduction is α + β + α + 1 + 2 min{α, 1 − β, β}. In the other recursive call, v1
is matched with v2, y is removed and x decreases its weight from 1 to α, which
gives a size reduction of 2α + β + (1 − α). We get the following work factor:
λ(2α+ β + 1 + 2 min{α, 1− β, β}, α+ β + 1).
Case 2.2.2.3. deg(x) ≥ 2 and deg(y) ≥ 2. Then neither x nor y is a forced
2-vertex, for otherwise P would be longer. Hence both x and y have weight 1.

First we consider the recursive call where v1 is matched with x and v2 with y.
Note that either one of x, y is of degree 3 and then it has two neighbors outside
P which reduce their weights or both x and y have degree 2, each of them has
a neighbor outside P which reduces its weight and these neighbors are distinct,
because G0 is semi-cubic. Hence in both cases there are 2 vertices which reduce
their weights. It follows that the total reduction of size in this recursive call is
2+2α+2 min{β, 1−β, α, 1−α}. In the other recursive call v1 is matched with v2
and the weight of both x and y is reduced from 1 to either α or β. It implies that
the instance reduces its size by 2α + 2 min{1 − β, 1 − α}. We get the following
work factor: λ(2 + 2α+ 2 min{β, 1− β, α, 1 − α}, 2α+ 2 min{1− β, 1 − α}).
Case 2.2.3. |V (P )| = 1. Since G0 is semi-cubic and P is maximal, at least one
of vertices x and y has degree 3. Hence deg(x) = 3. Let z1, z2 be the neighbors
of x outside P . Note that w.l.o.g. the edge uv picked by the algorithm is equal to
xv1. Since it is the heaviest edge, deg(z1), deg(z2) ≤ 2. As G0 is semi-cubic, at
least one of z1, z2 (say, z2) is forced. Hence deg(z2) = 2. Let w be the neighbor
of z2 distinct from x.

In one of the recursive calls, v1 is matched with x, z2 with w and both y and
z1 reduce their weight. Let red1(y) denote the reduction of weight of y in this
recursive call. Vertex z1 reduces its weight either from 1 to β (when it is unforced
2-vertex) or from α to 0 (when it is forced 2-vertex) or from β to 0 (when it is
unforced 1-vertex). Hence it reduces its weight by at least min{1− β, β, α}. Let
weight(w) denote the weight of w. Then the size of the instance reduces by at
least α+ 1 + α+ weight(w) + red1(y) + min{1− β, β, α}.

In the other recursive call, v1 is matched with y and x reduces its weight from
1 to α. Let weight(y) denote the weight of y (it is either 1 or β). Then the size
of the instance reduces by α+ weight(y) + (1− α) = weight(y) + 1.
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Case 2.2.3.1. deg(y) = 1 and deg(w) = 1. Then weight(y) = β, red1(y) = β and
weight(w) = β. We get the work factor: λ(2α+ 2β+ 1 + min{1−β, β, α}, β+ 1).
Case 2.2.3.2. deg(y) = 1 and deg(w) ≥ 2. Then weight(y) = β, red1(y) = β and
weight(w) ∈ {1, α}. If weight(w) = α, i.e. w is a forced 2-vertex, then in the first
recursive call considered by us, the neighbor of w distinct from z2 reduces its
weight (by at least min{1− β, 1− α, β, α}). Note that since there are no cycles
shorter than 5 and y is of degree 1, this neighbor of w is neither of vertices
z1, v1, y. Hence in the first recursive call either w reduces its weight from 1 to
0 or w reduces its weight from α to 0 and its neighbor reduces its weight by
min{1 − β, 1 − α, β, α}. In any case we get reduction of at least min{1, α +
min{1− β, 1− α, β, α}} = α+ min{1− β, 1− α, β, α}. This gives the following
work factor: λ(3α+ β + 1 + min{1− β, β, α}+ min{1− β, 1 − α, β, α}, β + 1).
Case 2.2.3.3. deg(y) ≥ 2. Maximality of P implies that y is not a forced 2-vertex.
Then weight(y) = 1, red1(y) ∈ {1−α, 1−β} and weight(w) ∈ {α, β, 1}. This gives
a work factor: λ(2α+ 1 + min{α, β, 1}+ min{1−α, 1−β}+ min{1−β, β, α}, 2).

We numerically obtained the following values of parameters: α = 0.39082
and β = 0.58623. For these values one can easily check (by finding zeroes of
the 11 polynomials corresponding to cases 1 – 2.2.3.3) that the highest work
factors correspond to Case 1, Case 2.1 and Case 2.2.1.1. and are bounded by
1.344. This implies that the algorithm works in time O(1.344s(G)), where G is
the input graph. This settles the theorem, since s(G) = n. ��
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Abstract. F + ke and F − ke graphs are classes of graphs close to
graphs in a graph class F . They are the classes of graphs obtained by
adding or deleting at most k edges from a graph in F . In this paper,
we consider vertex coloring of comparability+ke and comparability−ke
graphs. We show that for comparability+ke graphs, vertex coloring is
solved in polynomial time for k = 1 and NP-complete for k ≥ 2. We
also show that vertex coloring of comparability−1e graphs is solved in
polynomial time.

1 Introduction

Many graph problems are NP-complete for general graphs. It is natural to con-
sider that if the graph problem is tractable for a graph class F , it is also tractable
for a class of graphs which are close to graphs in F . F+ke and F−ke graphs are
classes of graphs close to F . They are the classes of graphs obtained by adding
or deleting at most k edges from graphs in F . Recently, complexity of several
problems on such graph classes has been interested in from parametric point of
view [1,5,6]. In general, the problem becomes difficult as k increases. A problem
with parameter k is said to be fixed parameter tractable if it can be solved in
f(k)|x|c time, where f is an arbitrary function and |x| is the size of input [2].

Vertex coloring problem is a very important graph problem, which is NP-
complete for general graphs. Vertex coloring for parameterized graph classes are
considered in [1,6]. It is shown in [1] that, if vertex coloring of F graphs is solved
in polynomial time, vertex coloring of F+ke graphs is fixed parameter tractable
if F is closed under identification of nonadjacent vertices, and that of F − ke
graphs is fixed parameter tractable if F is closed under edge contraction. In [6],
it is shown that vertex coloring of such parameterized graphs sometimes have
close relations to precoloring extension problems. It can be another motivation
to study vertex coloring for parameterized graph classes.

In this paper, we consider vertex coloring of comparability+ke and −ke
graphs. As a comparability graph is a perfect graph, its chromatic number equals
its clique number, and the vertex coloring of comparability graphs can be solved
in polynomial time [4]. In addition, comparability graphs are closed neither under
identification of nonadjacent vertices nor under edge contraction.
� Presently with PFU Ltd.
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In this paper, we first show that for comparability+ke graphs, vertex coloring
is solved in polynomial time for k = 1 and NP-complete for k ≥ 2. Next, we show
that vertex coloring of comparability-1e graphs is solved in polynomial time.

2 Preliminaries

Let G = (V,E) be an undirected graph. Then vertex coloring problem is defined
as follows.

VERTEX COLORING
Input: A graph G = (V,E) and a positive integer t ≤ |V |.
Question: Is G t-colorable? That is, is there a function f : V → {1, 2, . . . , t}
that satisfies f(u) �= f(v) for all (u, v) ∈ E.

The chromatic number of G, denoted as χ(G), is the smallest t for which G
is t-colorable. The clique number of a graph G, denoted as ω(G), is the degree
of the maximum complete subgraph of G.

The modulator of an F + ke graph G = (V,E) is a set of edges Ek(⊂ E) s.t.
(V,E − Ek) ∈ F and |Ek| ≤ k. The modulator of an F − ke graph G is a set
of edges Ek s.t. (V,E ∪ Ek) ∈ F and |Ek| ≤ k. In this paper, we assume that
the modulator is given. For a fixed k, the modulator of F + ke or F − ke graphs
can be found in polynomial time provided that it can be checked in polynomial
time whether a graph is in class F or not.

A comparability graph is an undirected graph s.t. a transitive graph can be
obtained by giving appropriate orientation to each edge. A directed graph is
called transitive if (u, v) ∈ E and (v, w) ∈ E, then (u,w) ∈ E holds. An example
of a comparability graph and its transitive orientation is shown in Fig.1(a) and
(b). It can be recognized whether a graph is a comparability graph or not and
its transitive orientation can be found in O(γ|E|) time, where γ is the maximum
degree of a vertex [3]. If a comparability graph is given, its transitive orientation
is obtained in linear time [7].

A transitive graph can be represented by a Hasse diagram. If (u, v) ∈ E and
(v, w) ∈ E, (u,w) is omitted in a Hasse diagram. Fig.1(c) is the Hasse diagram
representation of Fig.1(b). When there exists a path from u to v in a Hasse
diagram, we call that u is an ancestor of v and v is a descendant of u, denoted as

a

c d e

b

( a) ( b) ( c)

a

c d e

b

c

e

b

a

d

Fig. 1. An example of a comparability graph. (a) A comparability graph. (b) A tran-
sitive orientation. (c) A Hasse diagram.
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u ≺ v. In this paper, for simplicity, we draw a Hasse diagram as an undirected
graph. All the edges are assumed to be downward edges.

For a transitive graph G, a function f : V → {1, 2, . . . , ω(G)} is called a
leveling function if f(u) < f(v) is satisfied for all (u, v) ∈ E. We define levmin
and levmax as follows.

levmin(v) =
{

1 if v is a source
max(u,v)∈E levmin(u) + 1 otherwise

levmax(v) =
{
ω(G) if v is a sink
min(v,u)∈E levmax(u)− 1 otherwise

Then levmin and levmax are leveling functions. Obviously, in the corresponding
Hasse diagram of G, levmin(v) and levmax(v) have the same value as those in
G. We say that levmin(v) is the level of vertex v, and that v is in level levmin(v).
As a maximal path in the Hasse diagram corresponds to a maximal clique in
a transitive graph, ω(G) = maxv∈V levmin(v). If we color vertex v by f(v) for
some leveling function f , it is an optimal vertex coloring of G. In this paper, we
call such coloring a levelwise coloring of G by f .

3 Coloring Comparability+ke Graphs

3.1 Coloring Comparability+1e Graphs

Theorem 1. Vertex coloring problem of comparability+1e graphs can be solved
in polynomial time.

In this section, we give a polynomial time algorithm for coloring comparability
+1e graphs. In the following of this paper, to describe a comparability graph,
we use the Hasse diagram of the corresponding transitive graph. However, we
should note that there may exist several transitive graphs which can be obtained
from a comparability graph.

Let G = (V,E) be a comparability+1e graph and E1 = {(a, b)} be the mod-
ulator of G. Let Gc = (V,E − E1).

It is easy to see that either χ(G) = χ(Gc) or χ(G) = χ(Gc) + 1 holds. A
coloring of Gc which colors a and b with different colors is also a coloring of G.
A coloring of Gc which colors a and b with the same color is not a coloring of G.
Therefore, χ(G) = χ(Gc) iff Gc has a coloring which colors a and b with different
colors.

First, consider to compute a transitive orientation of Gc. If there exists a
leveling function for the transitive graph s.t. a and b are in different levels, G
can be colored with χ(Gc) colors by the levelwise coloring of Gc.

If levmin(a) �= levmin(b), G can be colored with χ(Gc) colors by the levelwise
coloring of Gc by levmin.

If levmax(a) = levmax(b) > levmin(a) = levmin(b), lev defined as follows is
another leveling function.

lev(v) =
{
levmin(v) if levmin(v) ≤ levmin(a) and v �= b
levmax(v) otherwise
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It also holds that, lev(a) �= lev(b). Then, G can be colored with χ(Gc) colors by
the levelwise coloring of Gc by lev.

In the following, we consider the case of levmin(a)= levmin(b)= levmax(a) =
levmax(b)(= l). Define the leveling function lev′ as follows.

lev′(v) =

⎧
⎨

⎩

levmin(v) if levmin(v) < l
l if levmin(v) = levmax(v) = l
levmax(v) otherwise

Lemma 1. Let the vertices a, b in a transitive graph G satisfy levmin(a) =
levmin(b) = levmax(a) = levmax(b). There exists a coloring of Gc s.t. a and b
have different colors iff a and b are not connected in either the subgraph induced
by the vertices v satisfying lev′(v) = l or l − 1, or the subgraph induced by the
vertices v satisfying lev′(v) = l or l + 1.

Proof. (→) When a and b are undirectedly connected in the subgraph induced
by the vertices v satisfying lev′(v) = l or l−1, from the definition of lev′, all the
vertices in an undirected path from a to b are included in a χ(Gc)-clique. Let
U(v) be the set of colors used in v and its ancestors, and L(v) be the set of colors
used in v and its descendants. Let vertices x, y, z satisfy lev′(x) = lev′(y) = l,
lev′(z) = l − 1 and (z, x), (z, y) ∈ E. Then L(x) ∪ U(z) = L(y) ∪ U(z) =
{1, . . . , ω(Gc)} holds. Thus it follows that L(x) = L(y). By repeating it, we can
see that L(a) = L(b).

Similarly, when a and b are undirectedly connected in the subgraph induced
by the vertices v satisfying lev′(v) = l or l + 1, U(a) = U(b) holds. To satisfy
the two conditions, a and b must have the same color.

(←) Assume w.l.o.g. that a and b are not undirectedly connected in the
subgraph induced by the vertices v satisfying lev′(v) = l or l − 1. In this case,
Gc can be colored according to f defined as follows. 1) If lev′(v) ≤ l − 2 or
lev′(v) ≥ l + 1, let f(v) = lev′(v). 2) If l − 1 ≤ lev′(v) ≤ l and v is undirectedly
connected with a in the induced subgraph, let f(v) = lev′(v). 3) Otherwise, if
lev′(v) = l let f(v) = l−1 and if lev′(v) = l−1 let f(v) = l. f is a coloring of Gc

because there exists no path that includes both vertices satisfying the condition
in 2) and vertices satisfying the condition in 3).

An algorithm may be easily obtained from the above proof. Clearly, all the
operations in the algorithm can be executed in polynomial time.

3.2 Coloring Comparability+2e Graphs

Let G = (V,E) be a comparability+2e graph and E2 be the modulator of G.
Let Gc = (V,E −E2). Then, χ(Gc) ≤ χ(G) ≤ χ(Gc) + 2 holds. We show that it
is difficult to know χ(G) equals which of the three possibilities.

Theorem 2. χ(Gc)-colorability problem of comparability+2e graphs is NP-
complete.
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Theorem 3. (χ(Gc)+1)-colorability problem of comparability+2e graphs is NP-
complete.

The next corollary is immediate from the above theorems.

Corollary 1. Vertex coloring problem of comparability+ke graphs is NP-
complete for k ≥ 2.

Proof. of Theorem 2 We give a reduction from 3SAT. Let the given 3CNF
formula be F (x1, . . . , xm) =

∏n
i=1 Ci, where Ci = ci1 + ci2 + ci3. We construct

a comparability+2e graph from F . In the following of this section, we describe
a comparability graph by the corresponding Hasse diagram. The description on
the edges not shown in the Hasse diagram is omitted.

The comparability graph is constructed as follows.

1. Add vertices a1, a2, a3, a4 and edges (a1, a2), (a2, a3), (a3, a4).
2. Add vertices b1, b2, b3, b4 and edges (b1, b2), (b2, b3), (b3, b4).
3. For each clause Ci, add vertices c′i and c′′i . We call these vertices and a4, b4

the lower vertices.
4. For literal cij in F , add a vertex cij . We call these vertices the middle vertices.

Add edges (ci1, a4), (ci1, c′i), (ci2, c′i), (ci2, c′′i ), (ci3, c′′i ), (ci3, b4).
5. For each variable xi, add a vertex xi. We call these vertices and a1, b1 the

upper vertices. If vertex cjk corresponds to the positive literal of xi, add
edges (a1, cjk) and (xi, cjk). If vertex cjk corresponds to the negative literal
of xi, add edges (xi, cjk) and (b1, cjk).

The clique number of the comparability graph is 4. Fig.2 is an example of the
comparability graph obtained by the reduction. The modulators are (a1, b1) and
(a4, b4).

Now we prove the correctness of the reduction. First, we show that the compa-
rability+2e graph is 4-colorable if F is satisfiable. We color vertices a1, a2, a3, a4

x1 x2 x3

a1

a2

a3

a4

b1

b2

b3

b4

c1’ c2’ c3’ c4’c1’’ c2’’ c3’’ c4’’

c11 c21 c31 c41c12 c22 c32 c42c13 c23 c33 c43

Fig. 2. The comparability graph obtained by reduction from (x1 + x2 + x3)(x1 + x2 +
x3)(x1 + x2 + x3)(x1 + x2 + x3)
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with 1, 2, 3, 4, respectively, and color vertices b1, b2, b3, b4 with 2, 1, 4, 3, respec-
tively. It means that the endpoints of the modulators are colored with different
colors.

Vertices c′i, c
′′
i are colored according to the following rule. For a satisfying

assignment of F , clause Ci has at least one satisfied literal. Choose one of the
satisfied literals arbitrarily. When ci1 is chosen, color vertices c′i and c′′i with 3.
When ci2 is chosen, color vertex c′i with 4 and vertex c′′i with 3. When ci3 is
chosen, color vertices c′i and c′′i with 4. Color vertex xi with 1 if xi = 1 in the
satisfying assignment, and with 2 if xi = 0.

We show that each vertex cij can be colored with either 1, 2, 3 or 4. A vertex
cij has four adjacent vertices; two upper vertices and two lower vertices. If literal
cij is satisfied, adjacent upper vertices has the same color. Therefore, cij can be
colored with either 1 or 2. If literal cij is not satisfied, adjacent lower vertices
has the same color. Therefore, cij can be colored with either 3 or 4. Therefore,
the comparability+2e graph is 4-colorable.

At last, we show that F is satisfiable if the comparability+2e graph is 4-
colorable. Consider a 4-coloring of the comparability+2e graph. As a1 and b1
must have different colors, at least one of the pairs < a1, xi > and < xi, b1 >
do not have the same color. If < a1, xi > has the same color, let xi = 1. If
< xi, b1 > has the same color, let xi = 0. If both pairs have different colors,
choose the value of xi arbitrarily.

We will verify that the above assignment to the variables satisfy F . Consider
lower vertices a4, c

′
i, c

′′
i and b4. As a4 and b4 must have different colors, at least

one of the pairs < a4, c
′
i >,< c′i, c

′′
i > and < c′′i , b4 > do not have the same

color. If < a4, c
′
i > does not have the same color, two upper vertices adjacent

to ci1 must have the same color. It means that literal ci1 is satisfied. Similarly,
ci2 is satisfied if < c′i, c

′′
i > does not have the same color, and ci3 is satisfied if

< c′′i , b4 > does not have the same color. Therefore, at least one literal is satisfied
in Ci. As it holds for any clause in F , F is satisfied by the above assignment.

Proof. of Theorem 3 Similarly to the proof of Theorem 2, we give a reduction
from 3SAT. For a 3CNF formula F =

∏n
i=1 Ci, we construct a comparability+2e

graph. The comparability graph is constructed as follows.

1. Add vertices a1, a2, b1 and b2.
2. For each variable xi, add vertices xi, xi, x′i and edges (a1, xi), (x′i, xi), (x′i, xi),

(b1, xi).
3. For each clause Ci, add vertices ci1, ci2, ci3, c′1, c′′1 and edges (ci1, a2), (ci1, c′i),

(ci2, c′i), (ci2, c′′i ), (ci3, c′′i ), (ci3, b2). Vertices ci1, ci2 and ci3 correspond to the
literals in Ci.

4. When cij corresponds to a positive literal xk, add an edge (xk, cij). When
cij corresponds to a negative literal xk, add an edge (xk, cij). That is, there
exists an edge between the literals which have the different values.

The clique number of the comparability graph is 4. Fig.3 is an example of the
comparability graph obtained by the reduction. The modulators are (a1, b1) and
(a2, b2).
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a1 x1’ x2’ x3’ b1

x1 x2 x3x1 x2 x3

c11 c12 c13 c21 c22 c23 c31 c32 c33 c41 c42 c43

a2 c1’ c1’’ c2’ c2’’ c3’ c3’’ c4’ c4’’ b2

Fig. 3. The comparability graph obtained by reduction from (x1 + x2 + x3)(x1 + x2 +
x3)(x1 + x2 + x3)(x1 + x2 + x3)

Now we prove the correctness of the reduction. First, we show that the
comparability+2e graph is 5-colorable when F is satisfiable. We color vertices
a1, a2, b1, b2 with 1, 4, 2, 3, respectively. Consider a satisfying assignment for F .
If xi = 1 in the assignment, color vertices xi, x

′
i, xi with 5, 2, 1, respectively. If

xi = 0 in the assignment, color vertices xi, x
′
i, xi with 2, 1, 5, respectively. (Fig.4)

a1 xi’ b1

xi xi

1 2

5 1

2
a1 xi’ b1

xi xi

1 2

5

1

2

(a) (b)

Fig. 4. (a) Coloring when xi = 1. (b) Coloring when xi = 0.

As clause Ci has at least one satisfied literal, choose one of the satisfied literals
arbitrarily. When ci1 is chosen, color vertices ci1, c′i, c

′′
i , ci2, ci3 with 5, 3, 3, 4, 4,

respectively. When ci2 is chosen, color vertices ci2, c′i, c
′′
i , ci1, ci3 with 5, 4, 3, 3, 4,

respectively. When ci3 is chosen, color vertices ci3, c′i, c
′′
i , ci1, ci2 with 5, 4, 4, 3, 3,

respectively. (Fig.5)
Now we verify that a 5-coloring is obtained by the above rules. Colors 1, 2 are

used only for vertices a1, b1, xi, xi, x
′
i. Fig.4 shows that neither 1 nor 2 appear

twice in a path. Colors 3, 4 are used only in vertices a2, b2, cij , c
′
i, c

′′
i . Fig.5 shows

that neither 3 nor 4 appear twice in a path. Color 5 is used only in vertices
xi, xi, cjk. Only the vertices whose corresponding literal is satisfied has color 5.
On the other hand, among vertices xi, xi and cjk, an edge exists only when two
literals cannot be satisfied at the same time. Therefore, 5 does not appear twice
in a path.
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ci1 ci2 ci3

a2 ci’ ci’’ b2
4

5

3

4

3

4

3

ci1 ci2 ci3

a2 ci’ ci’’ b2
4

3

4

5

3

4

3

ci1 ci2 ci3

a2 ci’ ci’’ b2
4

3

4

3

4

5

3

(a) (b) (c)

Fig. 5. (a) Coloring when ci1 is satisfied. (b) Coloring when ci2 is satisfied. (c) Coloring
when ci3 is satisfied.

At last, we show that F is satisfiable if the comparability+2e graph is 5-
colorable. Consider a 5-coloring of the comparability+2e graph. As a1 and b1
are adjacent, they must have different colors. Then, for each i, at least one of
the pairs of vertices < a1, x

′
i > and < x′i, b1 > must have different colors. If

< a1, x
′
i > does not have the same color, let xi = 1. If < x′i, b1 > does not

have the same color, let xi = 0. Note that, three different colors are used in
a triple < a1, x

′
i, xi > if xi = 1, and three different colors are used in a triple

< b1, x
′
i, xi > if xi = 0. We call the triples upper triples.

Similarly, as a2 and b2 must have different colors, for each i, at least one of the
pairs < a2, c

′
i >, < c′i, c

′′
i > and < c′′i , b2 > must have different colors. It follows

that three different colors are used in at least one of the triples < a2, ci1, c
′
i >,<

c′i, ci2, c
′′
i > and < c′′i , ci3, b2 >. We call the triples lower triples.

Assume that three different colors are used both in an upper triple includ-
ing xi(xi resp.) and a lower triple including cij . Then, the edge (xi, cij) (the
edge (xi, cij) resp. ) does not exist. If the edge exists, 6 colors are necessary to
color the comparability+2e graph. Remember that the edge (xi, cij) or (xi, cij)
exists iff the literals cannot be satisfied at the same time. Hence, if three dif-
ferent colors are used in a lower triple including cij , literal cij is satisfied. As each
clause in F has at least one satisfied literal, F is satisfied by the above
assignment.

4 Coloring Comparability−1e Graphs

On the vertex coloring of comparability−ke graphs, we show the following result
for k = 1.

Theorem 4. Vertex coloring problem of comparability−1e graphs can be solved
in polynomial time.

In this section, we give the proof of Theorem 4. Let G = (V,E) be a
comparability−1e graph and E1 = {(a, b)} be the modulator of G. Let Gc =
(V,E ∪ E1). If ω(G) = ω(Gc), then χ(G) = ω(Gc) holds. If ω(G) = ω(Gc) − 1,
then ω(Gc) − 1 ≤ χ(G) ≤ ω(Gc) holds. In the latter case, there may exist an
(ω(Gc) − 1)-coloring of G. In the (ω(Gc) − 1)-coloring, a and b have the same
color.

We first show that it is not difficult to check if ω(G) = ω(Gc) or not.
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Lemma 2. The equality ω(G) = ω(Gc)−1 holds iff there exists no vertex v (v �=
a, b) such that levmin(v) is equal to levmin(a) or levmin(b) and levmin(v) =
levmax(v).

Proof. First, observe that, for a vertex v in Gc, the size of the maximum clique
including v is levmin(v)+(ω(Gc)−levmax(v)). Thus, if levmin(v) = levmax(v),
v is included in an ω(Gc)-clique of G.
(→) ω(G) = ω(Gc) − 1 holds iff all the maximum cliques of G′ includes the
modulator (a, b).

Assume w.l.o.g. that there exists a vertex v (v �= a) such that levmin(v) =
levmax(v) = levmin(a). As levmin(v) = levmax(v), v is included in a maximum
clique of Gc. However, as levmin(v) = levmin(a), v and a are not in the same
clique. Therefore, Gc has a maximum clique which does not include (a, b). It
means that ω(G) = ω(Gc).
(←) Assume that there exists no vertex v (v �= a, b) such that levmin(v) is equal
to levmin(a) or levmin(b) and levmin(v) = levmax(v). Then, all the maximum
cliques of Gc must contain a and b. Thus, the modulator (a, b) is included in all
the maximum cliques of Gc. That is, ω(G) = ω(Gc)− 1 holds.

The condition of this lemma is checked easily using levmin and levmax of each
vertex. In the following, we consider only the graphs satisfying ω(G) = ω(Gc)−1.

Even though ω(G) = ω(Gc)−1 holds, it is not always possible to color G with
ω(Gc) − 1 colors. We consider how to compute if G is (ω(Gc) − 1)-colorable or
not. To consider the coloring of G, we first obtain a transitive orientation of Gc.
Let Gt be the obtained transitive graph. Gt is represented as a Hasse diagram
H = (V,EH). In the following, we assume w.l.o.g. that a ≺ b in H . In a Hasse
diagram, all the vertices in a path must have different colors. However, in this
case, as we consider the coloring of G, not Gc, we admit that a and b have the
same color in H .

We consider to modify the graph without changing its chromatic number.
Let w, x, y, z be the vertices satisfying the following conditions: (w, x), (y, x),
(w, z) ∈ EH , w and x are in the same (ω(Gc) − 1)-clique of Gc, and neither
a � w ≺ z � b nor a � y ≺ x � b holds (see Fig.6). Let H ′ = (V,EH ∪ {(y, z)})
and let G′ be the comparability−1e graph represented byH ′ when the modulator
is added.

Lemma 3. χ(G′) = χ(G).

Proof. As G′ is obtained by adding edges to G, a coloring of G′ is also a coloring
of G. That is, χ(G′) ≥ χ(G) holds. We show that if G is (ω(Gc)− 1)-colorable,
then G′ is also (ω(Gc)− 1)-colorable.

Consider a (ω(Gc) − 1)-coloring of G. As (w, x) ∈ EH and w and x are
in the same (ω(Gc) − 1)-clique of Gc, U(w) ∩ L(x) = ∅ and U(w) ∪ L(x) =
{1, . . . , ω(Gc) − 1} hold. Similarly, as neither a � w ≺ z � b nor a � y ≺ x � b
holds, U(y)∩L(x) = ∅ and U(w)∩L(z) = ∅ also hold. Therefore, we can see that
U(y) ⊆ U(w) and L(z) ⊆ L(x) hold. It follows that U(y) ∩ L(z) = ∅. It means
that even when (y, z) is added to H , no path of the Hasse diagram contain the
vertices with the same color (except two endpoints of the modulator).
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added edge

w

x

y

z

Fig. 6. Add an edge to generate H ′

Add edges satisfying the above condition as far as possible. Let the resulting
Hasse diagram be H+ and the corresponding comparability−1e graph be G+.
Lemma 3 shows that χ(G+) = χ(G). Let Va = {v | a ≺ v in H+} and Vb =
{v | v ≺ b in H+}.

Lemma 4. There exists an (ω(Gc) − 1)-coloring of G+ iff there exists no
(ω(Gc)−1)-clique that does not include an endpoint of the modulator and whose
all vertices are in Va ∪ Vb.

Proof. The vertices in Va (Vb resp.) cannot be colored with the same color as
a and b because the vertices in Va (Vb resp.) and a (b resp.) are on the same
path in H+. If there exists an (ω(Gc)− 1)-clique of G+ that does not include an
endpoint of the modulator and whose all vertices are in Va ∪ Vb, there exists no
(ω(Gc) − 1)-coloring of G+ because only ω(Gc) − 2 colors can be used to color
the clique.

Otherwise, we can color all the vertices using colors {1, 2, . . . , ω(Gc) − 1} in
the following manner. Color a and b with 1. In each (ω(Gc) − 1)-clique, color
the vertex of the smallest level not in Va ∪Vb with 1. From the assumption, each
(ω(Gc) − 1)-clique includes at least one vertex colored with 1. In addition, we
can show that no clique includes more than one vertex colored with 1 as follows.

Assume that a vertex d (d �= a, b) is colored with 1 by following the above
rule. Then, either levmin(d) = 1 or there exists a vertex e satisfying (e, d) ∈ H+,
e ∈ Vb and d, e are in the same (ω(Gc) − 1)-clique. Also there exists a vertex f
satisfying (e, f) ∈ H+ and f ∈ Vb ∪ {b}. From the construction of H+, for each
vertex g s.t. (g, d) ∈ H+, an edge (g, f) must exist in H+. It means that any
ancestor of d is included in Vb. Therefore, no two vertices in a (ω(Gc)−1)-clique
can be colored with 1.

Color the other vertices with the following rule: if v is a source, color v with
2, and otherwise color v with the minimum number which is not used in the
ancestors of v in H+. The coloring rule approves that no two vertices in a clique
has the same color.

In addition, it is not difficult to show by induction on levmin(v) that i)
levmin(v) − 1 colors are used for v and its ancestors if vertex b is included in
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them, and ii) levmin(v) colors are used for v and its ancestors otherwise. It
means that ω(Gc)− 1 colors are sufficient to color G.

An algorithm may be easily obtained from the above proofs. Now we consider the
complexity of the algorithm. To obtain H+, an edge to be added can be found in
polynomial time by checking all the possibilities of w and x. Also, the number of
added edges is less than |V |2. Thus, H+ can be obtained in polynomial time. It
is easy to see that all the other operations can be executed in polynomial time.

5 Conclusion

In this paper, we have considered the complexity of coloring comparability+ke
and−ke graphs. For comparability+ke graphs, we have shown that it is tractable
for k = 1 and NP-complete for k ≥ 2. For comparability−ke graphs, we have
shown that it is tractable for k = 1. One of our future works is to clarify the
complexity of coloring comparability−ke graphs for k ≥ 2.
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Abstract. In this paper, we study a new problem of finding a convex
drawing of graphs with a non-convex boundary. It is proved that every
triconnected plane graph whose boundary is fixed with a star-shaped
polygon admits a drawing in which every inner facial cycle is drawn as
a convex polygon. Such a drawing, called an inner-convex drawing, can
be obtained in linear time.

1 Introduction

Graph drawing has attracted much attention over the last ten years due to
its wide range of applications, such as VLSI design, software engineering and
bioinformatics. Two- or three-dimensional drawings of graphs with a variety of
aesthetics and edge representations have been extensively studied (see [1]). One
of the most popular drawing conventions is the straight-line drawing, where all
the edges of a graph are drawn as straight-line segments. Every planar graph is
known to have a planar straight-line drawing [3]. A straight-line drawing is called
a convex drawing if every facial cycle is drawn as a convex polygon. Note that
not all planar graphs admit a convex drawing. Tutte [8] gave a necessary and
sufficient condition for a triconnected plane graph to admit a convex drawing.
Thomassen [7] gave a necessary and sufficient condition for a biconnected plane
graph to admit a convex drawing. Based on this result, Chiba et al. [2] presented
a linear time algorithm for finding a convex drawing (if any) for a biconnected
plane graph with a specified convex boundary. Tutte [8] also showed that every
triconnected plane graph with a given boundary drawn as a convex polygon ad-
mits a convex drawing using the polygonal boundary. That is, when the vertices
on the boundary are placed on a convex polygon, inner vertices can be placed
on suitable positions so that each inner facial cycle forms a convex polygon.

However, not much attention has been paid to the problem of finding a convex
drawing with a non-convex boundary. In this paper, a straight-line drawing is
called an inner-convex drawing if every inner facial cycle is drawn as a convex
� This research was partially supported by the Scientific Grant-in-Aid from Ministry
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polygon, and is simply called a convex drawing if no confusion arises. One can
easily observe that not every triconnected plane graph has a convex drawing if
its boundary is drawn as a non-convex polygon. For example, Fig. 1 shows three
examples of plane graphs which have no convex drawing; the inner facial cycle
f1 in Fig. 1(b) (resp., one of the inner facial cycles f1 and f2 in Figs. 1(a) and
(c)) cannot be drawn as a convex polygon.

(a) (b) (c)

f1f2

f1
f2

f1

v2
v1v3

u

w
w

Fig. 1. (a) A biconnected plane graph with a convex boundary; (b) An internally
triconnected plane graph with a star-shaped boundary; (c) A triconnected plane graph
with a non star-shaped boundary

No characterization is known for any class of plane graphs that have inner-
convex drawings with non-convex boundaries. In this paper, we prove that every
triconnected plane graph has an inner-convex drawing if its boundary is fixed
with a star-shaped polygon P , i.e., a polygon P whose kernel (the set of all
points from which all points in P are visible) is not empty. This is an extension
of the classical result by Tutte [8] since any convex polygon is a star-shaped
polygon. Our proof gives a linear time algorithm for computing an inner-convex
drawing of a triconnected plane graph with a star-shaped boundary.

This paper is organized as follows: Section 2 reviews basic terminology and
proves an important property of triconnected plane graphs. Section 3 proves that
a triconnected plane graph has an archfree tree, a spanning tree with a special
property. Section 4 reviews the necessary and sufficient condition for a plane
graph with a boundary drawn as a convex polygon to admit a convex drawing.
Section 5 discusses how to draw a triconnected plane graph with a star-shaped
boundary as an inner-convex drawing. Section 6 concludes.

2 Preliminaries

Throughout the paper, a graph stands for a simple undirected graph. Let G =
(V,E) be a graph. The set of edges incident to a vertex v ∈ V is denoted by
E(v). The degree of a vertex v in G is denoted by dG(v) (i.e., dG(v) = |E(v)|).
For a subset X ⊆ E (resp., X ⊆ V ), G − X denotes the graph obtained from
G by removing the edges in X (resp., the vertices in X together with the edges
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in ∪v∈XE(v)). A vertex (resp., a pair of vertices) in a connected graph is called
a cut vertex (resp., a cut pair) if its removal from G results in a disconnected
graph. A connected graph is called biconnected (resp., triconnected) if it is simple
and has no cut vertex (resp., no cut pair). We say that a cut pair {u, v} separates
two vertices s and t if s and t belong to different components in G− {u, v}.

A graph G = (V,E) is called planar if its vertices and edges are drawn as
points and curves in the plane so that no two curves intersect except for their
endpoints, where no two vertices are drawn at the same point. In such a drawing,
the plane is divided into several connected regions, each of which is called a face.
A face is characterized by the cycle of G that surrounds the region. Such a cycle
is called a facial cycle. A set F of facial cycles in a drawing is called an embedding
of a planar graph G. A plane graph G = (V,E, F ) is a planar graph G = (V,E)
with a fixed embedding F of G, where we always denote the outer facial cycle in
F by fo. A vertex (resp., an edge) in fo is called an outer vertex (resp., an outer
edge), while a vertex (resp., an edge) not in fo is called an inner vertex (resp.,
an inner edge). A path Q between two vertices s and t in G is called inner if
every vertex in V (Q)− {s, t} is an inner vertex. The region enclosed by a facial
cycle f ∈ F may be denoted by f for simplicity. The set of vertices, set of edges
and set of facial cycles of a plane graph G may be denoted by V (G), E(G) and
F (G), respectively.

A biconnected plane graph G is called internally triconnected if, for any cut
pair {u, v}, u and v are outer vertices and each component in G − {u, v} con-
tains an outer vertex. Note that every inner vertex in an internally triconnected
plane graph must be of degree at least 3. For a cut pair {u, v} of an internally
triconnected plane graph G = (V,E, F ), if u and v are not adjacent and there is
an inner facial cycle f ∈ F such that {u, v} ∈ V (f), we say that f separates two
vertices s and t if the cut pair {u, v} separates them. For example, the graph in
Fig. 1(a) is biconnected but not internally triconnected, the graph in Fig. 1(b)
is internally triconnected but not triconnected, and the graph in Fig. 1(c) is
triconnected. We then observe the following:

Lemma 1. Let G be an internally triconnected plane graph. Then G has an
inner path connecting two outer vertices s and t if and only if no facial cycle
separates s and t. ��
We next show a key property of a triconnected plane graph.

Lemma 2. Every triconnected plane graph G = (V,E, F ) has a spanning tree
T such that each vertex v ∈ V (fo) is a leaf of T . Such a tree can be found in
linear time.

Proof. Since G has no cut pair, there is an inner path between any two vertices
in V (fo) by Lemma 1. Let V (fo) = {v1, v2, . . . , vp}, where vertices v1, v2, . . . , vp

appear in this order when we traverse fo in the clockwise order. For each v ∈
V (fo), let ev ∈ E(v) be the edge that appears after edge (v = vi, vi+1) when we
visit the edges in E(v) around v = vi in the clockwise order. To prove the lemma,
it suffices to show that G∗ = G−∪v∈V (fo)(E(v)−{ev}) remains connected, since
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any spanning tree T of the graph satisfies the condition of the lemma, and it is
immediate to see that such a tree can be computed in linear time.

To show the connectedness of G∗, we define an inner path Qv from v = vi to
vi−1 as follows. Let E(v) = {(v, u1 = vi+1), (v, u2), (v, u3), . . . , (v, uh−1), (v, uh =
vi−1)}, where (v, u1), . . . , (v, uh) appear in this order when we visit the edges in
E(v) in the clockwise order around v, and fj ∈ F , j = 1, 2, . . . , h be the facial
cycle that contains edges (v, uj) and (v, uj+1), where V (fj) ∩ V (fo) = {vi} and
fj �= fj′ for j �= j′ by the triconnectivity of G. Then there is an inner path
Qv from v = vi to vi−1 which consists of subpaths fj − v, j = 2, 3, . . . , h − 1.
That is, path Qv and edge (v = vi, uh = vi−1) surround the union of faces fj ,
j = 2, 3, . . . , h− 1. Note that G− (E(v)− {ev}) contains Qv. Hence if G has an
inner path Q from v ∈ V (fo) to a vertex w ∈ V that does not use edge ev, then
Q must use an edge (v, uj) ∈ E(v) − {ev} and the subpath from v to uj along
Qv and the subpath from uj to w along Q give rise to an inner path from v to
w without using any edge in E(v)−{ev}. By noting that E(v)∩E(Qv′) = ∅ for
any two v, v′ ∈ V (fo), this implies that any two vertices in V (fo) are connected
by an inner path in G∗ = G − ∪v∈V (fo)(E(v) − {ev}) and that G∗ contains a
tree T ′ that connects all vertices in V (fo) (note that each vertex v ∈ V (fo) is a
leaf in T ′ since the degree of v is 1 in G− ∪v∈V (fo)(E(v)− {ev})).

To complete the proof for the connectedness of G∗, we show that an arbitrary
vertex u ∈ V −V (T ′) is connected to a vertex in V (T ′) in G∗. There are adjacent
vertices w1, w2 ∈ V (fo) such that u is located in the region enclosed by edge
(w1, w2) and the path T ′

w1,w2
between w1 and w2 along T ′. No vertex in this

region is incident to E(v) with v �∈ {w1, w2}. Hence, if u is not connected to
any vertex in T ′ in G∗, then {w1, w2} would be a cut pair which separates u
and a vertex not in the region, contradicting the triconnectivity of G. Therefore,
G∗ = G− ∪v∈V (fo)(E(v) − {ev}) remains connected, as required. ��

3 Archfree Paths and Archfree Trees

We say that a facial cycle f arches a path Q in a plane graph if there are two
distinct vertices a, b ∈ V (Q) ∩ V (f) such that the subpath Qa,b of Q between a
and b is not a subpath of f . A path Q is called archfree if no inner facial cycle f
arches Q. Note that any subpath of a facial cycle in a triconnected plane graph
is an archfree path.

Let Q be an inner path that is contained in an inner path Q′ between two
outer vertices s′ and t′ in a plane graph G = (V,E, F ), and let s and t be the
end vertices of Q, where Q and Q′ are viewed as directed paths from s′ to t′,
as shown in Fig. 2. The outer facial cycle fo consists of subpath f ′

o from s′ to t′

and subpath f ′′
o from t′ to s′ when we walk along fo in the clockwise order.

We say that an inner facial cycle f ∈ F is on the left side if f is surrounded
by f ′

o and Q′, and that f arches Q on the left side if f is on the left side of Q.
The case of the right side is defined symmetrically.

For example, facial cycles f, f1 and f2 in Fig. 2 arch path Q on the left side,
where Q is displayed as thick lines. Now we modify Q into a path L(Q) from
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s to t such that no inner facial cycle arches L(Q) on the left side. Let FQ be
the set of all inner facial cycles f ∈ F that arch Q on the left side, but are not
contained in the region enclosed by Q and any other f ′ ∈ F . For example, facial
cycle f1 in Fig. 2 is enclosed by Q and f , and thereby f1 �∈ FQ. The left-aligned
path L(Q) of Q is defined as an inner path from s to t obtained by replacing
subpaths of Q with subpaths of cycles in FQ as follows. For each f ∈ FQ, let af

and bf be the first and last vertices in V (f)∩V (Q) when we walk along path Q
from s to t, and fQ be the subpath from af to bf obtained by traversing f in the
anticlockwise order. Let L(Q) be the path obtained by replacing the subpath
from af to bf along Q with fQ for all f ∈ FQ (see Fig. 2 for an example of
L(Q)). The following is then observed:

Lemma 3. Given an inner path Q, the left-aligned path L(Q) of Q can be con-
structed in O(|EQ| + |L(Q)|) time, where EQ is the set of all edges incident to
a vertex in Q. ��
The right-aligned path R(Q) of Q is defined symmetrically to the left-aligned
path.

f1
f2

t
s f

G

fa
fb

fo

s `
t `

Fig. 2. Construction of the left-aligned path L(Q) from an inner path Q between s
and t, where thick lines show Q and the path following the arrows shows L(Q)

Lemma 4. Let G = (V,E, F ) be an internally triconnected plane graph, and Q
be an inner path from a vertex s to a vertex t. Then the left-aligned path L(Q)
is an inner path from s to t, and no inner facial cycle arches L(Q) on the left
side. Moreover, if no inner facial cycle arches Q on the right side, then L(Q) is
an archfree path.

Proof. Since G is internally triconnected, we can extend Q to an inner path
between two outer vertices s′ and t′. Let FQ be the set of all inner facial cycles
f ∈ F that arch Q on the left side, but are not enclosed by Q and any other
f ′ ∈ F . It is clear that L(Q) is an inner path, since a subpath of Q is replaced
with a subpath of f ∈ FQ which is not adjacent to any outer vertex. Assume
that an inner facial cycle f∗ ∈ F − FQ − {fo} arches L(Q) on the left side.
Let af∗ and bf∗ be the first and last vertices in V (f∗) along path L(Q). Note
that neither af∗ or bf∗ is contained in subpath fQ for any f ∈ FQ since face f
contains no edge. Then both af∗ and bf∗ are in V (Q). This, however, implies
that f∗ arches Q on the left side in G, contradicting the choice of FQ.
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We consider the case where Q has no inner facial cycle that arches Q on the
right side. Assume that an inner facial cycle f̂ ∈ F − FQ − {fo} arches L(Q) on
the right side. Let af̂ and bf̂ be the first and last vertices in V (f̂) along path
L(Q). Note that both af̂ and bf̂ belong to Q or a subpath fQ with f ∈ FQ,
since otherwise Q would intersect the interior of face f̂ . Since no inner facial
cycle arches Q on the right side by the assumption on Q, both af̂ and bf̂ must
belong to subpath fQ for some f ∈ FQ. This implies that af̂ and bf̂ is a cut pair.
Since G is internally triconnected, it must hold af̂ , bf̂ ∈ V (fo). However, it is
clear that G−{af̂ , bf̂} has at least three components, contradicting the internal
triconnectivity of G. ��

Corollary 1. For any inner path Q from s to t in an internally triconnected
plane graph G, the right-aligned path R(L(Q)) of the left-aligned path L(Q) is
an archfree path. ��

A path in a tree T is called a base path if it is a maximal induced path in T , i.e.,
end vertices v and internal vertices u (if any) in the path satisfy dT (v) �= 2 and
dT (u) = 2, respectively. A tree T in a plane graph G is called archfree if every
base path is an archfree path in G.

Lemma 5. For a triconnected plane graph G = (V,E, F ), let S be a subset of
V (fo) with |S| ≥ 2. Then G contains an archfree tree T such that the set of
leaves of T is equal to S. Such a tree T can be obtained in linear time.

Proof. By Lemma 2, G contains a spanning tree T1 such that each vertex v ∈
V (fo) is a leaf of T1. Let T2 be the tree obtained from T1 by removing all vertices
that are not in the path between any two vertices in S. Note that T2 is a tree
such that the set of leaves of T2 is S and each base path of T2 is an inner path
of G. Choose a vertex s ∈ S as the root of T2 with each base path as a directed
path from the root to leaves. Let T3 be the tree obtained from T2 by replacing
each base path Q of T2 with its left-aligned path L(Q). Then T4 be the tree
obtained from T3 by replacing each base path Q of T3 with its right-aligned path
R(Q). From Corollary 1, T4 is an archfree tree whose leaf set is S.

By Lemma 2, spanning tree T1 can be computed in linear time. It is clear that
T2 can be constructed from T1 in linear time. By Lemma 3, T3 can be computed
in O(

∑{|EQ| + |L(Q)| | base paths Q in T2}) = O(
∑

f∈F |E(f)|) = O(|V |)
time. Analogously T4 can be obtained in O(|V |) time. ��

4 Convex Drawing with a Convex Boundary

For three points a1, a2, and a3 in the plane, the line segment whose end points
are ai and aj is denoted by (ai, aj), and the angle (a1, a2, a3) formed by line
segments (a1, a2) and (a2, a3) is defined by the central angle of a circle with
center a2 when we traverse the circumference from a1 to a3 in the clockwise
order (note that (a1, a2, a3) + (a3, a2, a1) = π).
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A polygon P is given by a sequence a1, a2, . . . , ap (p ≥ 3) of points, called
apices, and edges (ai, ai+1), i = 1, 2, . . . , p (where ap+1 = a1) such that no two
line segments (ai, ai+1) and (aj , aj+1), i �= j intersect each other except at apices.
Let A(P ) denote such a sequence of apices of a polygon P , where A(P ) may be
used to denote the set of the apices in A(P ). The inner angle θ(ai) of an apex
ai is the angle (ai+1, ai, ai−1) formed by line segments (ai, ai+1) and (ai−1, ai),
and an apex ai is called convex (resp., concave and flat) if θ(ai) < π (resp.,
θ(ai) > π and θ(ai) = π). A polygon P has no apex a with θ(a) = 0 since no
two adjacent edges on the boundary intersect each other. Thus, the interior of
a polygon has a positive area. A polygon P is called convex if it has no concave
apex. A k-gon is a polygon with exactly k apices, some of which may be flat
or concave. A side of a polygon is a maximal line segment in its boundary, i.e.,
a sequence of edges (ai, ai+1), (ai+1, ai+2), . . . , (ai+h−1, ai+h) such that ai and
ai+h are non-flat apices and the other apices between them are flat. A k-gon has
at most k sides.

A straight-line drawing of a graph G = (V,E) in the plane is an embedding
of G in the two dimensional space �2 such that each vertex v ∈ V is drawn as
a point ψ(v) ∈ �2 and each edge (u, v) ∈ E is drawn as a straight-line segment
(ψ(u), ψ(v)), where � is the set of reals. Hence, a straight-line drawing of a
graph G = (V,E) is defined by a function ψ : V → �2. A straight-line drawing
ψ of a plane graph G = (V,E, F ) is called an inner-convex drawing (or simply
a convex drawing) if every inner facial cycle is drawn as a convex polygon. A
convex drawing ψ of a plane graph G = (V,E, F ) is called a strictly convex
drawing if it has no flat apex ψ(v) for any vertex v ∈ V with dG(v) ≥ 3. We say
that a drawing ψ of a graph G is extended from a drawing ψ′ of a subgraph G′

of G if ψ(v) = ψ′(v) for all v ∈ V (G′).
Let G = (V,E, F ) be a plane graph with an outer facial cycle fo, and P be a

|V (fo)|-gon. A drawing φ of fo on P is a bijection φ : V (fo)→ A(P ) such that
the vertices in V (fo) appear along fo in the same order as the corresponding
apices in sequence A(P ).

Lemma 6. [2,7] Let G = (V,E, F ) be a biconnected plane graph. Then a drawing
φ of fo on a convex polygon P can be extended to a convex drawing of G if and
only if the following conditions (i)-(iii) hold:

(i) For each inner vertex v with dG(v) ≥ 3, there exist three paths disjoint
except v, each connecting v and an outer vertex;

(ii) Every cycle of G which has no outer edge has at least three vertices v with
dG(v) ≥ 3; and

(iii) Let Q1, Q2, . . . , Qk be the subpaths of fo, each corresponding to a side of
P . The graph G − V (fo) has no component H such that all the outer vertices
adjacent to vertices in H are contained in a single path Qi, and there is no inner
edge (u, v) whose end vertices are contained in a single path Qi. ��
Since every inner vertex of degree 2 must be drawn as a point sub-dividing a line
segment in any convex drawing, we can assume without loss of generality that a
given biconnected plane graph has no inner vertex of degree 2. Then Lemma 6
can be restated as follows.
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Lemma 7. Let G = (V,E, F ) be a biconnected plane graph which has no inner
vertex with degree 2. Then a drawing φ of fo on a convex polygon P can be
extended to a convex drawing of G if and only if the following conditions (a) and
(b) hold:

(a) G is internally triconnected.
(b) Let Q1, Q2, . . . , Qk be the subpaths of fo, each corresponding to a side of

P . Each Qi is an archfree path in G. ��

5 Convex Drawing with a Star-Shaped Boundary

A kernel K(P ) of a polygon P is the set of all points from which all points in P
are visible. The boundary of a kernel, if any, is a convex polygon. A polygon P
is called star-shaped if K(P ) �= ∅. Throughout the paper, we assume that for a
given star-shaped polygon, its kernel has a positive area.

Let φ be a drawing of the outer facial cycle fo of a plane graph G on a star-
shaped polygon P , and let S = {v1, v2, . . . , vp} be a subset of V (fo), where
the vertices v1, v2, . . . , vp in S appear in this order when we traverse fo in the
clockwise order (where vp+1 = v1). A subset S is valid if S contains all vertices
v ∈ V (fo) such that φ(v) is a concave apex of P and for any point a ∈ K(P ),
the angle (φ(vi), a, φ(vi+1)) formed by line segments (φ(vi), a) and (a, φ(vi+1))
is less than π. Obviously S = V (fo) is valid if P is a star-shaped polygon.

For a tree T of G whose leaf set is S = {v1, v2, . . . , vp}, we denote by H =
T + fo the plane subgraph of G obtained by joining T and fo, i.e., V (H) =
V (T ) ∪ V (fo), E(H) = E(T ) ∪ E(fo) and F (H) = {f1, f2, . . . , fp}, where fi is
the cycle consisting of the path between vi and vi+1 along T and the subpath
from vi to vi+1 in fo. We now describe an important lemma.

Lemma 8. Let G = (V,E, F ) be a triconnected plane graph, and φ be a drawing
of the outer facial cycle fo on a star-shaped polygon P . For drawing φ, let S be
a valid subset of V (fo), and T be an archfree tree whose leaf set is S. Then φ
can be extended to a strictly convex drawing ψ of H = T + fo. Such a drawing
ψ can be obtained in linear time.

Proof. Let K be a circle contained in K(P ), where the center of K is denoted
by c. It suffices to show that the lemma holds only for the case where T contains
no vertex v with dT (v) = 2, since two edges in T that are adjacent at such a
vertex v can be replaced with a single edge and the eliminated vertex v can
be re-inserted in a line segment in a straight-line drawing. See Fig. 3(a), which
illustrates H = T + fo with no vertex v with dT (v) = 2 and K centered at a
point c. Now T has at least three leaves (since S is valid) but no vertex v with
dT (v) = 2. We call a non-leaf vertex in T a fringe vertex if it has no more than
one neighbor u with dT (u) ≥ 2. If T has exactly one fringe vertex, i.e., T is a
star centered at a vertex v∗, then ψ with ψ(u) = φ(u), u ∈ S and ψ(v∗) = c is
a strictly convex drawing of H since each facial cycle fi is drawn as a triangle
whose sides do not intersect with any side of P by the validity of S.
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We now consider the case where T has at least two fringe vertices. Each
fringe vertex u has at least two adjacent leaves and all adjacent leaves appear
consecutively along fo, when we visit the leaves of T along P in the clockwise
order. We denote its first leaf (resp., last leaf) by au (resp., bu). For example,
vertex v in Fig. 3(a) has av = v1 and bv = vh.

A fringe vertex u is called wide in a drawing φ if the angle (φ(au), c, φ(bu))
formed by line segments (c, φ(au)) and (c, φ(bu)) is no less than π (for example,
vertex u in Fig. 3(a) is a wide fringe vertex). Note that T has at most one wide
fringe vertex.

We prove that a drawing φ of fo on P can be extended to a strictly convex
drawing ψ of H = T + fo such that ψ satisfies the following two conditions:

all non-leaf vertices of T are drawn strictly inside K, (1)

the angle (ψ(au), u, ψ(bu)) < π for all fringe vertices u
except for a wide fringe vertex. (2)

We prove the lemma by induction on the number of vertices in a tree T . In the
base case, T has exactly two fringe vertices u1 and u2, where the wide fringe
vertex (if any) is denoted by u1. Draw vertex u1 as the center c of K, and vertex
u2 as a point at the intersection of K and triangle u1, au2 , bu2 . By the choice of
u1, the resulting drawing ψ of H = T + fo is strictly convex satisfying (1) and
(2).

We now assume that the lemma holds for any tree T with at most k vertices.
Let T be a tree with k + 1 vertices. We prove that the lemma holds for T . Let
v∗ ∈ V (T ) be a fringe vertex which is not wide, and v1, v2, . . . , vh be the leaves
adjacent to v∗, which appear in this order when we traverse fo in the clockwise
order, as shown in Fig. 3(a). We distinguish two cases, h ≥ 3 and h = 2.

Case-1. h ≥ 3. Let T ′ be the tree obtained from T by removing leaves v2, v3, . . . ,
vh−1, S′ = S −{v2, v3, . . . , vh−1}, f ′

o be the cycle obtained from fo by replacing
its subpath from v1 to vh with an edge (v1, vh). Let P ′ be the polygon obtained
from P by replacing the edges between v1 and vh with a single edge, and φ′ be
the resulting drawing of f ′

o on P ′ (see Fig. 3(b)). Note that v∗ remains a non-
wide fringe vertex in T ′ and hence, S′ is valid in P ′. By the inductive hypothesis,
φ′ can be extended to a strictly convex drawing ψ′ of H ′ = T ′ + f ′

o that satisfies
(1) and (2) (see Fig. 3(b)). We show that the original drawing φ of fo on P can
be extended to a strictly convex drawing ψ of H = T + fo satisfying (1) and (2).
Such a drawing ψ is obtained from φ and ψ′ by setting ψ(u) = ψ′(u), u ∈ V (H ′)
and ψ(vi) = φ(vi), i = 2, 3, . . . , h − 1. In the resulting drawing ψ, each deleted
edge (v∗, vi), i = 2, 3, . . . , h − 1 is drawn as a line segment (ψ′(v∗), φ(vi)) (see
Fig. 3(c)). We see that each of new facial cycle {v∗, vi−1, vi}, i = 2, 3, . . . , h−1 is
drawn as a triangle, which does not intersect with P since ψ′(v∗) is in K and v
remains as a non-wide fringe vertex in T by (2). Therefore, φ is a strictly convex
drawing of H which satisfies (1) and (2).

Case-2. h = 2. Let w be the unique neighbour of v∗ with dT (w) ≥ 3, and ea =
(w, ua) (resp., eb = (w, ub)) be the edge incident to w that appears immediately
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Fig. 3. (a) Reducing the number of leaves adjacent to v∗ in tree T ; (b) Re-inserting
the deleted leaves in a convex drawing of H ′ = T ′ +f ′

o with boundary P ′; (c) A convex
drawing of H = T + fo with boundary P

before edge (w, v∗) (resp., immediately after edge (w, v∗)) when we walk around
w in the clockwise order. Since dT (w) ≥ 3, we have ea �= eb (see Fig. 4(a)).

Let T ′ be the tree obtained from T by contracting edge (v∗, w) into a vertex w.
Obviously the set of leaves in T ′ is S, which remains valid in P . By the inductive
hypothesis, a drawing φ of fo on P can be extended to a strictly convex drawing
ψ′ of H ′ = T ′ + fo that satisfies (1) and (2) (see Fig. 4(b)). We show that the
original drawing φ of fo on P can be extended to a strictly convex drawing ψ of
H = T + fo satisfying (1) and (2). Such a drawing ψ is obtained from φ and ψ′

by setting ψ(u) = ψ′(u), u ∈ V (H ′) − {v∗} and choosing ψ(v∗) of v as follows.
Let fa (resp., fb) be the facial cycle containing edges ea and (w, v1) (resp., eb and
(w, vh)), and La (resp., Lb) be the half line which starts at φ′(w) in the direction
from φ′(ua) to φ′(w) (resp., from φ′(ub) to φ′(w)). See Fig. 4(b). To keep the
faces fa and fb strictly convex after re-inserting edge (v∗, w), the position ψ(v∗)
of v∗ must be in the region R enclosed by the boundary of K and the two lines
La and Lb. Since ea �= eb, we can choose a position ψ(v∗) of v strictly inside
K so that the resulting drawing ψ is strictly convex that satisfies (1) and (2).
This completes the proof for the existence of a desired convex drawing ψ of
H = T + fo.

It is clear that the above inductive proof gives an algorithm for computing a
desired drawing φ of H . We now show that it runs in linear time. The kernel
K(P ) can be computed in linear time [6], and a circle K in K(P ) can be chosen
in linear time. The operation in Case-1 can be executed in O(1) time by placing
v on a point in R sufficiently closed to φ′(w). The operation in Case-2 can be
executed in O(1) time per edge to be deleted. Following the above construction,
a desired convex drawing φ of H = T + fo can be constructed in linear time.
This completes the proof. ��
We are now ready to prove Theorem 1.

Theorem 1. Every drawing φ of the outer facial cycle fo of a triconnected
plane graph G = (V,E, F ) on a star-shaped polygon can be extended to a convex
drawing ψG of G. Such a drawing ψG can be computed in linear time.
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Fig. 4. (a) Contracting edge (v∗, w) in tree T ; (b) Re-inserting a contracted edge (v∗, w)
in a convex drawing ψ′ of H ′ = T ′ + fo; (c) A convex drawing of H = T + fo with
boundary P
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Fig. 5. (a) A triconnected plane graph G = (V,E, F ) with a star-shaped boundary
P , where an archfree tree T is denoted by thick black lines; (b) A convex drawing of
H = T + fo with boundary P ; (c) A convex drawing of G with boundary P

Proof. Choose a valid subset S = {v1, v2, . . . , vp} of V (fo) (for example S =
V (fo)), and compute an archfree tree T of G whose leaf set is S, which can
be computed in linear time by Lemma 5 (see Fig. 5(a)). By Lemma 8, we can
compute a strictly convex drawing ψ of H = T +fo as an extension of drawing φ
of fo on P in linear time (see Fig. 5(b)). Now each facial cycle fi of H is drawn
as a strictly convex polygon Pi. Let Gi be the subgraph of G that consists of
vertices and edges in the face fi (including those on the boundary of fi). Since
each side of Pi is an archfree path and ψ is a strictly convex drawing, Gi with
the boundary Pi satisfies condition (b) of Lemma 7. It is clear that Gi with Pi

also satisfies condition (a) of Lemma 7, since otherwise G with P would violate
(a), contradicting the triconnectivity of G. Hence, each plane graph Gi with
boundary Pi has a convex drawing ψi, and such a drawing ψi can be computed
in O(|V (Gi)| + |E(Gi)|) time by using the algorithm in [2]. Therefore, after
computing convex drawings ψi for all Gi and placing them in the corresponding
faces in ψ, we obtain a convex drawing ψG of G which is an extension of drawing
φ of fo on P (see Fig. 5(c)). The above algorithm runs in linear time. ��
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6 Conclusion

In this paper, it is proved that every triconnected plane graph with a star-shaped
boundary admits an inner-convex drawing. We present a linear time algorithm
for computing such a convex drawing.

Recently, we proved that every internally triconnected hierarchical-st plane
graph with a convex boundary satisfying condition (b) in Lemma 7 admits a
convex drawing [4].

It is left open to find a characterization for a plane graph with a star-shaped
boundary to admit an inner-convex drawing.
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Abstract. We consider a profit maximization problem where we are
asked to price a set of m items that are to be assigned to a set of n
customers. The items can be represented as the edges of an undirected
(multi)graph G, where an edge multiplicity larger than one corresponds
to multiple copies of the same item. Each customer is interested in pur-
chasing a bundle of edges of G, and we assume that each bundle forms a
simple path in G. Each customer has a known budget for her respective
bundle, and is interested only in that particular bundle. The goal is to
determine item prices and a feasible assignment of items to customers
in order to maximize the total profit. When the underlying graph G is a
path, we derive a fully polynomial time approximation scheme, comple-
menting a recent NP-hardness result. If the underlying graph is a tree,
and edge multiplicities are one, we show that the problem is polyno-
mially solvable, contrasting its APX-hardness for the case of unlimited
availability of items. However, if the underlying graph is a grid, and edge
multiplicities are one, we show that it is even NP-complete to approxi-
mate the maximum profit to within a factor n1−ε.

Keywords: Pricing problems, tollbooth problem, highway problem,
computational complexity, dynamic programming, fully polynomial time
approximation scheme.

1 Introduction

We consider a profit maximization problem that is defined on a multi graph.
Given is a simple undirected graph G = (V, I) with |I| = m edges, and given are
(integral) edge multiplicities ci, i ∈ I. Each edge can be thought of as an item for
sale, and the edge multiplicity determines how many copies of the corresponding
item are available. We will mainly discuss problems where all ci’s are finite,
but notice that most of the related work addresses problems with unlimited
availability of items. There is a set of n customers J = {1, . . . , n} each of which
� Supported by METEOR, the Maastricht Research School of Economics of Techno-

logy and Organizations.

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 125–136, 2006.
c© Springer-Verlag Berlin Heidelberg 2006



126 A. Grigoriev et al.

is interested in purchasing exactly one bundle Ij ⊆ I of items. This is also known
as single-minded customers [13]. We assume that each bundle Ij forms a simple
path in the graph G. Each customer j ∈ J has an integral budget (or valuation)
bj, which is the largest amount that a customer is willing to pay for her bundle Ij .

A feasible solution to the problem consists of an allocation of items to cus-
tomers and a vector of prices p = (p1, . . . , pm), one for each item, such that

1. each item i ∈ I is sold to no more than ci customers,
2. each customer j ∈ J is either assigned the entire bundle Ij , or nothing,
3. a bundle Ij assigned to a customer j must be affordable,

∑
i∈Ij

pi ≤ bj.

Within a given solution, let us call a customer a winner if she gets assigned her
bundle Ij . Let us denote by W the set of winners. We call a set of winners W
feasible with respect to the availability of items whenever

∑
j∈W |Ij ∩ {i}| ≤ ci,

for all i ∈ I. Note that for any feasible set of winners W , there exists a price
vector p such that all customers in W can indeed afford their respective bundles.
The optimization problem consists of finding a feasible set of winners and a
vector of prices such that none of the constraints (1)− (3) is violated, and such
that the total profit Π(W, p) =

∑
j∈W

∑
i∈Ij

pi is maximized.
One usually distinguishes between solutions that are envy-free and those that

are not. In the setting with single minded customers considered here, envy-
freeness requires that if a customer is not a winner, then the total price of that
bundle must exceed her budget. However, we mostly address problems without
requiring envy-freeness.

Notice that, in contrast to the classical auction literature, we assume that we
know the budget of every customer. At first sight this assumption may seem
infeasible, yet there are good reasons for studying this type of problems. An
understanding of how items should be priced under known budgets, for exam-
ple, may be useful also for the more difficult problem with unknown budgets.
This connection was recently made concrete by Goldberg and Hartline [9]; they
reduced a mechanism design problem with unknown budgets to the underly-
ing profit maximization problem with known budgets. Furthermore, data on
customer valuations is nowadays collected at large scale, for example via specifi-
cally designed web sites; see e.g. [8]. Hence, the assumption of known budgets is
reasonable in many settings. Finally, the underlying combinatorial pricing prob-
lems have their own appeal, and results with respect to their computational
tractability have been obtained only recently [1,3,5,6,8,11,12].

Recall that we address problems where the bundle Ij of any customerj ∈ J
corresponds to a path in an underlying simple graph G. We consider three differ-
ent types of underlying graphs, namely paths, trees, and grids. The problem on a
path (with unlimited availability of items) was recently discussed by Guruswami
et al. [11]. They call it the ‘highway problem’, motivated by the question to find
optimal tolls for the usage of a single highway. In their setting, the availability of
items is unlimited. To motivate the problem on a path with limited availability of
items, consider the rental of a set of identical objects over discrete time periods;
e.g. houses in holiday parks on the basis of weeks. Customers are interested in
renting an object in consecutive periods. Since all objects are identical, in any
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time period they need to have the same price. But prices may vary from period
to period. We can thus interpret a time period as an edge in a path, with edge
multiplicity equal to the number of objects available in that period. Notice that
envy-freeness is not necessarily an issue, since the manager can freely decide to
whom to rent the objects.

1.1 Related Work

The profit maximization problem in which the customer’s bundles are paths of
an arbitrary graph G, and the availability of items is unlimited, is the ‘tollbooth
problem’ addressed by Guruswami et al. [11]. They show that the problem is
APX-hard even if the graph is a star, all budgets are equal to one, and the
bundles contain at most 2 items. Another APX-hardness proof for the same
problem was given by Briest and Krysta [5]; in contrast to the result of [11] it is
also valid if several problem parameters are constantly bounded.

The tollbooth problem with the restriction that the underlying graph is a path
is the ‘highway problem’ introduced by Guruswami et al. [11]. NP-hardness of
this problem was recently shown by Bodlaender and Penninkx [4] and Briest
and Krysta [5]. Guruswami et al. [11] furthermore propose a polynomial time
dynamic programming algorithm when the budgets are bounded by a constant,
and a pseudo-polynomial time dynamic programming algorithm when the bundle
sizes are bounded by a constant.

When bundles are not paths in a graph, but arbitrary subsets of the given set
of items, Demaine et al. [6] show that the problem (again with unlimited avail-
ability of items) is hard to approximate to within a (semi-)logarithmic factor.
For the same problem, there exists an approximation scheme with almost linear
running time, given that the number of distinct items is constant, by Hartline
and Koltun [12]. Moreover, Balcan and Blum [3] derive a O(k)-approximation
algorithm, given that each customer is interested in bundles of at most k items.

Finally, independently in [3] and [5], two FPTAS’s are presented for the prob-
lem where the customers’ bundles are nested. That is, for any two bundles Ia
and Ib it holds that Ia ⊆ Ib, Ib ⊆ Ia or Ia ∩ Ib = ∅. Notice that such an instance
can be interpreted as a problem where the bundles are subpaths of a single path,
by ordering the items appropriately. (The converse is not true, however.)

1.2 Our Results

In Section 2, we address the problem where the underlying graph G is a path,
and there is an upper bound C on the availability of any item. We propose
a dynamic programming algorithm that computes an optimal solution in time
O(n2CB2Cm). Here, B = maxj bj is an upper bound on the budgets. The same
problem with unlimited supply of items allows a dynamic programming algo-
rithm with a computation time ofO(BB+2nB+3), see [11]. Based on our dynamic
programming algorithm, we moreover derive an FPTAS for that problem, given
that the maximum availability of any item C is constant. In contrast to previous
results in that direction [3,5,12], this FPTAS does neither require a constant
number of items, nor nested bundles or bounded budgets.
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In Section 3 we address the problem where the availability of any item is
exactly one. For the case that graph G is a path, the problem reduces to finding
a maximum weight independent set in an interval graph; thus it is polynomially
solvable [14]. When we generalize from a path to a tree, we can show that the
problem remains polynomially solvable. When the underlying graph G is a grid,
however, we show that it is NP-complete to approximate the maximum profit to
within n1−ε, for any ε > 0. (Recall that n is the number of customers.)

2 Selling a Multi Path

In this section, we restrict the underlying graph G = (V, I) to be a path. We
first discuss some preliminaries. Thereafter, we present a dynamic programming
approach and a fully polynomial time approximation scheme for the case where
the edge multiplicities ci are bounded by some constant C.

2.1 Preliminaries

It is not hard to see that the profit maximization problem on a multi path is
polynomially solvable if either the set of winners W is given, or if the vector of
prices p is given.

Lemma 1. The profit maximization problem on a multi path is polynomially
solvable if the vector of prices p = (p1, . . . , pm) is given.

Proof. If the vector of prices p = (p1, . . . , pm) is given, we only need to find a
feasible set of winners that maximizes the total revenue. Whenever the items
are available in unlimited supply, this is trivial and the set of winners is just
W := {j | ∑i∈Ij

pi ≤ bj}. For the case of limited supply, let W ′ be the set of
customers for which the bundle is affordable, given the price vector p. For any
item i, we can not sell more than ci copies. Let aij be equal to 1 if item i ∈ Ij
for customer j, and 0 otherwise. We find a profit-maximizing feasible subset of
winners by solving the following linear program, where xj = 1 iff customer j is
a winner.

max
∑

j∈W ′

(
∑

i∈Ij

pi

)

xj

s.t.
∑

j∈W ′
aijxj ≤ ci ∀i ∈ I

0 ≤ xj ≤ 1 ∀j ∈W ′

The constraint matrix of this linear program has the consecutive ones property,
that is, all entries that are 1 appear consecutively in any column. This because
the bundles Ij of any customer j consist only of consecutive items. A consecutive
ones matrix is totally unimodular [15]. Hence, the corresponding polyhedron only
has integral vertices, and the LP yields an integral optimal solution. �	
If on the other hand a feasible set of winners W ⊆ J is given, we find an optimal
price vector p = (p1, . . . , pm) by solving the following linear program.
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max
∑

j∈W

∑

i∈Ij

pi

s.t.
∑

i∈Ij

pi ≤ bj ∀j ∈W
pi ≥ 0 ∀i ∈ I

Since this constraint matrix has the consecutive ones property, too, we obtain
the following.

Lemma 2 (See also [11, Lemma 5.1]). The profit maximization problem on
a multi path is polynomially solvable if a feasible set of winners W ⊆ J is given.
Moreover, since the budgets bj are integral, there exists an optimal, integral price
vector.

2.2 Complexity

Bodlaender and Penninkx [4] as well as Briest and Krysta [5] recently showed
the following.

Theorem 1 ([4,5]). The profit maximization problem on a multi path is
(weakly) NP-hard, even if the edge multiplicity is at most three.

For their reduction it suffices, but it is also necessary, that the availability of
any item is 3. If we restrict the availability of any item to be at most 2, the
complexity remains open.

2.3 Dynamic Programming Algorithm

Recall that for each item i ∈ I there are ci copies available, and for convenience
of notation let

C ≥ max
i∈I

ci

be an upper bound on the availability of any item. We show that we can solve this
problem in time O(n2CB2Cm) by finding a longest path in an acyclic digraph.

We create anm-layered digraph with an additional source s and sink t (layers 0
and m+1, respectively). There are arcs only from layer i to i+1, for i = 0, . . . ,m.
Hence, in any s− t path, there are exactly m+ 2 nodes. In every node in layer i
(corresponding to item i), we store all winners j that purchase item i. Moreover,
we store the respective total amounts all these winners spend on all items in
their respective bundles up to and including item i. Any node x (more precisely,
the path s−x) represents a feasible partial solution. Arcs from node x of layer i
to node y of layer i+ 1 are only introduced if the path s− y represents a feasible
extension of the partial solution represented by the path s − x. The weight on
an arc that connects a node of layer i to a node of layer i + 1 is equal to the
profit earned on item i + 1, that is, the total amount that the corresponding
winners pay for item i + 1. Therefore, the weight of the longest s − t path in
the digraph will equal the maximum total profit, and the set of winners can be
reconstructed from the longest s − t path, too. The algorithm below shows a
more formal description.
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Algorithm 1. Dynamic Programming Algorithm
Input: Profit maximization problem on a multi path with maximal availability

of any item ≤ C
Output: Assignment of items to customers and item prices pi

begin (construction of digraph D)
nodes: For each item i ∈ I , we introduce a layer of nodes: Denote by J i the
set of customers with i ∈ Ij . By Ki = (j1, j2, . . . , jk) we denote any (sorted)
subset of J i of cardinality k, where k ≤ min{ci, |J i|} ≤ C. Define
Hj := {0, 1, . . . , bj} as the possible total amount customer j ∈ Ki can spend
for items {1, . . . , i} ∩ Ij . Let hi ∈ Hj1 ×Hj2× · · · ×Hjk be a vector denoting
how much each customer j spends for items {1, . . . , i} ∩ Ij , for each j ∈ Ki. If
Ki = ∅, we let hi = 0. Let all such pairs (Ki, hi) be the nodes in layer i of D,
for i = 1, . . . ,m. Let s and t denote source and sink. To unify notation,
assume s = (∅, 0) and t = (∅, 0);
arcs: Insert an arc from node (Ki, hi) to node (Ki+1, hi+1) if:
(1) For all j ∈ Ki with i+ 1 ∈ Ij , j ∈ Ki+1, and for all j ∈ J i \Ki with
i+ 1 ∈ Ij , j �∈ Ki+1.
(2) There exists a unique integral value d ≥ 0 such that d = hi+1

j − hi
j for all

j ∈ Ki ∩Ki+1, and d = hi+1
j for all j ∈ Ki+1 \Ki.

We furthermore connect source node s to all nodes (K1, h1), and we connect
all nodes (Km, hm) to sink node t.
arc lengths: For an arc ai that connects (Ki−1, hi−1) and (Ki, hi): If
Ki = ∅, we let the length of arc ai be �(ai) = 0, and if Ki �= ∅, we let the
length of arc ai be �(ai) = d|Ki|, where d is the (unique) value from
condition (2) above.

end
solution: Compute the longest s− t path P in digraph D. Whenever for
customer j we have that j ∈ Ki with (Ki, hi) ∈ P , customer j gets assigned
item i. The price pi for item i equals �(ai)/|Ki|, where ai is the arc from path P
that connects nodes (Ki−1, hi−1) and (Ki, hi);

Theorem 2. The dynamic programming algorithm outputs an optimal solu-
tion for an instance of the profit maximization problem on a multi path in
O(n2CB2Cm) time.

Proof. The algorithm assigns items to customers and computes prices for all
items according to an s− t path P . This solution is feasible if each customer j
either gets the complete bundle Ij or nothing, no item i ∈ I is assigned to more
than ci customers, and if for every customer j who gets her bundle Ij , we have
that

∑
i∈Ij

pi ≤ bj .
Let an s− t path P be fixed, let ai be the arcs on P , �(ai) the length of these

arcs, and abusing notation let (W i, hi) be the nodes on P . Set W i is thus the
set of customers that get assigned item i.

By definition of the nodes of the digraph, no customer j will be assigned
an item not from her bundle Ij . For any customer j, consider an item i ∈ Ij
such that j ∈ W i. That is, customer j gets assigned item i by the algorithm.
By condition (1) of the digraph construction, all other items of bundle Ij must
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be assigned to customer j as well. Next, for any node (W i, hi), we have by
definition that |W i| ≤ ci, hence no item is oversold. Finally, let us consider the
budget constraint of customer j. We know that Ij = {k, . . . , k′} for some k ≤ k′.
We have that

∑

i∈Ij

pi =
k′

∑

i=k

pi =
k′

∑

i=k

�(ai)
|W i| = hk

j +
k′

∑

i=k+1

(hi
j − hi−1

j ) = hk′
j ≤ bj .

The third equality holds due to condition (2) of the digraph construction, and
the last inequality holds because hk′

j ∈ Hj = {0, 1, . . . , bj}.
Now we know that any s − t path P in D defines a feasible solution, and

W :=
⋃

i∈I W
i denotes the set of winners. The length of a path is

∑

ai∈P
�(ai) =

∑

i∈I

pi|W i| =
∑

j∈W

∑

i∈Ij

pi .

In other words, the path length defines the profit of the corresponding solution,
thus the longest path yields an optimal solution.

To arrive at the computation time of O(n2CB2Cm), we only need to estimate
the size of the digraph D. For every item i ∈ I, there are at most O(nC) different
sets Ki and at most O(BC) different vectors hi. Thus, per item i ∈ I, we
have at most O(nCBC) nodes (Ki, hi). For any i ∈ I, every node (Ki, hi) is
connected to at most O(nCBC) nodes (Ki+1, hi+1). So, per item, there are at
most O(n2CB2C) arcs, which means that there are at most O(n2CB2Cm) arcs in
D. The computation time to find the longest path in D is linear in the number
of arcs, since D is acyclic [2]. �	
Notice that the solution constructed by the dynamic programming algorithm
need not be envy-free.

2.4 FPTAS

We next show how to turn the dynamic programming algorithm into a fully
polynomial time approximation scheme (FPTAS); that is, an algorithm that
computes a solution with profit at least (1 − ε) times the optimum profit, in
time polynomial in the input and 1/ε. To that end, we just apply the dynamic
programming algorithm on a rounded instance in which K := εB

2n2 for any ε > 0
and the customers’ budgets are b′j := �bj/K�.
Lemma 3. For every solution (W, p) of the original instance, there exists a
solution (W, p′′) of the rounded instance with Π(W, p) > 1

KΠ(W, p′′)−mn.
Proof. Let (W, p) be a feasible solution of the original instance with profit
Π(W, p). Let p′′i = �pi/K�, i = 1, . . . ,m. Note that pi/K − 1 < p′′i ≤ pi/K.
For the original instance we have for every winner j ∈W ,

∑
i∈Ij

pi ≤ bj, and it
follows that

∑

i∈Ij

p′′i =
∑

i∈Ij

⌊ pi

K

⌋
≤

⌊∑
i∈Ij

pi

K

⌋

≤
⌊
bj
K

⌋

= b′j .
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Hence, the same set of customers W can be made winners in the rounded in-
stance. Then the capacity constraint is satisfied as well, and the solution (W, p′′)
is feasible. Finally, we have

Π(W, p′′) =
∑

j∈W

∑

i∈Ij

p′′i >
∑

j∈W

∑

i∈Ij

( pi

K
− 1

)
≥ 1
K
Π(W, p)−mn. �	

Lemma 4. For every solution (W ′, p′) of the rounded instance, there exists a
solution (W ′, p̃) of the original instance with Π(W ′, p̃) = KΠ(W ′, p′).

Proof. Let (W ′, p′) be a solution in the rounded instance with revenueΠ(W ′, p′).
Let p̃i = p′iK be prices in the original instance, i = 1, . . . ,m. (This is integer
because p′i and K are integer.) Then the budget constraint for every customer
j ∈W ′ is satisfied, because

∑

i∈Ij

p̃i = K
∑

i∈Ij

p′i ≤ Kb′j = K

⌊
bj
K

⌋

≤ bj .

Hence, we can make the same set W ′ of customers winners, and solution (W ′, p̃)
is feasible for the original instance. The revenue can be written as

Π(W ′, p̃) =
∑

j∈W ′

∑

i∈Ij

p̃i =
∑

j∈W ′

∑

i∈Ij

(p′iK) = K
∑

j∈W ′

∑

i∈Ij

p′i = KΠ(W ′, p′). �	

We can now combine Lemmas 3 and 4 to obtain an FPTAS.

Theorem 3. There exists an FPTAS for the profit maximization problem on a
multi path.

Proof. Let (W, p) and (W ′, p′) be the optimal solutions in the original and
rounded instances, respectively. Consider solution (W ′, p̃) for the original in-
stance, where p̃i = Kp′i, i = 1, . . . ,m, and solution (W, p′′) for the rounded
instance, where p′′i = �pi/K�. An application of the previous two lemmas now
yields

Π(W ′, p̃) = KΠ(W ′, p′) ≥ KΠ(W,p′′) > K

�
1

K
Π(W,p)−mn

�
= Π(W,p)−εBmn

2n2
,

where the first inequality holds due to optimality of (W ′, p′) for the rounded
instance. Note that m ≤ 2n− 1 < 2n, and the optimal profit is at least equal to
the maximum budget B, so B ≤ Π(W, p). Thus, Π(W ′, p̃) > (1− ε)Π(W, p).

Concerning the computation time to compute the optimal solution (W ′, p′),
observe that the size of the digraph is O(n6C+1/ε2C). Hence, the computation
time to find the longest path is polynomial in terms of n and 1/ε. �	

Again, notice that the solution constructed by the FPTAS need not be envy-free.
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3 Selling Simple Graphs

In this section we assume that the availability of any item i is one, or in other
words, the edge multiplicities ci are one. We consider three types of graphs,
namely paths, trees and grids.

Theorem 4 ([16]). The profit maximization problem on a simple path can be
solved in O(n2) time.

In fact, the result of Theorem 4 is not surprising, since the problem reduces
to finding a maximum weight independent set in an interval graph, a problem
known to be solvable in polynomial time [14].

3.1 Trees

Guruswami et al. [11] show that the problem with unlimited availability of items
is APX-hard even on star graphs. Contrasting this complexity result, we prove
that if the availability of each item is exactly one, the profit maximization prob-
lem on a tree can be solved in polynomial time. (Again, recall that we do not
require the solution to be envy-free.)

Theorem 5. The profit maximization problem on a simple tree can be solved in
O(n5) time.

Proof. Consider the graph H = (J,E) where (j, k) ∈ E if and only if Ij ∩Ik 
= ∅,
for two customers j, k ∈ J . Since {Ij |j ∈ J} is a collection of simple paths in
a tree, graph H is called an EPT graph [10]. Since G is a tree and availability
of each item is exactly one, the maximum weight independent set in H with
vertex weights bj , j ∈ J , is the optimal set of winners W , and the weight of this
independent set is equal to the maximum profit. The vector of optimal prices can
be straightforwardly obtained by setting the price of one arbitrary edge from Ij ,
j ∈W , to bj , and setting the prices of all other edges in Ij to 0. The remaining
edges in the tree can be priced arbitrarily.

A polynomial time algorithm to compute a maximum weight independent set
in an EPT graph was described by Tarjan [17]. The algorithm is a recursive
procedure that decomposes the problem on the basis of clique separators. The
polynomial running time is a consequence of the fact that the atoms, i.e., the
non-decomposable subgraphs of EPT graphs are line graphs. For line graphs, the
maximum weight independent set problem is just the maximum weight matching
problem, which can be solved in O(n3) time by Edmonds algorithm [7]. The total
time complexity is bounded by O(n5). �	

3.2 Grids

Demaine et al. [6] show that the profit maximization problem where the bundles
are arbitrary subsets of items (and with unlimited availability of items) is hard
to approximate to within a (semi-)logarithmic factor. If we restrict bundles to be
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paths in a general graph, Briest and Krysta [5] show that the problem is APX-
hard even if several parameters of the problem are constantly bounded. For the
even more restricted problem where the bundles are paths in a star, Guruswami
et al. [11] also show APX-hardness.

Here we show that if the availability of items is bounded, we can derive an
even stronger inapproximability result, even for a very restricted class of graphs
and customers’ bundles.

Theorem 6. For all ε > 0, approximating the profit maximization problem on
a simple grid to within n1−ε is NP-hard, even with unit budgets, and when each
item is an element of at most two bundles. The same result holds if the solution
is required to be envy-free.

Proof. For the proof we construct an approximation preserving reduction from
Independent Set. In the latter problem, given a graph G = (V,E), the prob-
lem is to find a maximum cardinality subset S ⊆ V such that no two vertices
from S are adjacent. It is NP-hard to approximate Independent Set within a
factor |V |1−ε; see [18].

Let V = {v1, . . . , vn} and E = {e1, . . . , em}. We construct the instance of the
profit maximization problem as follows. We create a grid graph with (n + 1)
horizontal layers and (2m+ 2) vertical layers. We index the vertices of the grid
graph by pairs (i, j) where i is the index of the vertical layer and j is the index
of the horizontal layer. Let horizontal layer j ∈ {1, . . . , n} correspond to vertex
vj ∈ V , and let the edge ((2i, n + 1), (2i + 1, n + 1)) in the grid correspond to
edge ei ∈ E. Next, for each vertex vj ∈ V , we introduce a customer in the profit
maximization problem with a bundle defined by the following simple path in
the grid graph. The path starts at point (1, j) and ends at point (2m + 2, j)
following the layer j everywhere except for the edges ((2i, j), (2i + 1, j)) such

v1

v2

...

vk

...

edges

(v1, vk) (v2, vn)
...

vn

(vk, vn)

Fig. 1. Grid graph from the reduction
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that vj ∈ ei. These edges are substituted by vertical detours, passing through
edges ((2i, n+ 1), (2i+ 1, n+ 1)); see Figure 1 for an example. We complete the
construction setting the budget of each customer to 1.

We claim that in G there exists an independent set of cardinalityK if and only
if there exists a solution of the corresponding profit maximization problem with
total profit K. By construction, two paths corresponding to adjacent vertices in
G must share some edge e in layer (n + 1). Since the multiplicity of edge e is
1, only one of these paths can be present in a feasible solution. Hence, the total
profit in the profit maximization problem is at most the maximum cardinality
independent set in G. Now, consider an independent set S in G and any two
vertices in this independent set. By construction, the two corresponding paths in
the profit maximization problem are edge disjoint. Therefore, there is a solution
of the profit maximization problem where S defines the set of winners and this
allocation is feasible with respect to availability of items. For each vj ∈ S we set
the price of the grid edge ((1, j), (2, j)) to 1, for each vj /∈ S we set the price
of ((1, j), (2, j)) to 2, and for all other edges of the grid we set the prices to 0.
In the constructed solution of the profit maximization problem the total profit
equals |S|. Thus, the reduction preserves the objective value.

Since the number of customers n in the profit maximization problem exactly
equals |V |, we derive that the profit maximization problem is hard to approxi-
mate to within a factor n1−ε. It remains to notice that the constructed solution
is envy-free since the price of the bundle of each non-winning customer equals 2,
which is greater than the budget. Therefore, the theorem holds also if we require
the solution to be envy-free. �	

4 Conclusion

Notice that the currently best known negative result on the tractability of the
profit maximization problem on a path is NP-hardness [4,5]. Even though several
FPTAS’s (including the one of this paper) exist whenever certain parameters
are constantly bounded, the best known positive result for the general case is a
logarithmic approximation [3,11]. It thus remains an intriguing open problem to
obtain a (deterministic) constant approximation algorithm.

Acknowledgements. Thanks to Jason Hartline for several interesting remarks
and pointers to several references.
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Abstract. We consider the class of strip graphs, a generalization of
interval graphs. Intervals are assigned to rows such that two vertices
have an edge between them if either their intervals intersect or they
belong to the same row. We show that recognition of the class of strip
graphs is NP-complete even if all intervals are of length 2. Strip graphs
are important to the study of job selection, where we need an equivalence
relation to connect multiple intervals that belong to the same job.

The problem we consider is Job Interval Selection (JISP) on m ma-
chines. In the single-machine case, this is equivalent to Maximum Inde-
pendent Set on strip graphs. For m machines, the problem is to choose a
maximum number of intervals, one from each job, such that the resulting
choices form an m-colorable interval graph. We show the single-machine
case to be fixed-parameter tractable in terms of the maximum number of
overlapping rows. We also use a concatenation operation on strip graphs
to reduce the m-machine case to the 1-machine case. This shows that m-
machine JISP is fixed-parameter tractable in the total number of jobs.

1 Introduction

1.1 Strip Graphs

Strip graphs are a generalization of interval graphs. They are defined by an inter-
val graph combined with an equivalence relation on the intervals. For example,
we can map different jobs assigned to a machine as an interval graph and allow
each equivalence class to be made up of jobs belonging to the same user. In this
case, two vertices have an edge between them if either their intervals intersect
or they belong to the same equivalence class. We can look at this as the union of
two graphs: an interval graph and a graph of equivalence classes, representable
as a set of disjoint cliques. Note that we can represent a set of disjoint cliques as
an interval graph as well: if we enumerate the cliques, the interval [i− 1, i) can
be assigned to each vertex of clique i. By using this representation we see that
any such graph can be defined by taking the union of two interval graphs, one
of which is a set of disjoint cliques. Such a graph is called a strip graph, which
refers to the rectangle graph representation of graphs formed by the union of two
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interval graphs, defined by Bar-Yehuda et al. in [BYHN+06]. In this representa-
tion, each vertex is represented on the 2-dimensional plane by an axis parallel
rectangle, the vertical side of which is of length 1. The two interval graphs are
formed by projecting the sides of the rectangles onto each axis, such that two
vertices are adjacent if their corresponding intervals in either of these projections
intersect. Throughout this paper, we will assume that all intervals are half-open
(open on top).

Gyárfás and West defined a t-track (t-union) graph to be the edgewise union
of t interval graphs. Since strip graphs can be represented by two interval graphs,
they form a subclass of the 2-union graphs. In [GW95], it was shown that recog-
nizing 2-union graphs is NP-complete. Since we are dealing with only a re-
stricted class of the 2-union graphs, we are interested in seeing if recognition
is NP-complete for this subclass as well. To form the sharpest bound possible
between P and NP , we will define a graph as a k-strip graph if it is representable
as a strip graph such that all strips are of length k and each interval has integral
start- and endpoints. Clearly, k-strip graphs are a subclass of strip graphs. We
will show that the class of 1-strip graphs is precisely equivalent to the class of
line graphs of bipartite graphs and is therefore recognizable in polynomial time,
but recognition of strip graphs is NP-complete, even when restricted to k-strip
graphs, for any k ≥ 2.

The reduction is from the problem of determining whether a triangle-free
cubic graph is Hamiltonian, which was shown in [WS84] to be NP-complete.
We prove in Sect. 3 that the removal of an edge e from any triangle-free cubic
graph will form a strip graph if and only if the original graph has a Hamiltonian
cycle going through edge e.

1.2 Strip Graph Applications

Interval graphs are often used in scheduling, but they only give information in
the time dimension. Modeling more complex relations requires more complex
structures. One classic scheduling problem is scheduling the maximum number
of jobs in a non-conflicting manner on a single machine, given multiple possible
run-times for each job. This problem is commonly referred to as the Job Interval
Selection Problem (JISP) and has results going as far back as a 1982 paper by
Nakajima and Hakimi [NH82]. By considering each possible run-time for each
job as a vertex, and defining equivalence classes of intervals contained in the
same job, we can model this problem with a strip graph. While JISP and the
generalizations we consider in this paper have been recently studied, most of the
research looks at JISP as being a problem on sets of intervals. We take a different
route by studying the problem from the perspective of strip graphs and using
structural observations of strip graphs to gain new insight into the problems.

Since each equivalence class is a clique, any independent set of this strip
graph can only contain one interval from each job. Therefore, the maximum in-
dependent set of the strip graph is the maximum number of jobs that can be
run on each machine. We show in Sect. 4 that finding the maximum independent
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set of a strip graph is fixed-parameter tractable in the maximum number of jobs
with overlapping windows. This idea of job windows is similar to the one used
in Chuzhoy et al. [COR01], where they showed that the MIS is computable in
pseudo-polynomial time if the size of the job window is small in comparison to
the size of the job.

A simple extension to this problem is scheduling the maximum number of jobs
in a non-conflicting manner on multiple machines. We will show in Sect. 5 how
this is reduced to the single-machine case by generating an instance of single-
machine JISP involving concatenated copies of the input graph. We also analyze
what effect this has on the running time of our JISP algorithm.

2 Preliminaries

2.1 Definitions and Notation

Given a strip graph G, we define G to be the union of two interval graphs, G1

and G2, such that G1 contains only intervals of length 1 and G2 is a regular
interval graph. For any subgraph H ⊂ G, we will use the standard notation
V (H) to refer to the vertex set of H . For any set V ′ ⊂ V (G), we will use G(V ′)
to refer to the subgraph of G induced by V ′.

Let v be a vertex in a strip graph. We need to know three properties to define
v’s position. We define, for any vertex v, ρv to be an integer such that v is
represented by the interval [ρv, ρv + 1) in G1. We define sv and fv to be the
start- and endpoint of v’s interval — that is, values such that v is represented
by the interval [sv, fv) in G2. When represented as a rectangle graph, we can
think of ρv as being the “row” containing the rectangle v. We can then define v
as being adjacent to another vertex w if either ρv = ρw — in which case we say
v is a 1-neighbor of w — or [sv, fv) ∩ [sw, fw) �= ∅, in which case there are four
options, outlined below.

Assume [sv, fv)∩ [sw, fw) �= ∅. We say v is a left neighbor of w and w is a right
neighbor of v if sv < sw < fv < fw. Otherwise, we say v is an internal neighbor
of w and w is an external neighbor of v if sw ≤ sv < fv ≤ fw. We note that if w
and v are identical intervals, then v can be considered both an internal and an
external neighbor of w. See Fig. 1.

Fig. 1. Vertex a is a 1-neighbor of b, a left-neighbor of c and an internal neighbor of d
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3 Hardness of Recognition

3.1 1-Strip Graphs

Remember that a 1-strip graph is defined such that each interval in G2 is of
length 1 and has integral start- and endpoints. The polynomial recognizability
of 1-strip graphs follows from the following theorem, mentioned in [HRST99].
The formal proof is quite simple, and the proof is left to the reader. For now, we
simply refer to Fig. 2. Since line graphs of bipartite graphs can be recognized in
linear time [Leh74], the result follows instantly.

Fig. 2. The 1-strip graph (b) is the line graph of the bipartite graph (a)

Theorem 1. A graph G is a 1-strip graph if and only if G is the line graph of
a bipartite graph.

3.2 Strip Graphs

West and Shmoys [WS84] showed that the problem of determining whether a
triangle-free cubic graph is Hamiltonian is NP-complete. They used this to
show that recognizing 2-interval graphs is NP-complete. West also used this to
show, with Gyárfás, that recognition of 2-union graphs is NP-complete [GW95].
We now use this problem to show that recognizing strip graphs is NP-complete.
What makes our reduction different from the reductions mentioned above is that
we have to pay special attention to the lengths of the intervals in the graphs. Nei-
ther the reduction from [WS84] nor the reduction from [GW95] applies directly
to graphs where one of the intervals is assumed to be of length 1. Additionally,
those reductions don’t give a boundary between when recognition is in P and
when it is in NP . By additionally considering the length of the intervals of G2,
we can give a restriction that allows recognition in polynomial time, and show
that no similar restriction on length is recognizable in polynomial time unless
P = NP .
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The following theorem shows that determining whether a triangle-free cu-
bic graph is Hamiltonian reduces to strip graph recognition. Therefore, we can
conclude that recognizing strip graphs is NP-complete.

Theorem 2. A triangle-free cubic graph G is Hamiltonian if and only if there
exists an edge e such that G \ {e} is a strip graph.

Proof. Assume a graphG is cubic, triangle-free and Hamiltonian.G is a graph on
n vertices. Let C be the graph’s Hamiltonian cycle, choose an arbitrary starting
vertex v1 and an arbitrary direction for C, and label the remaining vertices in
order with the labels v2, v3, . . . , vn. We know that the remaining edges must
form a perfect matching, which we denote by M . For any vertex vi, we denote
by M(vi) the vertex matched to vi in M . We now remove the edge connecting
v1 to vn and show that the remaining graph, denoted by G′, must be a strip
graph.

We begin by forming G′
2. With the removal of (vn, v1), C becomes a Hamil-

tonian path in G′, which can be represented with intervals of length 2 by repre-
senting each vi with the interval [i − 1, i + 1). This defines G′

2. The remaining
edges, as we saw above, form a perfect matching, so M can be represented with
length 1 intervals in G′

1 by representing each vi and M(vi) with the interval
[i− 1, i). To avoid placing two intervals for each vertex, this operation only hap-
pens when vi is of a lower index than M(vi). This defines G′

1, and the union of
G′

1 and G′
2 clearly forms G′.

Figure 3(b) shows how this transformation works for a triangle-free cubic
Hamiltonian graph on 6 vertices after removing the edge (v6, v1). The first set
of intervals defines G′

2 as a Hamiltonian path, and the second set of intervals
defines G′

1 as a perfect matching. Figure 3(c) then shows how this strip graph is
represented as a rectangle graph.

For the other direction, assume the removal of some edge (v, w) creates a strip
graph, which we again call G′. Note that since G2 is an interval graph, it must
have at least two simplicial vertices — that is, vertices that have a neighborhood
covered by at most one clique in G2. Two of these vertices must be represented
by the earliest-ending and latest-starting intervals in G2. We also know that
any vertex in G has a neighborhood covered by one clique in G1. Therefore, the
neighborhoods of the simplicial vertices of G2 are covered by 2 cliques in G. Since
G is triangle-free, these vertices have degree at most 2. Therefore, since v and
w are the only two vertices of degree 2, they must be the simplicial (rightmost
and leftmost) vertices of G2.

Let v’s neighbor in G′
2 be the vertex z. We know that z’s other neighbor in

G′
2 cannot be internal unless that neighbor is of degree at most two, so we that

neighbor has to be a right neighbor, itself of degree 3. The degree-3 vertices must
form a path, which cannot end until it hits a vertex of degree 2, which must then
be w. Since w is the vertex with the rightmost endpoint in G′

2, every vertex in G′

must appear between v and w. If there exists some vertex p of degree 3 that does
not appear on the path between v and w, then it must be an internal neighbor
of some vertex on the path (because G′

2 is triangle-free), which means p must be
of degree 2, which is a contradiction. We conclude that every degree-3 vertex in
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Fig. 3. (a) A cubic triangle-free Hamiltonian graph on 6 vertices. (b) Removing one
edge allows us to represent the remaining graph as a strip graph. (c) The rectangle
graph representation.

the graph must appear on the path between v and w. That is to say, the path is
Hamiltonian.

We note that v1 was chosen arbitrarily, and therefore any edge of the Hamiltonian
cycle can be removed to create G′. For any given vertex v, we know that two of
the three edges connected to v are present in any Hamiltonian cycle. Therefore,
we have to select two of the edges in v. If the removal of either one creates a strip
graph, then G is Hamiltonian. A polynomial-time algorithm to check these two
cases in parallel gives a polynomial-time reduction from the Hamiltonian cycle
problem on triangle-free cubic graphs to the strip graph recognition problem. We
conclude by noting that the proof of the above reduction implies that recognition
of k-strip graphs is NP-complete for all k ≥ 2.

Corollary 3. Recognition of strip graphs is NP-complete. Additionally, recog-
nition of k-strip graphs is NP-complete for any k ≥ 2.

4 Scheduling Applications of Strip Graphs

To see how strip graphs apply to scheduling problems, we first contrast them with
t-interval graphs. Consider a set of jobs, each consisting of multiple intervals.
These jobs can each be represented by a row in a strip graph. In the t-interval
representation, each row would be contracted to a single vertex. This is useful
for applications where jobs are split up over multiple intervals, and selecting a
job means selecting all of its intervals. In the strip graph representation, on the
other hand, each interval is a vertex, which is useful in situations that require
access to individual intervals of each job. The classic example of this is the Job
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Interval Selection Problem, or JISP, where each job only requires one interval of
processing time, and the multiple intervals represent possible run-times.

The input to this problem is a set of jobs, called a request. Each job is com-
prised of multiple intervals, each representing a possible run-time for the job.
The objective is to run as many jobs as possible such that no two conflict — that
is, select at most one interval from each row such that we select the maximum
number of intervals possible such that no two overlap. This selection of intervals
is referred to as a schedule and is preciely equivalent to the Maximum Indepen-
dent Set (that is, the largest set of mutually non-adjacent vertices, abbreviated
MIS) of the corresponding strip graph.

In this section, we will give an exact algorithm for JISP / MIS of strip graphs
that runs in exponential time. We will then consider how this algorithm applies
to JISP in a multiple-machine environment.

4.1 Maximum Independent Set

The Maximum Independent Set problem is known to be NP-complete for 2-strip
graphs [CS96], implying the NP-completeness of the problem on strip graphs.
In this section, we will show that finding the maximum independent set is fixed-
parameter tractable in the number of overlapping ”liveness windows.” In the
following, assume G is a strip graph on n vertices.

We define R to be the partition of G1 into its connected components. That is,
each member of R is a row of G. Define C = max{fv|v ∈ G}. Then the rectangle
representation of G is mapped onto an |R| ×C grid. For a given subset R ⊂ R,
we let GR represent the subgraph of G induced by the rows in R, and for each
integer y ≤ C, we let Gy represent the subgraph of G induced by all vertices
ending at or before point y in the interval representation of G2. That is, for any
R ∈ R and y ≤ C, GR

y = G({v ∈ V (G)|v ∈ R, fv ≤ y}).
We store the intermediate results in a matrix M , where M [R, y] is the size of

the MIS of the graph GR
y , for y ≤ C an integer, and R ⊂ R a set of rows. At

position y, there are two possibilities:

– We can add a vertex v with endpoint y = fv. If this case gives the MIS, then
M [R, fv] is given by M [R \ {ρv}, sv] + 1.

– No vertex with endpoint y is a member of an MIS of GR
y . If this is the case,

then M [R, y] = M [R, y − 1].

We point out that the only interesting values in the above formulation are the
start- and endpoints of vertices in G. Since any interval graph can be represented
such that all intervals have distinct start- and endpoints, we can assume that this
is the case. Therefore, we store all start- and endpoints in an increasing sequence,
y1, y2, . . . , y2n. Note that since we’re only considering start- and endpoints, we
can essentially drop the integrality constraints on G2.

Using this assumption, and the two possibilities above, the dynamic program-
ming relation is given with:

M [R, yi] = max{M [R, yi−1],M [R \ {ρv}, sv] + 1}
where yi is the endpoint of vertex v (if such a v exists).
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To determine the minimum worst-case complexity, we need to determine how
many rows need to be checked at each point yi. For each row r, r is defined to
be live at all points between the endpoint of its first interval and the endpoint
of its last interval. Let Lt ⊂ R be the set of live rows at point t and define
Q = maxt≤C |Lt|. Similarly, a row is defined to be dead at all points after the
endpoint of its last interval. Let Dt ⊂ R be the set of all dead rows at point t.
At each start- or endpoint y on the axis, there are two steps to the calculation.

We first compute M [R ∪ Dy, y] for all R ⊂ Ly. To understand why we can
limit the calculations to this set of rows, consider a row r that is live on the
interval [a, b]. If y < a, then no independent set of Gy includes row r because
that row is empty, so r is never included. If, on the other hand, y > b, then any
independent set of Gy has to consider row r; there is no need to defer the choice
to a point further down the axis, because r has no intervals past b. This step is
completed in time at most O(2Q).

For the second step, consider a vertex v starting at point y. When we reach the
endpoint of that vertex, we’re going to need to be able to check M [R′ ∪Dfv , y]
for all R′ ⊂ Lfv . To do this, we merely iterate through each subset R′ ⊂ Lfv ,
and set

M [R′ ∪Dfv , y] = M [(R′ ∪Dfv ) ∩ (Ly ∪Dy), y]

this step is completed in time at most 2|Lfv |. Since each point we consider is the
startpoint of at most one vertex, the computation time for step 2 at any point
y is at most O(2Q).

Since we only consider at most 2 · n start-/endpoints of intervals, M can be
generated with a total time complexity of O(n · 2Q). To generate the MIS from
the table M , we merely need to work backwards from C.

Assume the MIS of G is found to be of size k. We then find a vertex v such
that M [Lfv ∪Dfv , fv] = k and M [(Lfv ∪Dfv ) \ {ρv}, sv] = k − 1. If we work in
decreasing endpoint order, we only need to look at each vertex once, and choose
the first one that fits. We add v to the set S and then repeat the procedure for
the strip graph G(Lsv∪Dsv )\{ρv}

sv , which we know has an MIS of size k− 1. Using
recursion, we get an independent set S of maximum size k in time O(n). The
MIS problem is now clearly fixed-parameter tractable in Q.

Theorem 4. For a strip graph G, define Q to be the maximum number of live
rows overlapping at any point. The above algorithm then finds a maximum in-
dependent set of G in time O(n · 2Q).

We conclude with two observations. First, we note that it is easy to generalize
this algorithm to the Maximum Weighted Independent Set (MWIS) problem.
In that case, each vertex v has a weight wv, and the objective is to find an
independent set such that the sum of the weights of all the vertices in the IS is
maximized. The recursive formulation is then given by

M [R, yi] = max{M [R, yi−1],M [R \ {ρv}, sv] + wv}
where yi is the endpoint of vertex v (if it exists). The rest of the algorithm then
works as described above.
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Secondly, we note that a row consisting of only one interval is live at exactly
one point. By assuming distinct endpoints for each interval, two rows that each
consist of only one interval are never live at the same time. Therefore, our al-
gorithm for MWIS reduces precisely to the classic linear-time DP algorithm for
weighted independent set in interval graphs.

5 Multiple Machines

JISP is generalized by assuming that we have m machines running in parallel.
The problem then becomes one of finding a maximum-value m-colorable subset
of the input graph, which we call an m-schedule. This section will focus on
reducing the m machine case to the 1-machine case and analyzing what effect
this has on the above algorithm.

Assume we are given as input a strip graph G and asked to calculate the value
of JISP for m machines. We define a new graph G∗m and show that the value
of JISP for 1 machine on G∗m is equivalent to the value of JISP for m machines
on G. G∗m is defined by making m identical copies of G such that the only
edges between copies are between all intervals that belong to the same job. This
creates a new strip graph, formed by making m identical copies of G’s rectangle
represenation along the horizontal axis. This transformation is shown in Fig. 4.

1 machine

→
2 machines

Fig. 4. A request simulated on 2 machines

Theorem 5. G has a maximum m-schedule of size k if and only if G∗m has a
maximum independent set of size k.

Proof. Assume S is a maximum m-schedule and let k = |S|. We enumerate the
color classes of S with S1, S2, . . . , Sm. Each Si is an independent set. G∗m is a
concatenation of m identical requests (which we can refer to as “subrequests”),
with edges between intervals belonging to the same job. Therefore, we can choose
the vertices of S1 for the first subrequest of G∗m, the vertices of S2 for the second
subrequest, and so on. Call this set of vertices S′. Clearly S′ is an independent
set of G∗m.

Assume now that a larger independent set of G∗m exists, which we call T ′.
Since G∗m is formed by taking m copies of G, we can enumerate the copies (in
left-to-right order) by G∗m

1 , G∗m
2 , . . . , G∗m

m . For each Ti, i ∈ {1, . . . ,m}, let Ti be
the vertices of G corresponding to the vertices of T ′ ∩ G∗m

i . Clearly, each Ti is
an independent set and the union of all the Ti’s forms an m-schedule. But this
contradicts the assumption that S is a maximum m-schedule.
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The following corollary is then obtained by observing that for anyG∗m,m ≥ 2,
every job is live at the point between the first and second machines. In the
terminology of Sect. 4, the running time of the algorithm on m machines is
O(mn · 2|R|).

Corollary 6. JISP on m machines, m ≥ 2, is fixed-parameter tractable in the
number of jobs.
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Abstract. We consider the problem of grooming paths in all-optical
networks with tree topology so as to minimize the switching cost,
measured by the total number of used ADMs. We first present
efficient approximation algorithms with approximation factor of
2 ln(δ · g) + o(ln(δ · g)) for any fixed node degree bound δ and grooming
factor g, and 2 ln g + o(ln g) in unbounded degree directed trees, respec-
tively. In the attempt of extending our results to general undirected
trees we completely characterize the complexity of the problem in star
networks by providing polynomial time optimal algorithms for g ≤ 2
and proving the intractability of the problem for any fixed g > 2. While
for general topologies the problem was known to be NP-hard g not
constant, the complexity for fixed values of g was still an open question.

Keywords: Optical Networks, Wavelength Division Multiplex-
ing(WDM), Add-Drop Multiplexer(ADM), Traffic Grooming, Tree
Networks.

1 Introduction

All-optical networks have been largely investigated in recent years due to the
promise of data transmission rates several orders of magnitudes higher than
current networks [4,8,19,21]. Major applications are in video conferencing, sci-
entific visualization and real-time medical imaging, high-speed supercomputing
and distributed computing [11,19].

The key to high speeds in all-optical networks is to maintain the signal in
optical form, thereby avoiding the prohibitive overhead of conversion to and from
the electrical form at the intermediate nodes. The high bandwidth of the optical
fiber is utilized through wavelength-division multiplexing: two signals connecting
different source-destination pairs may share a link, provided they are transmitted
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on carriers having different wavelengths (or colors) of light. The optical spectrum
being a scarce resource, given communication patterns in different topologies
are often designed so as to minimize the total number of used colors, also as a
comparison with the trivial lower bound provided by maximum load, that is the
maximum number of connection paths sharing a same physical edge (see [1,16]
for a survey of the main related results).

When the various parameters comprising the switching mechanism in these
networks became clearer, the focus of studies shifted, and today a large portion
of research concentrates with the total hardware cost. This is modelled by con-
sidering the basic switching unit of Add-Drop-Multiplexer (ADM), and focusing
on the total number of these ADMs. The key point here is that each lightpath
uses two ADMs, one at each endpoint. If two adjacent lightpaths are assigned
the same wavelength, then they can use the same ADM. An ADM may be shared
by at most two lightpaths.

Moreover, in studying the hardware cost, the issue of grooming became central.
This problem stems from the fact that the network usually supports traffic that
is at rates which are lower than the full wavelength capacity, and therefore
the network operator has to be able to put together (= groom) low-capacity
demands into the high capacity fibers. In graph-theoretic terms, this can viewed
as assigning colors to the lightpaths so that at most g of them (g being the
grooming factor) can share one edge. In terms of ADMs, each lightpath uses two
ADMs, one at each endpoint, and in case g lightpaths of the same wavelength
enter through the same edge to one node, they can all use the same ADM
(thus saving g − 1 ADMs). Moreover, all the same colored paths ending at the
node through two given incident edges can share the same ADM. The goal is to
minimize the total number of ADMs. Note that the above coloring problem is
simply the case of g = 1.

The problem of minimizing the number of ADMs for the case g = 1 was
introduced in [17] for ring networks. For such a topology it was shown to be NP-
complete in [12] and an approximation algorithm with approximation ratio 3/2
was presented in [10] and improved in [22,13] to 10/7 + ε and 10/7 respectively.
For general topologies [12] described an algorithm with approximation ratio 8/5
and an improved (3/2 + ε)-approximation one was presented in [9].

The notion of traffic grooming (g > 1) was introduced in [18] for ring topolo-
gies. In such a setting, the ADMs minimization problem was shown to be NP-
complete in [7] for rings and for general g, i.e., with g being part of the input
instance. The complexity of the problem for fixed values of g before this paper
was still an open question. Finally, an algorithm with approximation ratio of
2 ln g for any fixed g in a ring topology has been given in [14].

The all-to-all traffic case, in which there is the same demand between each
pair of nodes, has been studied in [3,7] for various values of g, and an optimal
construction for the case g = 2 in path networks was given in [2].

In a different scenario, the problem of minimizing hardware components in
optical networks using grooming in order to exploit large bandwidth has been
studied in [6] for ring networks and in [5] for stars networks.
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In this paper we extend the results in [14] to trees. Namely, we provide poly-
nomial time algorithms with approximation factors of 2 ln(Δ · g) + o(ln(Δ · g))
for any fixed node degree bound Δ and 2 ln g + o(ln g) in unbounded degree di-
rected trees, e.g. with all the edges oriented from the root to the leaves or vice
versa, respectively. In the attempt of extending our results to general undirected
trees, we completely characterize the complexity of the problem, that is for every
fixed value of g, in star networks. Such a topology is of its own interest, as it
often arises in practice in the interconnection of LANs or MANs with a wide
area backbone. In particular we provide polynomial time optimal algorithms for
g ≤ 2 and prove the intractability of the problem for any fixed g > 2.

The paper is organized as follows. In the next section, we describe the problem
and introduce some useful definitions. The algorithms for tree topologies are
presented and analyzed in Section 3. In Section 4 we describe the polynomial
algorithm for the star topology for g ≤ 2 and the NP-completeness proof for
g ≥ 3. Finally, in Section 5 we give some conclusive remarks and discuss some
open questions.

Due to space limitations, some proofs are omitted or only sketched in this
Extended Abstract.

2 Problem Definition

An instance of the traffic grooming problem is a triple (G,P, g) where G = (V,E)
is a graph, P is a set of simple paths in G and g is a positive integer, namely
the grooming factor.

A coloring (or wavelength assignment) of (G,P ) is a function w : P �→ N
+ =

{1, 2, ...}. Given any subset Q ⊆ P , let w(Q) = {w(p)|p ∈ Q} be the set of all
the colors assigned by w to the paths in Q. Moreover, for a coloring w, a color
λ and any Q ⊆ P , Qw

λ is the subset of paths from Q colored λ by w. A proper
coloring (or wavelength assignment) w of (G,P, g) is a coloring of P in which
for any edge e at most g paths using e are colored with the same color1.

A coloring w is a 1-coloring of Q ⊆ P , if it colors the paths of Q using one
color. A set Q is 1-colorable if there exists a proper 1-coloring for it.

As already remarked in the introduction, every colored path p ∈ P needs at
least one ADM at each of its endpoint nodes. Given a grooming factor g, at most
g paths incident to a node through the same edge can use the same ADM, and
such an ADM can be shared also by the at most g path incident to the same
node through another incident edge.

Given a 1-colorable subset Q ⊆ P , #ADM1COLOR(Q) is the minimum
number of ADMs needed by the paths in Q (when receiving the same color).

1 This is a generalization of the problem of minimizing the number of ADMs, when
traffic grooming is allowed. When restricting to path and ring networks, this means
that each of the two edges at a node can have at most g lightpaths of each color;
however, when considering a general network, our definition permits splitting of
groomed lightpaths at a node, which requires a special treatment by the optical
switch. See discussion at the end of Section 5.
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More formally, #ADM1COLOR(Q) =
∑

v∈V

⌈
f(v)

2

⌉
, where f(v) is the number

of distinct edges adjacent to v used by the paths in Q.
For a coloring w of P , #ADMw

λ is the minimum number of ADMs operating
at wavelength λ in all the network and #ADMw is the minimum total number
of ADMs in the network, that is for all the used wavelengths.

The traffic grooming problem is the optimization problem of finding a proper
coloring w of (G,P, g) minimizing #ADMw.

3 Approximated Solutions for Tree Topologies

In this section we present and analyze the approximation algorithm for tree
topologies. We first give a general description in terms of a generic parameter k,
depending only on g, that will be properly determined in the analysis, depending
on the tree topology (bounded degree trees or directed trees). We will always
implicitly assume trees rooted at a distinguished arbitrarily chosen node.

3.1 The General Algorithm GROOMBY SC(k)

The general algorithm GROOMBY SC(k) described below has three phases.
During Phase 1 it computes 1-colorable sets and their corresponding weights. It
considers subsets of the paths P of size at most k · g. Whenever a 1-colorable set
Q is found, it is added to the list of relevant sets, together with a corresponding
weight #ADM1COLOR(Q), that is the minimum number of ADMs needed by
Q (when its path receive the same color). In Phase 2 it finds a set cover of
P using subsets calculated in Phase 1. It uses the GREEDYSC approximation
algorithm for the minimum weight set cover problem presented in [20]. In Phase
3 it transforms the set cover into a partition by eliminating intersections and
then colors the paths belonging to each set with the same color, different from
the one of the other sets of the partition.

Algorithm GROOMBY SC(k) is a simple modification of the one presented in
[14], where Phase 1 is slightly simplified and the notion of weighting is extended.
In particular, in order to apply the algorithm of [14] for trees, we extended the
notion of weights of the sets to fit to the problem definition (the notion in [14]
didn’t apply for trees; it was the number of endpoints of the paths, while for
trees we need the minimum number of ADMs needed assuming that all paths
receive the same color).

The correctness and time complexity of the algorithm follow the arguments
of [14]; in particular, it can be shown that its running time is polynomial in
n = |P | and m = |E|, for any fixed k and g and for all instances (G,P, g),
by taking into account the fact that #ADM1COLOR(Q) can be calculated in
polynomial time.

As was pointed out in [14], this algorithm is general enough to be applied to
any network topology. Basically, as is often the case in approximation algorithms,
it runs in polynomial time, depending on some constraint; the problem is to prove
its approximation ratio, and in [14] this is done for ring networks. The novelty
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and contribution of this paper is in tuning the parameters, and in particular
in extending the analysis, so that it applies for tree topologies. Our analysis
for undirected bounded degree tree networks and for directed tree networks are
presented in the following two subsections.

3.2 Bounded Degree Trees

Now we analyze the algorithm GROOMBY SC(k) applied to trees having their
maximum degree equal to Δ.

We will use the shortcut #ADM∗ for #ADMw∗
, and given a set U ⊆ V we

will denote by #ADM∗(U) the number of ADMs used by the optimal solution
at nodes belonging to U .

Lemma 1. Given an integer h, there exists a solution SC for the instance of
the set cover problem determined on Phase 2 of GROOMBY SC(k), with k =
(Δ− 1)h, such that weight(SC) ≤ #ADM∗ (

1 + 2g
h

)
.

Proof. Let w∗(P ) = {1, 2, ...,W ∗} and 1 ≤ λ ≤ W ∗. Consider the set V ∗
λ of

nodes v having at least one ADM operating at wavelength λ at node v. We
divide V ∗

λ into sets of at least h and at most k = (Δ−1)h nodes in the following
way. We consider a node v in the tree such that the number of nodes belonging
to V ∗

λ in the subtree rooted at v is between h and k. Then we remove such a
subtree, put in a separate set all the nodes of the subtree belonging to V ∗

λ and
repeat the procedure on the remaining tree. Clearly, since the maximum degree
of the nodes in the tree is Δ, it is always possible to remove a subtree containing
at least h and at most k nodes of V ∗

λ , except for the last set (in the following
the residual set) that may contain less than h nodes.

Let Vλ,j , j = 1, . . . , pλ, be the subsets of nodes obtained in this way, and qλ
the number of them having at least h nodes in V ∗

λ . Let rλ < h be the number of
nodes in the residual set, if it exists. Notice that if no set with less than h nodes
is in the partition, pλ = qλ and rλ

def= 0, otherwise pλ = qλ + 1. For any Vλ,j we
define Sλ,j to be the set of paths colored λ by w∗ with both their endpoints in
Vλ,j or with one endpoint in Vλ,j and leaving the subtree corresponding to Vλ,j

through the edge going toward the root. In order to upper bound the number
of such paths, let us charge each of them to one of its endpoint nodes reached
by the path through the incident link toward the root. Since by the feasibility
of the coloring at most g paths are then charged to each node in Vλ,j , we have∣
∣Sλ,j

∣
∣ ≤ g · k.

Notice that every p with w∗(p) = λ is contained in exactly one set Sλ,j . There-

fore SCλ
def
= ∪j

{
Sλ,j

}
is a cover of all the paths colored λ by w∗. Considering

all colors 1 ≤ λ ≤ W ∗ we conclude that SC
def
= ∪W∗

λ=1SCλ is a cover of P with
sets from S. It remains to show that its weight has the claimed property.

First observe that #ADM∗
λ ≥ hqλ + rλ. Summing up over all possible values

of λ we obtain #ADM∗ ≥ h∑
λ qλ +

∑
λ rλ, which implies:

∑

λ

qλ ≤ #ADM∗

h
. (1)
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We claim that for every j ≤ qλ, weight[Sλ,j ] = #ADM1COLOR(Sλ,j) ≤
#ADM∗(Vλ,j) + g. This is because:

– the endpoints of the paths with both endpoints in Sλ,j are in Vλ,j ;
– the number of paths having only one endpoint in set Vλ,j is at most g. This

follows from the observation that these paths should use the unique edge
going from the subtree containing the nodes in Vλ,j towards the root of the
whole tree. As the set Sλ,j is 1-colorable, the number of these paths is at
most g.

For the residual set (which exists only if rλ > 0), we have weight(Sλ,qλ+1) ≤
#ADM∗(Vλ,qλ+1) + g · qλ. This is because:

– the endpoints of the paths with both endpoints in Sλ,qλ+1 are in Vλ,qλ+1;
– by the same argument as before, the paths having only one endpoint in
Vλ,qλ+1 are at most g in number. When qλ ≥ 1, g ≤ g · qλ; otherwise qλ = 0
meaning that Vλ,1 is the unique set, thus in this case the number of paths
having exactly one endpoint in this set is zero.

Summing up for all 1 ≤ j ≤ qλ + 1 we get weight(SCλ) ≤ #ADM∗
λ + 2g · qλ.

Summing up for all λ and recalling (1) we get
weight(SC) =

∑
λ weight(SCλ) ≤∑

λ(#ADM∗
λ + 2g · qλ) =

= #ADM∗ + 2g
∑

λ qλ ≤ #ADM∗ + 2g#ADM∗

h =
(
1 + 2g

h

)
#ADM∗. 	


Now, by choosing h = g ln g, since the greedy algorithm for the Minimum Weight
Set Cover Problem is a Hf -approximation algorithm, where f is the maximum
cardinality of the sets in the input and Hf = 1 + 1

2 + ...+ 1
f the f -th harmonic

number, it is possible to show the following theorem.

Theorem 1. There is a 2 ln g+ lnΔ+ o(ln(Δ · g))-approximation algorithm for
the traffic grooming problem in bounded degree tree networks.

3.3 Directed Trees

We now analyze the algorithm GROOMBY SC(k) applied to directed trees, i.e.
to trees having all the edges directed from the root towards the leaves or vice
versa. Notice that the result for this topology is independent of the degree Δ.
This stems from the fact that in directed trees lightpaths cannot cross from one
subtree to another (in contrast with the case of undirected ones).

By the same arguments used in the proof of Theorem 1, it is possible to show
that GROOMBY SC(k) is a Hg·k(1+ 2g

h ) approximation algorithm for the traffic
grooming problem in directed tree networks, where k = 3h and h is again equal
to g ln g. In the following we underline the differences between the analyses on
the two tree topologies, using the same notation introduced for bounded degree
trees.

The main difference is in the proof of the existence of a set cover of weight at
most #ADM∗ (

1 + 2g
h

)
. Since the maximum degree of the tree is not bounded,

we cannot partition V ∗
λ in the same way using node disjoint subtrees. Thus, we
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divide V ∗
λ into sets of at least h and at most 3h nodes in the following way. At

each step, we consider a node x such that all its subtrees have less than h nodes in
V ∗

λ and there exists a subset of subtrees having in total at least h and at most 3h
nodes belonging to V ∗

λ satisfying the following property: in the optimal solution
no ADM operating with color λ at node x is shared by requests belonging to
different components. Notice that this is always possible since without loss of
generality we can restrict to optimal solutions having only one ADM at node x
with color λ for all the requests coming from each single subtree of x and since
by coupling subtrees with requests sharing the same ADM at node x we obtain
components having a number of nodes not exceeding 3h (if a subset has less than
h nodes, adding two subtrees sharing an ADM at x in the optimal solution will
yield at most 3h nodes). Thus we remove such subtrees inserting all their nodes
and eventually node x in a single component; more precisely, node x is inserted
in the component if and only if there exists an ADM operating at color λ in the
optimal solution at x used by requests belonging to a subtree of the component
and other ones crossing the edge going toward the root. Finally, x is removed
only if it has not further sons and has been inserted in one component. We keep
repeating the same step until a node x with the same property is present in the
remaining tree. Clearly, since we remove node x only if it does not disconnect
the tree, it is always possible to select a set containing at least h and at most
3h nodes of V ∗

λ , except for the last (residual) set that may contain less than h
nodes.

Since the tree is directed, no request can step through two subtrees of a
same parent node, and thus through two components composed by subtrees
having the same parent node. Therefore, we can again claim that weight(SCλ) ≤
#ADM∗

λ +2g ·qλ, by conveniently partitioning the ADMs of the optimal solution
with special regards for the ADMs at the parent nodes of the subtrees belonging
to the components; more precisely, we partition the ADMs at such nodes so that
an ADM shared in the optimal solution by requests belonging to a component
is counted in the set of the partition corresponding to such a component.

Therefore, it is possible to prove the following theorem.

Theorem 2. There is a 2 ln g + o(ln g)-approximation algorithm for the traffic
grooming problem in directed tree networks.

4 Star Topology

In this section, we consider star topologies having one hub node (node 0) of degree
n and n nodes 1, . . . , n of degree 1, connected to the hub node. We first present
and analyze optimal algorithms for g ≤ 2 and then show that the problem is
NP-complete for every g ≥ 3.

4.1 Optimal Algorithms for g ≤ 2

The case g = 1 can be trivially solved by arbitrarily pairing all the possible
requests having the hub node as an endpoint (no saving is possible for the other
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paths). Thus, we restrict to the case g = 2 considering instances of the form
(G,P, 2) with G = (V,E), where V = {0, . . . , n} and E = {{0, i}|i = 1, . . . , n}.
Algorithm GROOMSTAR. The algorithm has three phases. During Phase
1 it creates a new graph H having the same node set of G and an edge for any
request in P between its endpoints. In Phase 2 it finds and removes all the cycles
in H and colors the requests corresponding to their edges assigning a different
wavelength to each cycle. Finally, in Phase 3 it finds all the remaining paths
between nodes having an odd degree in H , and properly colors the corresponding
requests assigning a different wavelength to each path.

Running Time. The running time of the algorithm is clearly polynomial. In
fact, Phase 1 has a time complexity linear in the size of the instance; in Phase
2 and Phase 3 the problem of finding a cycle or a sequence of edges connecting
two nodes is solvable in linear time by visiting the graph, and these problems
have to be computed at most |P | times.

Correctness and Optimality. Let xi, i = 1, . . . , n, be the number of paths of
two edges in P having an endpoint in node i; similarly, let yi be the number of
paths of one edge in P having an endpoint in node i.

Lemma 2. The number of ADMs needed for the traffic groomin problem in a
star network is at least

⌈�n
i=1 yi

2

⌉
+

∑n
i=1

⌈
xi+yi

2

⌉
.

Proof. For each node 1, . . . , n we need at least one ADM for each pair of paths
having an endpoint in it, i.e. a total of

⌈
xi+yi

2

⌉
ADMs. For the hub node 0, since

for each edge there exists at most one path p ∈ P crossing it and having node 0
as endpoint, we again need at least one ADM for each pair of such paths, i.e. a
total of

⌈�n
i=1 yi

2

⌉
ADMs. 	


Theorem 3. Algorithm GROOMSTAR returns an optimal solution using ex-
actly

⌈�n
i=1 yi

2

⌉
+

∑n
i=1

⌈
xi+yi

2

⌉
ADMs.

Sketch of Proof. During Phase 2, cycles are found and colored. Notice that in
each cycle we use one ADM for each pair of paths and eliminating it the parity
of the degree of nodes in H is not modified.

In Phase 3, at each step the number of nodes having an odd degree is decreased
by 2. Since there are no cycles at the beginning of this phase, it is always possible
to find a sequence of edges starting and ending at two nodes with odd degrees
and to color the corresponding paths with the same color. Notice that at every
node we use one ADM for each pair of paths, except for the nodes having an
odd degree. Since such nodes after removing the sequence of edges from H (cor-
responding to a path between nodes of odd degree) become of even degree, only
once such a situation occurs at a node having an initial odd degree. Thus, the
claim directly follows by Lemma 2 and by observing that at each node we use
a number of ADMs equal to the number of possible pairings of incident paths,
plus one in case of odd degree. 	
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4.2 NP-Completeness for g > 2

Now we turn to show that determining a solution using a minimum number of
ADMs for any g > 2 is an intractable problem. Before proving it formally, we
need to show the NP-completeness of the following decision problem.

Edge Partition in δ-regular graphs
INPUT: undirected graph G = (V,E).
QUESTION: is it possible to partition the edge set E in k subsets E1, . . . , Ek

for some k > 0, each inducing a δ-regular subgraph Gl = (Vl, El), 1 ≤ l ≤ k,
that is with each node having degree exactly δ?

Lemma 3. For every δ ≥ 3 Edge Partition in δ-regular graphs is an NP-
complete problem.

Proof. Due to space limitations, we prove the claim for δ = 3; the extension of the
proof to every degree δ > 3 will appear in the full version of the paper. In order to
show the NP-completeness, we provide a polynomial time transformation from
the Exact Cover by 3-Sets problem (known to be NP-complete; see [15]). In this
problem we have a universe set U = {o1, . . . , om} of m elements with m multiple
of 3, a family S = {S1, . . . , Sh} of h subsets of U , each containing exactly 3
elements, and we want to decide if there exist m/3 subsets Sj1 , . . . , Sjm/3 that

partition U , i.e. such that
⋃m/3

i=1 Sji = U .
Starting from an instance of Exact Cover by 3-Sets, we construct a graph

G = (V,E) whose edges can be partitioned in δ-regular graphs if and only such
an instance admits a partition.

For any oj ∈ U , let nj be the number of subsets in S containing oj . Then
G = (V,E), where V = V1 ∪ V2 ∪ V3 ∪ V4 and E = E1 ∪E2 ∪E3 ∪E4 ∪E5, with:
V1 = {ui | i = 1, . . . , h}, V2 = {vj | j = 1, . . . ,m}, V3 = {w1,j,l, w2,j,l | j =
1, . . . ,m, l = 1, . . . , nj}, V4 = {z1,j,l, z2,j,l | j = 1, . . . ,m, l = 1, . . . , nj}, and
E1 = {{ui, vj} | oj ∈ Si}, E2 = {{vj , w1,j,l}, {vj, w2,j,l} | j = 1, . . . ,m, l =
1, . . . , nj}, E3 = {{w1,j,l, z1,j,l}, {w1,j,l, z2,j,l}, {w2,j,l, z1,j,l}, {w2,j,l, z2,j,l} | j =
1, . . . ,m, l = 1, . . . , nj}, E4 = {{z1,j,l, z2,j,l} | j = 1, . . . ,m, l = 2, . . . , nj},
E5 = {{z2,j,1, z1,j+1,1} | j = 1, . . . ,m− 1, l = 2, . . . , nj} ∪ {{z2,m,1, z1,1,1}}.

Informally, in the reduction graph each subset Si ∈ S corresponds to the
subgraph induced by vertex ui and the vertices vj such that oj ∈ Si, which are
all connected to ui. Moreover, at each oj , for each Si containing it there is an
attached auxiliary component induced by vj and vertices w1,j,l, w2,j,l, z1,j,l and
z2,j,l in V3∪V4 connected among themselves by the edges in E3∪E4 so that they
all have degree exactly 3, except vj . Notice that the first auxiliary component
of each vj is slightly different from the other ones, as z1,j,l and z2,j,l are not
adjacent. In fact, the first auxiliary component of vj for j < m is connected to
the first of vj+1 by an edge in E5, and the first of vm with the one of v1, still
maintaining degree 3 for all nodes w1,j,1, w2,j,1, z1,j,1 and z2,j,1. The key property
here is that, since for a node of degree 3 either all the incident edges must be in
a partition inducing a 3-regular graph or none of them, in any partition all the
edges of the first auxiliary components must belong to the same partition set.
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Assume that the instance of Exact Cover by 3-Sets admits the required par-
tition, and without loss of generality let S1, . . . , Sm/3 be the partition subsets.
Then G can be edge partitioned into 3-regular graphs as follows. In the first par-
tition we insert the edges of all the first auxiliary components, including the one
connective two consecutive ones, plus the edges incident vertices u1, . . . , um/3.
In this way, since every ui ∈ V1 has degree 3, all the nodes in the auxiliary
components have degree 3 and each vj has 2 incident edges belonging to its
first auxiliary component plus exactly one connecting it to u1, . . . , um/3, all such
induced graphs are 3-regular. The remaining 3-regular components are formed
including, for each ui ∈ V1 with i > m/3, the edges incident to ui plus the one
of a not yet considered auxiliary component of each of the vertices v such that
oj ∈ Si (notice that for each vj they are exactly the ones needed to be joined to
the edges incident to vertices ui ∈ V1 with i > m/3).

On the other hand, if G can be edge partitioned into 3-regular graphs, a
partition of the universe U can be determined as follows. Consider the 3-regular
subgraph containing all the first auxiliary components of the nodes vj ∈ V2 (as
previously mentioned they must be all together). Since each vj ∈ V2 has exactly
two edges belonging to its first auxiliary component, exactly one edge incident
to it must be inside the same subgraph. Such an edge cannot belong to another
auxiliary component of vj , as all such edges must be in the same subgraph and
this would cause a degree greater than 3 at vj . Thus the additional edge of vj

must have as the other endpoint a node ui ∈ V1. Since this holds for all the nodes
vj ∈ V2 and for every ui ∈ V1 either all its incident edges belong to the subgraph
or none of them, vertices ui ∈ V1 connected to at least one vertex vj ∈ V2 are
connected to exactly 3 vertices of V2. Since each vj ∈ V2 is connected to exactly
one ui ∈ V1, the subsets Si corresponding to such nodes ui ∈ V1 then form a
partition of U , hence the claim. 	

We can now show the hardness the grooming problem in star networks for every
fixed g > 2.

Theorem 4. For any given g > 2, given in input a set of communication re-
quests in a star network, deciding if there exists a solution of the traffic grooming
problem using at most a given number h of ADMs is NP-complete.

Proof. We prove the claim by reduction from Edge Partition in δ-regular graphs
with δ = g, shown to be NP-complete in the previous lemma. Given an instance
G = (V,E) of such a problem with V = {1, . . . , n}, we construct in polynomial
time an instance of the grooming problem such that there exists a solution using
at most 2|E|/g ADMs if and only if the edges of G can be partitioned in δ-regular
graphs. The star networks has as node set V ∪ {0} and as set of communication
paths P = {〈i, 0, j〉|{i, j} ∈ E}.

Assume that E can be edge-partitioned for some k > 0 in k subsets E1, . . . , Ek

inducing g-regular subgraphs Gλ = (Vλ, Eλ), 1 ≤ λ ≤ k, each with a number of
nodes |Vλ| = 2|Eλ|/g.

Since by the star topology each subset of paths Qλ = {〈i, 0, j〉|{i, j} ∈ Eλ} is
1-colorable, by letting w(p) = λ for each p ∈ Qλ, the number of ADMs sufficient
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for Qλ is |Vλ|. Therefore, there exists a solution using an overall number of ADMs
equal to |V1|+ . . .+ |Vk| = 2(|E1|+ . . .+ |Ek|)/g = 2|E|/g.

On the other side, assume that E cannot be partitioned so as to induce only
g-regular subgraphs and consider any solution of the grooming problem using k
colors for the paths in P for some k > 0. Let Pλ ⊆ P , 1 ≤ λ ≤ k, the subset of
the paths of P with color λ. Then P1, . . . , Pk induce in a natural way a partition
E1, . . . , Ek of E with corresponding subgraphsG1 = (V1, E1), . . . , Gk = (Vk, Ek),
each having maximum degree upper bounded by g, and thus with a number of
nodes |Vλ| ≥ 2|Eλ|/g. Moreover, since by hypothesis at least one subgraph is not
g-regular, there must exist l, 1 ≤ λ ≤ k, such that |Vλ| > 2|Eλ|/g. Clearly, the
number of ADMs used for each color λ, is at least |Vλ|, so that the overall number
of ADMs used by the solution is at least |V1|+. . .+|Vk| > 2(|E1|+. . .+|Ek|)/g =
2|E|/g, thus proving the claim. 	


5 Discussion and Open Problems

In this paper we addressed the traffic grooming problem with respect to the min-
imization of ADMs. We presented approximation algorithms for tree networks
having bounded degree or directed, with approximation ratios logarithmic in g.
Moreover, we provided an optimal polynomial algorithm for the star topology
and grooming factor 2 and showed that the problem is NP-complete even for
such topologies and every fixed grooming factor at least equal to 3.

The main open problem arising from this paper is the determination of an
approximation algorithm for general trees. At the best of our knowledge no
approximation algorithm has been proposed even for stars and grooming factor
3. Another interesting research direction is the minimization of ADMs in the
setting in which only a limited number of wavelengths is available.

An additional extension concerns the notion of traffic grooming. While groom-
ing in path and ring networks is clear, its extension to a general network can be
understood in more than one way. We adopted in this paper a definition that
fits well to the graph-theoretic model; however, according to our definition, it is
possible that two lightpaths with the same wavelength will be directed to dif-
ferent endpoints at an intermediate node having degree at least 3. Coming back
to the hardware switches, one can argue that this splitting is impossible, thus
resulting in a more constrained definition of the grooming problem (it is inter-
esting to note that this revised problem is NP-complete even for the case of a
star network and g = 2). Investigating the possible interpretations of grooming,
according to the various hardware components, calls for more future research.

Acknowledgement. We would like to thank David Coudert for helpful com-
ments regarding an earlier version of this paper.
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2. J.-C. Bérmond, L. Braud, and D. Coudert. Traffic grooming on the path. In 12
th Colloqium on Structural Information and Communication Complexity, Le Mont
Saint-Michel, FRANCE, May 2005.

3. J.-C. Bermond and D. Coudert. Traffic grooming in unidirectional WDM ring
networks using design theory. In IEEE ICC, Anchorage, Alaska, May 2003.

4. C. A. Brackett. Dense wavelength division multiplexing networks: principles and
applications. IEEE Journal on Selected Areas in Communications, 8:948–964, 1990.

5. B. Chen, G. N. Rouskas, and R. Dutta. Traffic grooming in star networks. In
Broadnets, 2004.

6. B. Chen, G. N. Rouskas, and R. Dutta. Traffic grooming in wdm ring networks
with the min-max objective. In NETWORKING, pages 174–185, 2004.

7. A. L. Chiu and E. H. Modiano. Traffic grooming algorithms for reducing elec-
tronic multiplexing costs in wdm ring networks. Journal of Lightwave Technology,
18(1):2–12, January 2000.

8. N. K. Chung, K. Nosu, and G. Winzer. Special issue on dense wdm networks.
IEEE Journal on Selected Areas in Communications, 8, 1990.
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Abstract. A known approach of detecting dense subgraphs (communities) in
large sparse graphs involves first computing the probability vectors for short ran-
dom walks on the graph, and then using these probability vectors to detect the
communities, see Latapy and Pons [2005]. In this paper we focus on the first
part of such an approach i.e. the computation of the probability vectors for the
random walks, and propose a more efficient algorithm for computing these vec-
tors in time complexity that is linear in the size of the output, in case the input
graphs are restricted to a family of graphs of bounded arboricity. Such classes of
graphs cover a large number of cases of interest, e.g all minor closed graph classes
(planar graphs, graphs of bounded treewidth etc) and random graphs within the
preferential attachment model, see Barabási and Albert [1999]. Our approach is
extensible to other models of computation (PRAM, BSP or out-of-core compu-
tation) and also w.h.p. stays within the same complexity bounds for Erdős Renyi
graphs.

1 Introduction and Overview

Consider a few real world large sparse graphs — the World Wide Web (WWW) graph
where the vertices are HTML pages connected by links (edges) pointing from one page
to another, the social acquaintance network where the vertices represent people and
the edges represent the association between them, the graph representing the citation
pattern of scientific publications with the vertices being the publications and the edges
being the links to the articles cited in a publication, or for that matter the collaboration
graph of movie actors with the vertices representing actors and edges joining actors
which have worked together in at least one movie. All of these graphs and most other
real world sparse graphs have a unique property — they have a low arboricity. Arboric-
ity can be defined as follows:

Definition 1. For a graph G the arboricity A(G) is the smallest integer k for which
there exists forests T1, . . . , Tk which are subgraphs of G, such that their union is G.

In fact, besides well-known examples of real world sparse graphs, all minor closed
graph families, see e.g. Mader [1967], and all random graphs that are generated by the
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model discussed by Barabási and Albert [1999], also have a low value for arboricity,
namely for each of these classes C in question there exists a constant δC that bounds
this parameter from above.

The method discussed in this paper is much inspired from previous work that ex-
plicitly or implicitly uses the property of bounded arboricity graphs to achieve al-
gorithms of linear complexity, see e.g. in Cheriton and Tarjan [1976], Kannan et al.
[1992], Bodlaender [1996], Gustedt [1998]. It divides the graph into portions based
on the degrees of vertices, computes the required quantities only in one of the portions,
passes the results to the remaining graph and finally recurses the procedure in this re-
maining graph.

One of the main tricks of such algorithms is that they may consider the bound on the
arboricity δ = δC as being fixed and that this constant then appears only in the form of
some function f(δ) in the complexity, independent of the input size, and, in our case,
also of the output size.

1.1 Problem Definition

The problem of detecting dense subgraphs (communities) in large sparse graphs is in-
herent to many real world domains like social networking or internet computing. A
known approach of detecting these communities involves first computing the probabil-
ity vectors for random walks on the graph for a fixed number d of steps, and then using
these probability vectors to detect the communities, see Latapy and Pons [2005]. Their
algorithm takes O(dnm) time where n and m are the number of vertices and edges in
the graph. We focus on the first part of their approach i.e. computation of the probabil-
ity vectors for the random walks, and propose a more efficient algorithm (than matrix
multiplication) for computing these vectors in time complexity that is linear in the size
of the output, in case the input graphs are restricted to a family of graphs for which the
arboricity bounded by some constant δ.

The fact that the number d can be considered constant will be used extensively by the
algorithms that we will propose. The complete expression of the complexity would be of
the form f(δ, d) ·(N+M), for some function f of two parameters. But in this extended
abstract we will not have the room for providing all the details. So far, the values for d
that have been shown of practical use have been fairly small, usually smaller than 10.

Input: An undirected graph G = (V,E) with average degree of z and a bounded
arboricity A(G) ≤ δ for some fixed constant δ. Once a random walk is placed at
a particular vertex v, the probability of choosing any of the outgoing edges in the
next step is the same p for all edges and the probability of staying at the same vertex
in the next step, the stationary probability at v, is qv = (1− (p∗degv)) where degv

is the degree of vertex v.
Size of Input: O(n+m) where n = |V | is the number of vertices and m = |E| is the

number of edges in the given graph. Let this be denoted by N .
Task: Compute a set of vectors P1(v), . . . , Pd(v) for every vertex v which contains

the probabilities of reaching all other vertices in exactly i = 1, . . . , d steps if a
random walk is started from v. For computational efficiency, each probability vec-
tor is maintained as a list of tuples, each containing a vertex number and the non
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zero probability of reaching that vertex in i steps from v through a random walk.
Vertices which cannot be reached in i steps from v are not present in this list.

It is easy to see that the total size of the probability vectors that we want to compute
may be much larger than the input size. This is due to the fact even if the average degree
of our graph will be bounded, there may be vertices with a very high degree. All neigh-
bors of such a high degree vertex will see each other with a random walk of distance
two, and so their probability vectors will have at least the size of this neighborhood. So
we may not expect algorithms to solve our problem in time that is proportional to the
size of the input, we have to consider output complexity as well.

Size of Output: The total number of probability vectors obtained are d · n and the
length of each one of them may be as large as n. Let the total size of the output be
denoted by M . We will always assume that N ≤M .

1.2 Our Approach and Result

Our algorithm divides the given graph (of bounded arboricity) into a core and a pe-
riphery based on the average degree of the vertices. Computations are first done on the
periphery, then the information is passed on to the core. The core in itself is a graph of
bounded arboricity and thus the procedure is recursed on the core. Once the innermost
core is reached then the direction of flow of information changes and the information
starts flowing from the core to the periphery till it reaches the outermost periphery. The
process of exchanging information between core and periphery is repeated a number of
times which in our particular case is a function of the length of the random walks d,
to collect all probability vectors for those paths that cross several times between core
an periphery. This approach will make it possible to compute the probability vectors in
time complexity that is linear in the number of non-zero entries of these vectors i.e. in
O(M) time which is a major improvement over the existing algorithm.

Moreover, we will always be able to charge all computations to vertices that have
bounded degree in the graph under investigation. Thereby it is possible to parallelize our
algorithm efficiently for the PRAM (Fortune and Wyllie [1978]), BSP (Valiant [1990])
or PRO (Gebremedhin et al. [2002]) models of parallel or distributed computation. By
arguments as given by Dehne et al. [1997] and Gustedt [2003] such a paralellization
may then also be extended to out-of-core computations. The later is particularly inter-
esting for practical problems, since the actual hurdle for large scale computations on
massif graphs are memory and not time constraints.

It is also possible to extend our results to other classes of graphs, namely graphs that
are randomly chosen according to the Erdős-Renyi model Gp. Almost certainly these
have a low average degree, too, and with high probability the recursive procedure that
we propose will only fail on some very small iterated ‘core’ graph where all vertices
have high degree. Since the problem on such a small core could be solved directly with-
out a major impact on the total complexity, these graphs are tractable by our approach
w.h.p, and in particular we obtain linear complexity on average. But due to space re-
strictions we will no be able to discuss this in detail.
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Fig. 1. A planar graph with two levels of periphery. The first level consists of all vertices of degree
5 or less (light colored). In the remaining graph, the core, the second level of periphery are then
the vertices that have at most degree 5 in that graph (medium colored).

2 Basic Facts

To obtain a lower bound for the arboricity of a graph we may simply compute the
quotient of the number of edges and the size of any of its spanning trees.

Definition 2. Let G = (V,E) be a connected graph. The tree-density of G is given by

Ã(G) =

{⌈
|E|

|V |−1

⌉
|V | > 1

|V | otherwise.
(1)

If G is not connected Ã(G) is the maximum tree-density of its connected components.

Observation 1. Let G = (V,E) be a graph and G′ = (V ′, E′) ⊆ G be a subgraph.
Then Ã(G′) ≤ A(G).
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Proof: Suppose A(G) ≤ δ and let (F1, . . . , Fδ) be a tree-partition of G. Now let
(F ′

1, . . . , F
′
δ) be the forests that correspond to G′, i.e., set F ′

i = Fi ∩ G′ for all i =
1, . . . , δ. Each of the F ′

i contains at most |V ′|−1 edges and altogether these forest have
at most δ(|V ′| − 1) edges. �
Surprisingly the converse of the above observation is also true, i.e., the tree-density of
each subgraph also gives a lower bound on A. The following deep theorem holds

Theorem 1 (Nash-Williams [1961])

Let G be a finite graph. Then A(G) = max
G′⊆G

Ã(G′).

For an easily achievable converse we loose a factor of 2 in the estimation.

Observation 2. Let G = (V,E) be a graph such that each subgraph G′ ⊆ G has
Δ(G′) ≤ δ then A(G) ≤ �δ�.
Proof: We proceed by induction on the number of vertices in G. Let v be a ver-
tex of minimum degree in G and G′ = G \ {v}. Clearly degG(v) ≤ �δ�. We have
Δ(G′) ≤ δ by assumption so by the induction hypotheses there is a partition of G′

into forests (F ′
1, . . . , F

′
�δ�). Now we may obviously extend (F ′

1, . . . , F
′
�δ�) to a partition

(F1, . . . , F�δ�) of G by making v a leaf in each of the forests. �
Another fact that we will need later concerns not the structure of our graphs but the
structure of the probability vectors. The symmetric probability distribution which we
assume deviates a bit from what is found in literature but it ensures the following useful
property for the graph:

Lemma 3. If in G the probability of going from a vertex v1 to vm through a m step
random walk is ρ, then the probability of going from vm to v1 through am step random
walk is also ρ.

Proof: Consider a m step path v1, v2, . . . , vm, not necessarily all distinct. The total
probability of this path being chosen during a random walk of length m depends on
the number of steps m′ in the given path that join two distinct vertices. These steps
contribute a factor of pm′

. The stationary phases of the path contribute by the number
of times a particular vertex is repeated on the path. The order in which such a vertex v
appears on the path is not important for the probability, it only contributes with a factor
of qmv−1

v , where qv is the stationary probability of v and mv is its multiplicity on the
path.

So the inverse of the path is chosen with the same probability when starting a walk
from vm. Since this holds for all path of length m the claim holds. �

3 The Algorithm

Algorithm 1 shows a generic recursive procedure for which in the following we will
instantiate the remaining parts to then compute the probability vectors we are interested
in. Observe that this algorithm doesnot even request that the graph has an arboricity
within some limits; in view of Theorem 1 it could even be used to prove or disprove
a given bound of the arboricity. But for the sake of simplicity we will assume that the
input graph has an arboricity that is bounded by some fixed constant δ.
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Algorithm 1 Recursive shelling to solve problem P(G,D).
Input: A connected Graph G = (V,E) with eventually some local problem specific

data D(G) attached to vertices and/or edges.
Output: G = (V,E) together with the local information for P(G) attached to vertices

and/or edges.
if G has degree bounded by 2δ then

direct Solve P directly for G and return P(G);

else
Let z = �ΔG�;

split Let V0 ⊆ V , the periphery, be the vertices of degree z or less;
Let V1 = V \ V0, the core;
Gi = (Vi, Ei) = V |Vi, for i = 0, 1;

recurse Recurse on the connected components of G0 and G1 to obtain P0
0 and P0

1 ;
Let E2 = E \ (E0 ∪ E1);

loop foreach i = 1, . . . , k do
pull Via E2, pull P2i−2

1 to G0 and compute P2i−1
0 and P2i

0 ;
push Via E2, push P2i−1

0 to G1 to obtain P2i−1
1 and P2i

1 ;

combine Combine P0
0 , . . . ,P2k

0 ,P0
1 , . . . ,P2k

1 into P(G);
return P(G);

Steps split and recurse: Dividing the graph in to a core and a periphery. The main
trick of the algorithm is to divide the graph in two parts, low degree vertices form the
periphery and high degree vertices the core. Note that z is bounded by the arboricity
A(G). The core G1 is a subgraph of G and thus A(G1) ≤ A(G) ≤ δ. By definition,
recursing on G0 will immediately run into the case direct.

Recursion returns the probability vectors for the paths that lie entirely inside the core
or the periphery. Then, for the final result we have to take into account all paths of
length at least d that exist in the entire graph and which cross the boundary between the
core and the periphery, i.e. that use edges in E2. In Algorithm 1, P i

0 and P i
1 denote the

probability vectors of paths restricted to use exactly i edges from E2.

Step direct: Computations inside degree bounded graphs. Initially each vertex has
a probability vector consisting of its neighbors and the probability of reaching them in 1
step of a random walk. All paths of maximal length d starting in a particular vertex v can
be enumerated in time (2δ)d and the probabilities of all those paths can be maintained
in the same complexity. Then, for all target vertices w that can be reached from v in
that way, the corresponding probability can be computed. Since (2δ)d is considered to
be constant, all this computation is proportional to the size of the probability vector.

In total, this means that the computation is linear in the size of the output.

Steps pull: Computations in the periphery. Suppose that we have stored all probabil-
ities for paths that contain exactly 2i− 2 edges from E2. Any path that contains 2i− 1
such edges has at least one endpoint in the periphery. For all vertices in the periphery

.
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we may collect all vertices that can be reached with exactly one edge inE2 and compute
the corresponding probabilities.

Now consider paths that contain 2i edges from E2 and that have both endpoints v
and v′ in the periphery G0. They can be divided into three parts: paths from v and v′

into the core and a path that uses 2i − 2 edges of E2 and for which the probability is
registered in P2i−1

1 .

Step push: Passing of information — periphery to core. With Lemma 3, for every
vertex in the periphery look at its d probability vectors, search for probabilities of reach-
ing vertices in the core which has a neighbor in the periphery, and reverse this infor-
mation, i.e., if a vertex vj in the periphery has the knowledge that it can reach another
vertex vk in the core (which has a neighbor in the periphery) in m steps of random
walk with probability p, then give this information to vk, telling it that it can reach vj in
m steps of random walk with probability p. This step will generate probability vectors
P2i−1

1 in the core.
Similar considerations for the case of paths using an even number of edges inE2 and

that start and end in G1 lead to the computation of P2i
1 . For complexity considerations

it is important to note that the corresponding computations can be charged to nodes in
the periphery. If a vertex v in the periphery knows that it can reach vertex v′ in the
core by crossing E2 exactly once it may use the information in P2i−1

0 (v) to provide
information for P2i

1 (v′). To avoid duplication, this stitching of information needs to be
done only by those vertices in the periphery which have a neighbor in the core, i.e. the
endpoints of edges in E2 that are in the periphery.

3.1 Correctness and Complexity

It is now easy to see that the sets of paths that are used for the different vectors P0,...,2k
0,1

are mutual disjoint and thus their probabilities add up to give the total probabilities.
Therefore correctness of the algorithm follows immediately.

For the complexity, observe that the foreach-loop is executed O(d) times and that
all push and pull computations are proportional to modifications on the probability vec-
tors that they produce. Since δ and d are considered to be constant, all calls (without
accounting for recursion) are linear in the output they produce. Observe here that not
necessarily all vertices of the core are even touched by these updates. They are only
touched and new non-zero probabilities are added to their vectors, if the merge of the
periphery and core information discovers vertices that have not been reachable inside
core or periphery alone.

So, when summing up over all calls the time is proportional to the produced output.
It remains to show that the recursion and its touching of vertices and edges does not

worsen the running time. The recursive calls on the periphery G0 always have depth
1, since by definition G0 only has vertices of low degree. So the only call that could
lead to a deeper recursion (and higher complexity) is the one for the coreG1. V1 are the
vertices in V that have a degree that is above 2δ ≥ 2 and so we have that |V1| ≤ |V |/2.
Thereby the total sum of the edges of the graphs that occur during recursion is bounded
by

∑
i 2−iδ|V | ≤ 2δ|V |, and thus linear in our setting.
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4 Conclusion and Further Work

We proposed an output sensitive algorithm for computing probability vectors for short
random walks on graphs with bounded arboricity. Thereby it applies to a large number
of graph classes which are of theoretical and practical interest. The good complexity
behavior of our algorithm also extends to other computational models such as PRAM,
BSP or PRO and also to some classes random graphs w.h.p.

The approach we discussed gives an alternative and more efficient way to compute
these probability vectors, but it doesnot change the community structure that emerge
from the approach discussed by Latapy and Pons [2005]. However, the second phase
of using clustering algorithms that was described by them is very time consuming,
too, so it might be appropriate to deviate from that approach, even by allowing for
algorithms that would give a community structure that is defined slightly differently.
This part of the problem is still open. A good approach could be to use Union-Find
strategies which have linear complexity under some conditions (see Fiorio and Gustedt
[1996]). Any such approach would require an oracle on the basis of which smaller
communities would be joined to form bigger ones till a community structure emerges
that is satisfactory according to some predefined criteria. We hope to do some work in
this direction also.
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Abstract. Ma and Spinrad have shown that every transitive orientation
of a chordal comparability graph is the intersection of four linear orders.
That is, chordal comparability graphs are comparability graphs of posets
of dimension four. Among other uses, this gives an implicit representation
of a chordal comparability graph using O(n) integers so that, given two
vertices, it can be determined in O(1) time whether they are adjacent,
no matter how dense the graph is. We give a linear-time algorithm for
finding the four linear orders, improving on their bound of O(n2).

1 Introduction

A partial order or poset relation is a transitive antisymmetric relation. In this pa-
per, we consider the graphical representation of a poset using a directed acyclic
and transitive graph. When we say the graph is transitive, we mean that when-
ever x→ y → z, x→ z. Whether the partial order is reflexive is irrelevant to our
goals, so we only consider loopless graphs. The comparability relation of a partial
order is the set of pairs that are comparable in the partial order. That is, it is the
symmetric closure, where, whenever (a, b) is in the partial order, (b, a) is added
to it. The comparability relation has a natural representation as an undirected
graph that has an edge ab whenever (a, b) and (b, a) are in the comparability
relation; it is obtained by ignoring edge directions in the transitive graph that
represents the partial order. And given a comparability graph, it is possible to
transitively orient it in linear time [MS99], that is, to recover a corresponding
partial order.

A chordal graph is an undirected graph where each cycle of length four or
greater has a chord, that is, an edge that is not on the cycle but whose endpoints
are both on the cycle.

A co-comparability graph or co-chordal graph is one whose complement is
a comparability graph or chordal graph, respectively. Many interesting graph
classes are defined by intersecting the comparability, co-comparability, chordal
and co-chordal graph classes.

An example is an interval graph, which is the intersection graph of a set of
intervals on the line, that is, the graph that has one vertex for each of the intervals

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 168–178, 2006.
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and an edge for each intersecting pair. These are exactly the intersection of the
chordal and co-comparability graphs.

A permutation graph is defined by a permutation of a linearly ordered set of
objects. The vertices are the objects, and the edges are the non-inversions, that
is, the pairs of objects whose relative order is is the same in the two permutations.
These are exactly the intersection of the comparability and co-comparability
graphs.

A split graph is a graph whose vertices can be partitioned into a clique and an
independent set. These are exactly the intersection of the chordal and co-chordal
graphs. More information about all graph classes classes mentioned here can be
found in [Gol80].

All of these graphs are subclasses of the class of perfect graphs, because com-
parability graphs and chordal graphs are perfect. Interval graphs can be repre-
sented with O(n) integers, numbering the endpoints in left-to-right order and
associating each vertex with its endpoint numbers. Adjacency can then be tested
in O(1) time by comparing the two pairs of endpoints of the vertices to see if
they correspond to intersecting intervals. Similarly, permutation graphs can be
represented by numbering the vertices in left-to-right order in two linear orders,
and testing adjacency in O(1) time by determining whether the two vertices have
the same relative order in both. These are examples of implicit representations;
for more details see Spinrad’s book on the topic of implicit representations of
graph classes [Spi03].

A linear order is just a special case of a partial order, where the elements are
numbered 1 through n, and the relation is the set of ordered pairs {(i, j)|i < j}.
This partial order has Θ(n2) elements, but can be represented implicitly by
giving the ordering or numbering of the vertices.

It is easy to see that the intersection of two partial orders (the ordered pairs
that are common to both) is also a partial order, hence this applies to the inter-
section of linear orders. In fact, every partial order is the intersection of a set of
linear orders [DM41]. A partial order has dimension k if there exist k linear orders
whose intersection is exactly that partial order. It is easy to see from this that
the permutation graphs are just the comparability graphs of two-dimensional
partial orders. Two-dimensional partial orders and permutation graphs can be
recognized and their representation with two linear orders can be found in linear
time [MS99]. In general, k linear orders gives an O(nk) representation, but unfor-
tunately, it is NP-complete to determine whether a partial order has dimension
k for k ≥ 3 [Yan82].

In this paper, we examine chordal comparability graphs, that is, the intersec-
tion of the class of chordal graphs and the class of comparability graphs. Ma and
Spinrad have shown that all chordal comparability graphs are the comparabil-
ity graphs of partial orders of dimension at most four [MS91, Spi03]. The four
linear orders give a way of representing the graph in O(n) space so that for any
two vertices, it can be answered in O(1) time whether they are adjacent. Each
vertex is labeled with the four position numbers of each vertex in the four linear
order, and for two vertices, they are adjacent iff one of them precedes the other
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in each of the four orders. This type of implicit representation is desirable as
a data structure for representing the partial order or its chordal comparability
graph, and for organizing algorithmic solutions for combinatorial problems on
the graphs.

This bound was shown to be tight by Kierstead, Trotter, and Qin in [KTQ92],
who used a non-constructive Ramsey-theoretic proof to show that some chordal
comparability graphs actually require four linear orders, but as is typical of
Ramsey-theoretic proofs, the upper bound of the smallest one requiring four is
an enormous 2727 + 1 vertices. It seems likely that there exist small examples
that require four linear orders. Testing a candidate is complicated by the NP-
completeness of determining whether a partial order has dimension 3, though
we do not know whether that problem remains NP-complete when restricted to
chordal comparability graphs. Finding a smallest one, or even a small one, is an
open problem.

We should note that, unlike the implicit representations of interval graphs and
permutation graphs, this representation does not characterize chordal compara-
bility graphs, as there are posets of dimension four whose comparability graphs
are not chordal comparability graphs.

Ma and Spinrad have given a linear-time algorithm for recognizing chordal
comparability graphs, but the best bound they give for finding the four linear
orders is O(n2), where n is the number of vertices. In this paper, we improve
this latter bound to O(n +m).

2 Preliminaries

In this paper, G = (V,E) denotes a simple, finite graph with vertex-set V and
edge-set E. For convenience, we assume that G is connected. If there exists an
edge between v, u ∈ V , we say that v and u are adjacent or are neighbors in G.
If G is directed, then we use (u, v) to denote an edge from u to v in G. Given a
directed graph G, we say that G is acyclic or is a DAG if G does not contain any
directed cycles. The transitive closure of a DAG G adds the minimum number
of edges to G such that the resulting graph is transitive, ie. (x, y), (y, z) ∈ E
implies that (x, z) ∈ E.

If G is an interval graph, then each vertex in G has a corresponding interval
in 1, . . . , 2n. Let Iv denote the interval of v. Two vertices v and u are adjacent if
their intervals share some common point. We say that v contains u if all points
in Iu are also in Iv. Two intervals overlap if they share some point, but neither
contains the other, and two intervals are disjoint if they share no common points.

2.1 Union-Find Data Structure

Our algorithm primarily makes use of elementary data structures; additionally,
we use the union-find data structure. This data structure maintains a family of
disjoint sets under the union operation. In order to identify the sets, each set
has a leader, which is the representative for all elements in its set. Union-find
supports the following operations.
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– MakeSet(x): creates a new set containing only x.
– Find(x): returns the leader of the set containing x.
– Union(x, y): unions the sets containing x and y and returns the single set’s

new leader.

A MakeSet operation on n elements, followed by m union and find operations
on them, takes O(n + mα(m,n)) time, where α is an extremely slow-growing
but unbounded functional inverse of Ackermann’s function. Full details can be
found in [Tar83].

However, there is a special case of the general union-find data structure de-
veloped by Gabow and Tarjan [GT85]. Their data structure requires initializing
the structure with an unrooted tree on the n elements, and performing unions
in any order that maintains the invariant that each union find class induces a
connected subtree of the initializing tree. Given such an initializing tree, it is
possible to do n MakeSet operations followed by m union and find operations in
O(n + m) time. In our application, we are able to initialize the Gabow-Tarjan
structure, and this is critical to obtaining a true linear time bound.

3 Representing a Chordal Comparability Graph with
Four Linear Orders

Details of the following properties of chordal graphs are well-known, and can be
found in the text by Golumbic [Gol80]. A graph is chordal if and only if it has
a subtree intersection model, which consists of the following:

1. A tree T that has O(n) vertices;
2. A connected subtree Tv associated with each vertex v such that two vertices
x and y are adjacent in G if and only if Tx and Ty contain a common node
in T , and that the sum of cardinalities of the vertex sets in the subtrees is
O(m).

Such a tree is often called a clique tree after one method of generating one
by creating one node of T for each maximal clique of G. An example is given in
Figure 1.

Following the approach of Ma and Spinrad, we perform an arbitrary depth-
first search on the clique tree, labeling the vertices in ascending order of their
discovery time. The first and last discovery time i and j of nodes in a subtree
Tx defines an interval Ix = [i, j] on the sequence (1, 2, ..., n). It is easy to verify
that x and y are adjacent in G if Ix and Iy properly overlap, and that they are
nonadjacent if Ix and Iy are disjoint.

Suppose Iy is contained in Ix. Then it is possible that they are adjacent. If this
were always the case, then G would be not just a chordal comparability graph,
but an interval comparability graph. However, it is also possible that they are
not adjacent. In this case, the DFS discovered a vertex in Tx, and sometime
during the interval Ix, it left Tx to visit a set of vertices below Tx that contain
Ty, before returning upward to Tx to finish traversing it. This shows that it is
not necessary for Tx and Ty to intersect for Iy to be a subinterval of Ix.



172 A.R. Curtis et al.

a

f

c

g

d

b

eh

(1) aceh

(5) adg

(4) adh(3) beh(2) acf

a

c b d

f

h

g

a. c.b.

e

Fig. 1. (a) A transitive orientation of a chordal graph G, (b) a clique-intersection tree
of G. Ta consists of vertices {1, 2, 4, 5}, Tb consists of vertex 3, Tc consists of vertices
{1, 2}, etc. Each Tx is a connected subtree of T , and two vertices x and y are adjacent
in G if and only if Tx and Ty contain a common node. (c) The vertices are numbered
according to their discovery times during a depth-first search, and the first and last
discovery time in Tx defines an interval Ix on the sequence (1, 2, 3, 4, 5). For instance,
Ia = [1, 5], Ib = [3, 3], Ie = [1, 3], etc.

We may find a transitive orientation P of the chordal comparability graph
G = (V,E) in linear time using the algorithm of McConnell and Spinrad [MS99].
Ma and Spinrad define three disjoint partial orders a transitive orientation P
of G, the set R1 of ordered pairs of the form {(x, y)|Ix strictly precedes Iy},
and the set R2 of ordered pairs of of the form {(x, y)|Iy ⊂ Ix and x and y are
non-neighbors}. Clearly, P ∪ R1 ∪ R2 is an orientation of the complete graph,
{P,R1, R2} is a partition of it into three poset relations, and {R1, R2} is a
partition of G into two poset relations. Because R1 ∪R2 is an orientation of G,
we will refer to the members of R1 and R2 as edges.

In general, the union of two disjoint partial orders is not necessarily a partial
order, or even acyclic. However, Ma and Spinrad show that E1 = P ∪R1, E2 =
P ∪ RT

1 , where RT
1 denotes the reversal of all edges in R1, E3 = P ∪ R2 and

E4 = P ∪ RT
2 are each acyclic. This shows that P is a four-dimensional partial
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Fig. 2. (a) G from Figure 1 with the type 1 edges drawn with a thicker line and (b) G
with the type 2 edges shown
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order, as follows. Let L1, L2, L3, and L4 be arbitrary topological sorts of E1,
E2, E3, and E4, respectively. It must be the case that for (x, y) ∈ P , x precedes
y in all four topological sorts, since (x, y) is a directed edge in each of E1, E2,
E3, and E4. Every edge of P is conserved in the intersection of L1 through L4.

For any edge (u, v) in R1, (u, v) ∈ E1 and (v, u) ∈ E2. Therefore u precedes
v in L1 and follows it in L2 and (u, v). It follows that neither (u, v) nor (v, u)
is in the intersection L1 ∩ L2 of the topological sorts of E1 and E2. The act of
reversing R1 in E1 and E2 deletes the edges of R1 from the intersection L1 ∩L2,
hence from the intersection of L1 through L4.

Similarly, for any edge (x, y) in R2, x precedes y in L3 and follows it in L4, so
the act of reversing R2 in E3 and E4 ensures that x precedes y in L3 and follows
it in L4. Therefore, neither (x, y) nor (y, x) is in the intersection L3 ∩ L4 of the
topological sorts of E3 and E4. Reversing R2 in E3 and E4 deletes R2 from the
intersection.

Together, these observations prove that the intersection of L1 through L4 is
exactly P : all elements of P are conserved and no elements of R1, R2, R

T
1 , or

RT
2 are conserved. The constructive proof gives the basis of Ma and Spinrad’s

algorithm, which finds a transitive orientation of P , finds a clique tree, performs
a DFS on it to identify R1 and R2, and then returns the topological sorts of E1

through E4 in O(n2) time.
On the surface, it seems impossible to improve on this time bound without

resorting to an entirely different algorithm, since the topological sorts reference
all edges in P ∪R1 ∪R2, and there are n(n− 1)/2 of them.

Our approach is similar to Ma and Spinrad’s, but we are able to use the prop-
erties of partial orders, chordal graphs, and a number of data structure tricks
to avoid touching all of the edges in R1 and R2 directly, thereby obtaining an
O(n+m) bound. Many of the details are nontrivial, especially in the case of L4.

3.1 Finding L1 and L2

We first describe the procedure for finding the topological sort L1 of E1 = P ∪R1.
To obtain L1, we perform a depth-first search onE1, prepending each vertex to L1

when DFS retreats from it because all of its neighbors have been marked visited. It
is well-known that prepending vertices to a list as they finish during DFS results in
a topological sort of any DAG [CLRS01]. The edges ofP can be handled during the
DFS in the standard way with an adjacency-list representation. However, when all
neighbors in P of a vertex have been marked visited, it is not necessarily the case
that all neighbors in E1 have been marked visited, since it may have neighbors in
R1. The problem is that |R1| is not O(n +m), so touching all the members of R1

would ruin our time bound. To get around this, we create a data structure that
supports the following operation in O(1) time:

– Find next R1 neighbor: Given a vertex v, return an unmarked neighbor
in R1 if there is one, or else report that it has no unmarked neighbors in R1.

To create this data structure, we radix sort all endpoints of intervals using
the position of the endpoint as primary sort key, and whether it is a left or right
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endpoint as a secondary sort key. We then label each right endpoint with a
pointer to its parent, which is the first left endpoint that follows it. We then re-
move the right endpoints to obtain a list L of the vertices sorted by left endpoint;
each vertex still retains a pointer to its parent in L.

When we run the DFS, we maintain a set of union-find classes on elements of
L, using the following invariant:

– Each union-find class starts either at the beginning of the list or at the first
element following an unmarked element, and contains all elements either up
through the end of the list or through the next unmarked element. Each
union-find class is labeled with a pointer to its sole unmarked element, if it
has one.

Initially, every element of L is in its own union-find class. Note that at all
times, every union-find class except the rightmost one has exactly one unmarked
element, and the unmarked element in a class is the rightmost element in the
class. In addition, every union-find class is consecutive in L, which allows us
to use the path represented by L as the initializing tree for the Gabow-Tarjan
data structure. The find next R1 neighbor for a vertex v operation can be
implemented by performing a find operation on the parent of v. As v’s parent is
the first disjoint vertex right of v, its union-find class points to the first unmarked
vertex right of v. Therefore, it takesO(1) time to locate the next unmarked vertex
right of v, namely, the next R1 neighbor of v.

When a vertex v is visited, it is marked visited. This requires the following:

– Mark a vertex v as discovered: Unless v is the last element of L, merge
its union-find class and the union-find class that contains the successor w of
v in L. Let the new class point to the unmarked element of w’s old class.

To perform the DFS, we make recursive calls on all neighbors of v in P .
When the last of these returns, we can find an unmarked neighbor in R1 in O(1)
time executing the find next R1 neighbor operation. Either a recursive call is
made on the result, marking it as discovered, or, if v has no remaining neighbors
in R1, v can be marked as finished. Each vertex is marked once as discovered and
once as finished, so these marking operations can take place O(n) times during
the entire DFS, each at a cost of O(1). Therefore, the inclusion of R1 along with
P in the DFS ends up costing O(n) time, even though R1 can be Θ(n2) in the
worst case. The final bound on the DFS to obtain L1 is O(n + m), where m is
the number of edges in G.

By left-right symmetry, a similar algorithm applies to finding E2.

3.2 Finding L3

The approach for finding L3 is similar in spirit to the one for finding L1 and L2,
except that the charging argument to obtain the time bound is more complicated.
We again handle DFS on P using an adjacency-list representation. When a vertex
has no more unmarked neighbors in P , it may still have neighbors in R2. We
must define an operation analogous to find next R1 neighbor:
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– Find next R2 neighbor: Given a vertex v that has no undiscovered neigh-
bor in P , return an undiscovered neighbor in R2 if there is one, or else report
that it has no unmarked neighbors in R2.

However, because of additional difficulties posed by R2 edges, we cannot claim
the O(1) bound for this operation that we can for find next R1 neighbor.
Instead, we use an amortizing argument that shows that all calls to find next
R2 neighbor made during a DFS take a total of O(n) time.

As with find next R1 neighbor, we create a data structure to support the
operation by sorting vertices by left endpoint of their interval to obtain a list
L, and we maintain union-find classes with one unmarked element in each class
except the rightmost class.

All R2 neighbors have both endpoints in the interior of Iv instead of to the
right of Iv. Instead of starting with the first vertex whose interval lies strictly
to the right of v’s interval, we start with the first interval whose left endpoint
is to the right of v’s left endpoint. We perform a find operation on this vertex
to find the first unmarked vertex w that follows it in L. If Iw is to the right of
Iv, then we may mark v as finished, since Iv has no unmarked vertices in its
interior. If Iv ⊂ Iw, then w is the next R2 neighbor of v in the list, and we can
make a recursive call on it, marking it as discovered.

A new problem arises when Iw properly overlaps Iv, since we have now spent
O(1) time finding w, but its interval is not contained in w’s, so is not an R2

neighbor of v and we cannot mark it. Fortunately, if Iv and Iw properly overlap,
they are neighbors in G. Since v has no unmarked neighbors in P and w is
unmarked, it must be the case that (w, v) is an edge in P . We therefore charge
the cost of touching w to the edge wv in G. We then continue by performing
a find operation on the successor of w in L to find the next unmarked vertex.
We iterate this operation, each time charging the O(1) cost of finding the next
unmarked vertex to an edge of G, halting when we reach the right endpoint of Iv,
in which case v can be marked as finished, or else find an unmarked R2 neighbor
z, which we can then make a recursive call to DFS on, marking z discovered.
During the recursive call, we retain a pointer to z so that when it returns, we
may resume the DFS from v by performing a find operation on z.

Each vertex is again marked as discovered once, finished once, and each edge
of P directed into a vertex v is charged once. Since |P | = m, The additional cost
incurred in including R2 with P in the DFS is O(n+m).

3.3 Finding L4

Unlike the case of L1 and L2, the cases of L3 and L4 are not symmetric, so we
cannot use the procedure for finding L3 to find L4. In the case of L3, the find
next R2 neighbor found all unmarked vertices whose left endpoint was interior
to Iv. Those that were not R2 neighbors were neighbors in G, which allowed us
to charge the cost of finding them to edges of G.
L4 needs to be a topological sort of P ∪RT

2 . Consider what happens when we
reverse R2 to get RT

2 . The RT
2 neighbors of a vertex v are those non-neighbors
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w in G such that Iv ⊂ Iw. Such a neighbor has a left endpoint to the left of Iv’s
left endpoint and a right endpoint to the right of Iv’s right endpoint. Using a
Gabow-Tarjan data structure as we did above can identify unmarked neighbors
whose left endpoint is to the left of Iv’s. The insurmountable problem is that
such a vertex may also have a right endpoint to the left of Iv’s left endpoint.
This means it is a non-neighbor in G. We have spent O(1) time touching it, but
we have no edge of G to charge the cost to.

We therefore abandon the union-find approach and instead adopt a strategy
that involves partitioning sets into neighbors and non-neighbors in P , and takes
advantage of the fact that we already have a topological sort L3 of E3 = P ∪R2.

We begin with L′ = LT
3 . Since every edge of P ∪R2 points from a later vertex

to an earlier vertex, so none of the edges of P ∪R2 survive in the intersection of
E3 ∩L′ We then modify L′ to reverse the relative order of every pair (a, b) such
that (a, b) ∈ P without affecting the relative order of any pair (c, d) ∈ R2. This
restores P to the intersection L3 ∩ L′ while conserving all edges of RT

2 . We let
L4 be the resulting modification of L′.

Given a subset S of elements of L′, let the subsequence of L′ induced by S
denote the result of deleting all elements from L′ that are not in S. This is just
the ordering of S that is consistent with their relative order in L′.

Let us initially number the vertices in L′ in order from 1 to n. By radix sorting
all edges of P using vertex of origin as the primary sort key and destination vertex
as the secondary sort key, we may obtain, for each vertex v, an adjacency list
that is sorted in left-to-right order as the vertices appear in L′. This gives the
subsequence of L′ defined by neighbors of v. We let L′ be a doubly-linked list, so
that, given a pointer to a vertex in L′, it can be removed from L′ in O(1) time.

We now give the algorithm for turning L′ into L4:

Reordering LT
4 to obtain L4

The algorithm is recursive, so we assume that a subsequence L′ of L4

has been passed into the current recursive call. Let v be the last vertex
in L′. As a base case, if |L′| ≤ 1, there is nothing to be done. Otherwise,
remove the neighbors of v in P from L′, leaving the subsequence Ln of
non-neighbors of v in L′. Since the adjacency list of v is in sorted left-to-
right order in L′, we can put them into a doubly-linked list that gives the
subsequence La of vertices that are adjacent to v in L′. We recursively
reorder Ln and La to obtain L′

n and L′
a, and return the concatenation

L′
n · v · L′

a.

The following establishes the correctness:

Lemma 1. P ⊆ L4 and R2 ∩ L4 = ∅.
Proof. Since v is a source and all of its edges point to La, they all point to the
right when La is moved ahead of v. Since P is transitive, La is not just the
neighbors of v, but the set of all nodes reachable from v on a directed path.
Therefore, there is no directed edge of P from La to Ln. All edges of P that go
between Ln and La are directed to the right, as they are supposed to in L4. We
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conclude that all edges of P that have endpoints in two sets of La, {v}, and Ln

point to the right after Ln is moved to the right of v.
Suppose some edge (x, y) ofR2 points to the right afterLa is moved to the right.

Then y is a neighbor of v and x is not. Moreover, (x, y) ∈ R2 implies that Iy ⊂ Ix.
Since v is a neighbor of y, Iv’s intersects Iy, which means Iv also intersects Ix. If
Iv properly overlaps Ix, then v and x are neighbors, contradicting x’s membership
in Ln. Therefore, Iv ⊂ Ix, and, since v and x are non-neighbors, this implies that
(v, x) ∈ R2. But this contradicts the fact that v is a source in P ∪R2, since it lies
at the beginning of L3. Therefore, edge (x, y) of R2 cannot exist.

We conclude that all edges of P that go between Ln, {v}, La point to the
right after the reordering, and all edges of R2 that go between these sets point
to the left.

None of the elements internal to Ln or La have been reordered. By induction
on the length of the subsequence passed into a recursive call, the recursive calls
on Ln and La reorder these sets so that all edges of P point to the right in the
final order, and all edges of R2 point to the left in the final order. The lemma is
immediate from this statement.

Since L′ is a doubly-linked list, it takes time proportional to the the degree of
v to remove La out of L′ and concatenate it to the front. We charge this cost
to edges out of v. At each level of the recursion, a distinct vertex serves in the
role of v, so each edge is charged at most once. The running time is therefore
O(n+m).

Since L1∩L2 includes all of P and excludes every edge of R1, and since L3∩L4

includes all of P and excludes every edge of R2, we get the following:

Theorem 1. Four linear orders that realize a chordal comparability graph G can
be found in O(n+m) time.

It is worth noting that our algorithm to find L4 is an example of an ordered
vertex partitioning algorithm, which proceed by refining a partition by splitting
classes into neighbors and non-neighbors of a pivot vertex, and maintaining a
linear order on the partition classes. Other examples of such algorithms are Lex-
BFS [RTL76], which is used for recognizing chordal graphs, and the algorithm
for transitively orienting comparability graphs given in [MS99]. The algorithm
we give for finding L4 gives a third variant on this class of graph algorithms,
differing significantly from them in the order in which it selects pivot vertices
and the linear order it maintains on the partition classes.
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denote edges of a graph G as (x, y) and we call x and y the endvertices of the
edge. Unless stated otherwise, a graph is regarded as undirected. For a vertex x

we write N(x) for its set of neighbors in G, and for a subset W ⊆ V we write
N(W) = ∪x∈WN(x) − W. We write n = |V | for the number of vertices and
m = |E| for the number of edges. For a subset A of edges or arcs of a graph we
denote by V(A) the set of endvertices incident with elements of A. For a graph
G = (V, E) and a subset S ⊆ V of vertices, we write G[S] for the subgraph of G

induced by S. For a subset W ⊆ V of vertices of a graph G = (V, E) we write
G − W for the graph G[V − W], i.e., the subgraph induced by V − W. For a
vertex x we write G − x rather than G − {x}. If the graph is directed we use
the notation −→xy to denote the arc directed from x to y. Likewise, we use ←−xy to
denote the arc directed in the opposite direction. For a subset E ⊆ E of edges
of a graph G = (V, E), let

−→
E = {

−→
xy,
−→
yx | (x, y) ∈ E}. If E = E we use

−→
E =

−→
E .

We call the elements of
−→
E directed edges of G. For a set F of directed edges, we

write F̂ = {(x, y) | −→xy ∈ F or −→yx ∈ F} for its symmetric closure.

Definition 1. Let F ⊆ −→E be a set of directed edges of a graph G = (V, E).
Define:
1. F−1 =

{
←−xy | −→xy ∈ F

}

, and
2. F2 =

{−→xz | −→xy and −→yz ∈ F for some y ∈ V
}

.

Definition 2. Let E ⊆ E be a subset of edges of a graph G = (V, E). We call F

an orientation of E if F + F−1 =
−→
E and F ∩ F−1 = ∅.

If E = E, we call F also an orientation of G.

Definition 3. A transitive orientation of a graph G = (V, E) is an orientation F

of E such that F2 ⊆ F. A graph G is a comparability graph if G has a transitive
orientation.

Given a comparability graph, a transitive orientation of its edges can be obtained
in linear time [5,6]. However, checking the transitivity of the orientation needs
a verification phase, for which no faster algorithm is known than a fast matrix
multiplication [1].

Definition 4 (Golumbic [4]). Define the binary relation Γ on the directed
edges

−→
E of a graph G = (V, E) as follows. For (x, y), (x, z) ∈ E,

−→
xy Γ

−→
xz ⇐⇒

←−
xy Γ

←−
xz ⇐⇒ (y, z) /∈ E.

The relation Γ is reflexive and symmetric and its transitive closure Γc is an
equivalence relation on

−→
E . The equivalence classes of Γc partition

−→
E into the

implication classes of G. For an implication class A of G, the symmetric closure
Â = A ∪A−1 is called a color class of G.

Golumbic [2,3] gave a simple algorithm to test whether a graph G = (V, E) is a
comparability graph and to give it a transitive orientation if it is a comparability
graph. The central part of Golumbic’s algorithm is to compute a G-decomposition
of
−→
E , defined as follows.



Partitioned Probe Comparability Graphs 181

Definition 5. Let G = (V, E) be an undirected graph. A G-decomposition is a
partition E = B̂1 + · · ·+ B̂k, where Bi is an implication class of G

[
B̂i + · · ·+ B̂k

]

for i = 1, . . . , k.

Golumbic’s algorithm follows directly from the following theorem.

Theorem 1 ([2,3,4]). Let G = (V, E) be a graph and let E = B̂1 + · · · + B̂k be
a G-decomposition. The following statements are equivalent.

(i) G is a comparability graph;
(ii) A ∩A−1 = ∅ for all implication classes A of G;
(iii) Bi ∩ B−1

i = ∅ for i = 1, . . . , k.

Furthermore, if these conditions hold, then B1+· · ·+Bk is a transitive orientation
of E.

By Theorem 1, we can test whether a graph G = (V, E) is a comparability
graph and give G a transitive orientation through computing a G-decomposition.
Golumbic [2,3,4] gave an algorithm to compute a G-decomposition in O(Δ ·m)
time where Δ is the maximum degree of a vertex in G.

Definition 6. Let G be a class of graphs. A graph G = (V, E) is a probe graph
of G if its vertex set can be partitioned into a set of probes P and an independent
set of nonprobes N, such that G can be embedded in a graph of G by adding edges
between certain nonprobes.

If the partition of the vertices of a graph G into a set of probes P and a set of
nonprobes N is part of the input then we call G a partitioned probe graph of G if
G can be embedded into a graph of G by adding edges between certain vertices
of N. In this paper we denote a partitioned graph as G = (P + N, E), and when
this notation is used it is to be understood that N is an independent set. We will
refer to the class of (partitioned) probe graphs of the class of (XXX) graphs as
(partitioned) probe (XXX) graphs where (XXX) is the name of a graph class.

In Section 2, we give an O(nm)-time algorithm for the recognition of parti-
tioned probe comparability graphs, where n and m are the numbers of vertices
and edges, respectively. Let G = (P + N, E) be a partitioned graph and let G∗

be the graph obtained from G by deleting all edges between nonprobes. We call
G∗ the sandwich conjugate of G. Since a graph is a cocomparability graph if
its complement is a comparability graph, a partitioned graph G is a partitioned
probe cocomparability graph if G∗ is a partitioned probe comparability graph
and hence partitioned probe cocomparability graphs can be recognized in O(n3)
time. A graph is a permutation graph if and only if it is at the same time a com-
parability graph and a cocomparability graph [7]. An immediate consequence is
that a probe permutation graph is both probe comparability and probe cocom-
parability. For partitioned graphs the converse remains true: G is a partitioned
probe permutation graph if and only if G and G∗ are both partitioned probe
comparability graphs. This result is proved in the last section and leads to an
O(n3)-time recognition algorithm for partitioned probe permutation graphs.
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2 Recognition of Partitioned Probe Comparability
Graphs

In this section we extend the algorithm for recognizing comparability graphs
given by Golumbic [2,3,4] to allow recognizing partitioned probe comparability
graphs within the same time bound. This algorithm shows that a graph G is
a comparability graph by showing that G has a transitive orientation. An ori-
entation of a partitioned probe comparability graph may not be transitive, but
the transitive completion may be a transitive orientation of an embedding. The
following proposition is clear from the definitions.

Proposition 1. Let G = (P + N, E) be a partitioned probe comparability graph
with an embedding H. Let F be a transitive orientation of H, F =

−→
E ∩F, and let

(V, Fc) be the transitive closure of (V, F). Then,
(i) Fc ⊆ F,
(ii) V(F − F) ⊆ N, and
(iii) (V, F̂c) is a comparability graph with transitive orientation Fc.

Observe that Fc is an orientation of the smallest embedding of G such that it
can be oriented in agreement with F. We will call F a quasitransitive orientation.
Determining whether G is partitioned probe comparability will be equivalent to
determining whether it has a quasitransitive orientation.

Definition 7. Let G = (P + N, E) be a partitioned graph and let F be an orien-
tation of G. We call F quasitransitive if V(F2 − F) ⊆ N.

Theorem 2. A partitioned graph G = (P + N, E) is partitioned probe compara-
bility if and only if G has a quasitransitive orientation.

Proof. Using the notation of Proposition 1, if G is partitioned probe compara-
bility with embedding H, then F is clearly a quasitransitive orientation of G.
That is, if −→xy,−→yz ∈ F ⊆ F, then −→xz ∈ F and, unless x and z are both nonprobes,−→xz ∈ F. Now suppose F is a quasitransitive orientation of G. Let F = F + F2. We
prove that G is a partitioned probe comparability graph by showing that (V, F)
is transitive, i.e., by showing that F2 ⊆ F. Suppose both −→xy,−→yz ∈ F. We show
that −→xz ∈ F.

If at most one vertex in {x, y, z} is a nonprobe, then −→xy, −→yz, and −→xz are in F.
Now we consider the case that at most one vertex in {x, y, z} is a probe. If y is
a probe (x and z are nonprobes), then −→xy,−→yz ∈ F and hence −→xz ∈ F2 ⊆ F. If z is
a probe (x and y are nonprobes), then −→xy /∈ F, but −→xy ∈ F2 and there exists a
u ∈ P such that −→xu,−→uy ∈ F. Then −→xu,−→uy,−→yz ∈ F =⇒ −→xz ∈ F. Similarly, if x is a
probe (y and z are nonprobes), there exists a v ∈ P such that −→yv,−→vz ∈ F, −→yz ∈ F2.
Finally, if x, y, and z are all nonprobes, there exist two vertices u �= v as above.
(If u = v, the edge (u, y) would be oriented in two directions.) Then

v ∈ P and −→uy, −→yv ∈ F =⇒ −→uv ∈ F

v ∈ P and −→xu, −→uv ∈ F =⇒ −→xv ∈ F
−→
xv,
−→
vz ∈ F =⇒ −→

xz ∈ F2 ⊆ F.
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Thus G is a probe comparability graph and H = (V, F̂) is an embedding of G. ��
We need to modify the Γ relation to use it in partitioned probe comparability
recognition. Consider edges (x, y), (y, z) ∈ E where x, z ∈ N and let H be some
embedding of G. We do not know a priori whether (x, z) ∈ E(H). Thus we do
not know whether −→xy Γ −→zy in H before H is constructed. To capture this fact we
define a new relation on

−→
E .

Definition 8. Let G = (P + N, E) be a partitioned graph. We define a binary
relation Υ on

−→
E as follows. Let (x, y), (x, z) ∈ E be edges of G. Then each of−→xy Υ −→xz and −→yx Υ −→zx if and only if one of the following holds.

(a) y = z, or
(b) (y, z) /∈ E and at least one of y and z is a probe.

The relation Υ is reflexive and symmetric. Its transitive closure, denoted by Υc,
defines an equivalence relation on

−→
E . We call the equivalence classes the probe

implication classes of G. Let A be a probe implication class of G. We call the
symmetric closure of A, i.e., Â, a probe color class of G. Next, we define the
probe G-decomposition as follows:

Definition 9. Let G = (P + N, E) be a partitioned graph. A partition E = B̂1 +
· · · + B̂k is called a probe G-decomposition if Bi is a probe implication class of
G

[
B̂i + · · · + B̂k

]
for each 1 ≤ i ≤ k.

The following extension of Theorem 1 is the basis for our algorithm.

Theorem 3 (Probe TRO Theorem). Let G = (P + N, E) be a partitioned
graph with probe G-decomposition E = B̂1 + · · · + B̂k. The following statements
are equivalent.

(i) G is a partitioned probe comparability graph;
(ii) A ∩A−1 = ∅ for all probe implication classes A of G;
(iii) Bi ∩ B−1

i = ∅ for i = 1, . . . , k.
Furthermore, if these conditions hold, then F = B1 + · · ·+Bk is a quasitransitive
orientation of E and H = (V, F̂) is a comparability graph which is an embedding
of G, where F = F + F2.

By the Probe TRO Theorem, it is easy to see that the algorithm for recogniz-
ing comparability graphs given in [4] extends to recognizing partitioned probe
comparability graphs and assigning quasitransitive orientations. An embedding
follows from the quasitransitive orientation. We postpone the proof of the Probe
TRO Theorem. Some of the following lemmas are extensions of lemmas given
in [2,3,4,8] for proving the TRO Theorem. Note that in the original TRO The-
orem, there are four statements. The last statement presents that every circuit
has even length. Currently, we do not know how to transform it for the probe
graphs. So, we omit this statement.

Arcs −→xy and −→uv are in the same probe implication class if and only if they are
joined by an Υ-chain, i.e., a sequence of edges (xi, yi) ∈ E such that

−→xy = −−→x0y0 Υ · · · Υ −−−→xkyk = −→uv. (1)
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Proposition 2. If −→xy Υc −→uv, then there exists an Υ-chain (1) such that for each
i, 1 ≤ i ≤ k, either xi−1 = xi and yi−1 �= yi, or

xi−1 �= xi and yi−1 = yi.
(2)

Such a chain will be called a canonical Υ-chain.

Corollary 1. Let G = (P + N, E) be a partitioned graph and let A be a probe
implication class of G. Then (V(A), Â) is a connected undirected graph.

Lemma 1 (The Probe Triangle Lemma). Let x, y, and z be three distinct
vertices of a partitioned graph G = (P + N, E), let z ∈ P, and let X, Y, and Z be
probe implication classes of G with X �= Z and Z �= Y−1 and having arcs −→xy ∈ Z,−→zx ∈ Y, such that −→zy ∈ X. Then the following four statements hold.

(i) If x �= u �= y, (x, u) ∈ E and −→xu Υ
−→
xy, then z �= u, (z, u) ∈ E and −→zu ∈ X.

(ii) If x �= u �= y, (u, y) ∈ E and −→uy Υ −→xy, then z �= u, (z, u) ∈ E and −→zu ∈ Y.
(iii) If −→pq ∈ Z, then −→zp ∈ Y and −→zq ∈ X.
(iv) z /∈ V(Z).

Proof. We first prove (i). Notice that −→xz /∈ Z, since −→zx ∈ Y and Z �= Y−1. Then
u �= z because −→xy ∈ Z �= Y−1 and −→xu Υ −→xy. Since z ∈ P, if (z, u) /∈ E, −→xz Υ −→xu, a
contradiction to the assumption that −→xz /∈ Z. Hence (z, u) ∈ E must hold. Since−→xu Υ −→xy, we have that (y, u) /∈ E and at least one of y and u is a probe. Because
(z, u) ∈ E, (z, y) ∈ E, (y, u) /∈ E, and at least one of y and u is a probe, we have−→zu Υ −→zy and −→zu ∈ X because −→zy ∈ X.

The proof of (ii) is similar.
Next, to prove (iii), let −→pq ∈ Z. By Proposition 2, since −→xy ∈ Z, there exists

a canonical Υ-chain −→xy = −−→x0y0 Υ · · · Υ −−−→xkyk = −→pq.

We claim that xi �= z �= yi, −→zxi ∈ Y, and −→zyi ∈ X, for 0 ≤ i ≤ k. We prove the
claim by induction on i. It holds for i = 0 by assumption. Suppose it holds for
i − 1. If xi−1 = xi and yi �= yi−1, then −→zyi ∈ X by (i). Otherwise xi−1 �= xi

and yi = yi−1 and hence −→zxi ∈ Y by (ii). In either case, we have xi �= z �= yi,−→zxi ∈ Y and −→zyi ∈ X. In particular, p = xk �= z �= yk = q, −→zp = −→zxk ∈ Y, and−→zq = −−→zyk ∈ X. We have (iii) and (iv). ��
The following is immediate from (iv) of Lemma 1.

Corollary 2. Let G = (P+N, E) be a partitioned graph with a probe implication
class Z. Let x, y, z ∈ V = P + N, let (x, y), (x, z), (y, z) ∈ E, and let z ∈ P. If−→
xy ∈ Z, then z ∈ V(Z) if and only if at least one of −→xz ∈ Z or −→zy ∈ Z.

Lemma 2. Let G = (P + N, E) be a partitioned graph and let A be a probe
implication class of G. Exactly one of the following alternatives holds.

(i) either A = A−1 or,
(ii) A∩A−1 = ∅, and A and A−1 are quasitransitive orientations of the graph

GA = (V(G), Â).
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Proof. If A∩A−1 �= ∅, then there exists an arc −→xy ∈ A∩A−1, and −→xy Υc −→yx. For
any −→uv ∈ A, we have −→uv Υc −→xy and −→yx Υc −→vu, implying −→uv Υc −→vu and −→vu ∈ A.
Thus A = A−1.

On the other hand suppose A ∩A−1 = ∅. We will show that V(A2 − A) ⊆ N

by showing that for −→xy,−→yz ∈ A where at least one of x and z is a probe of G,−→
xz ∈ A. If (x, z) /∈ E, then −→xy Υ

−→
zy and −→zy ∈ A∩A−1 �= ∅, a contradiction. Thus

(x, z) ∈ E must hold. If −→xz ∈ A, then we are done. Suppose −→xz /∈ A. Consider
the case of x ∈ P. We have −→yz ∈ A and −→yx,−→xz /∈ A. By Corollary 2, x /∈ V(A), a
contradiction. The case of z ∈ P is similar. Thus A is a quasitransitive orientation
of GA.

Obviously, quasitransitivity of A implies quasitransitivity of A−1 for GA. ��
Lemma 3. Let G = (V, E) = (P + N, E) be a partitioned graph, and let A be
a probe implication class of G. If F is a quasitransitive orientation of GĀ =
(V, E − Â) and if A∩A−1 = ∅, then F + A is a quasitransitive orientation of G.

Proof. By the previous lemma, A is a quasitransitive orientation of GA = (V, Â).
Let F = F + A. Clearly F is an orientation of G and F ∩ A = ∅. If F is not
quasitransitive, then there exist arcs −→xy,−→yz ∈ F, x and z not both nonprobes,
such that −→xz /∈ F. If (x, z) /∈ E then −→xy Υ −→zy, contradicting quasitransitivity of
A unless both −→xy,−→zy ∈ F. But then −→xy and −→yz violate quasitransitivity of GĀ.

Suppose then that −→zx ∈ F. Two of the three arcs, −→xy,−→yz, and −→zx, must
be in A, or in F. We have a violation of quasitransitivity in GA, or in GĀ,
respectively. ��
Notice that for every implication class A, V(A) is a partitive (or module) in
G [4, pp. 112]. That is, for each vertex x ∈ V − V(A) either V(A) ∩N(x) = ∅

or V(A) ⊆ N(x). We define the following generalization which includes probe
implication classes.

Definition 10. Let G = (P + N, E) be a partitioned graph, and let M ⊆ V =
P + N. Let C1, . . . , Ct be the components of G[P(M)]. We call M a QT-module
if the following conditions are satisfied.
(a) ∀x∈P−M either N(x) ∩M = ∅ or M ⊆ N(x).
(b) ∀y∈N−M∀1≤i≤t either N(y) ∩ V(Ci) = ∅ or V(Ci) ⊆ N(y).

Lemma 4. Let G = (P + N, E) be a partitioned graph and let A be a probe
implication class of G. Then V(A) is a QT-module.

Proof. First suppose there exists an x ∈ P−V(A) which is connected to some, but
not all, vertices in V(A). Define R = {w ∈ V(A) | (x, w) ∈ E} and U = V(A) − R.
By Corollary 1, the undirected graph (V(A), Â) is connected. There exist p ∈ U

and q ∈ R such that −→pq ∈ A or ←−pq ∈ A. Since (p, q), (q, x) ∈ E, (p, x) /∈ E, and
x ∈ P, we obtain −→pq Υ −→xq and ←−pq Υ ←−xq, (3)

contradicting x /∈ V(A). We have shown that condition (a) of Definition 10 is
satisfied.
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Instead suppose there exist a y ∈ N − V(A) and a component Ci of P(V(A))
such that y is adjacent to some but not all vertices in Ci. The proof is the same
as before, except that now R and U are the neighbors and nonneighbors of y

restricted to Ci, and that this time p is a probe in (3) (instead of x). Therefore
condition (b) of Definition 10 is also satisfied. ��
Lemma 5. Let G = (P + N, E) be a partitioned graph, let M be a QT-module
and let A be a probe implication class of G. Then either

V(A) ⊆M or A ∩ (M×M) = ∅.

Proof. Suppose that −→xy Υ −→zy for some edges (x, y), (y, z) ∈ E with x, y ∈M and
z ∈ V −M. If z ∈ P, Definition 10 gives us that (x, z) ∈ E. If z ∈ N and (x, z) /∈ E,
then x cannot be a probe, because otherwise x and y are in the same component
of P(M). Either case contradicts −→xy Υ −→zy, from which the lemma follows. ��
We are now ready to prove our main theorem.

Theorem 4. Let G = (V = P + N, E) be a partitioned graph. The following
statements are equivalent.

(i) G is a partitioned probe comparability graph.
(ii) A ∩A−1 = ∅ for each probe implication class A of G.
(iii) For each probe implication class A of G, the graphs GA = (V, Â) and

GĀ = (V, E − Â) are partitioned probe comparability graphs.

Proof. We will prove the theorem by induction on the number of vertices in G,
and on the number k of probe color classes when two graphs have the same
number of vertices.

Suppose k = 1. Since G has only one probe color class, E(GĀ) = ∅, and
by Lemma 2, all the statements hold or none hold.

For the remainder of the proof we assume that k > 1, and that the theorem
holds for all partitioned probe graphs on fewer vertices than G, and for all
partitioned probe graphs on V(G) for which the number of probe color classes is
less than k. We prove that the statements are equivalent for a partitioned probe
graph G of k probe color classes.

(i)=⇒(ii). Let F be a quasitransitive orientation of G and suppose that−→xy ∈ A ∩A−1. Then there is an Υ-chain from −→xy to −→yx

−→xy = −−→x1y1 Υ · · · Υ −−→x�y� = −→yx.

However, from the definitions of Υ and quasitransitive orientation for G, if (x, y)
and (p, q) are two edges of G such that −→xy ∈ F and −→xy Υ

−→
pq then −→pq ∈ F, which

is a contradiction since −→xy and −→yx cannot both be in F.
(ii)=⇒(iii). That GA is a partitioned probe comparability graph follows

from (ii) of Lemma 2. In the following we prove that GĀ is also a partitioned
probe comparability graph. We consider two cases:
Case 1.V(A) = V . First we show that every probe implication class D of G, with
D̂ �= Â, is a subset of some probe implication class of GĀ. Let ΥĀ denote the
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relation Υ for the graph GĀ. Suppose−→xy,−→xz ∈ D and−→xy Υ−→xz. Then (x, z) /∈ E and
clearly −→xy ΥĀ

−→xz. That is, an Υ-chain between two arcs of D implies an ΥĀ-chain
between them. Thus D is a subset of some probe implication class of GĀ.

We will show that probe implication classes of G that merge in GĀ are all stars
in GĀ with a nonprobe as the center, and any two stars which merge together
have a common center as the source for all arcs or the sink for all arcs in the
classes. Therefore D∩D−1 = ∅ for every probe implication class D of GĀ. Since
GĀ has at least one class fewer than G, the result now follows from the induction
hypothesis.

Suppose the relation ΥĀ connects −→xy ∈ Di and −→xz ∈ Dj, where Di and Dj

are two distinct probe implication classes of G. Then (y, z) ∈ Â. If x ∈ P, then
by Lemma 1 (iv) x /∈ V(A), contradicting the assumption V(A) = V(G); thus
x ∈ N, and y and z must be probes. Also note that Di �= D−1

j , since otherwise
−→
zx,
−→
xy ∈ Di, but −→zy /∈ Di. Therefore D̂i ∩ D̂j = ∅.
Suppose there exists a vertex p �= x such that −→xy Υ −→py. Then p ∈ P since

x ∈ N. Since z ∈ P and −→xy,−→py ∈ Di, we have −→pz ∈ Dj by the Probe Trian-
gle Lemma (iii). Then by (iv) of the same lemma, since −→py ∈ Di, −→pz ∈ Dj,
and −→yz ∈ Â, we have p /∈ V(A), a contradiction. Hence all arcs of the probe
implication class of −→xy must be of the form −→xq. Hence Di is a star, as claimed.
Since −→xy ∈ Di and −→xz ∈ Dj, we see that Di and Dj merge at x.

Case 2. V(A) ⊂ V . As in Case 1, every probe implication class of G except
A and A−1 is contained in some probe implication class of GĀ. Therefore GĀ

has at least one color class fewer than G. The result follows from the induction
hypothesis if D ∩D−1 = ∅ for every implication class of GĀ.

We divide the arcs of
−→
E (GĀ) into two groups: those arcs between two vertices

of M = V(A), and those with at least one endvertex not in M. Since M is a
QT-module, by Lemma 5, every probe implication class of G is either a subset of−→
E (G[M]), or disjoint from

−→
E (G[M]). First consider G[M]. Relation Υ does not

connect any arc of
−→
E (G[M]) with any arc not in

−→
E (G[M]), and ΥĀ does not

either, because the edges of G missing in GĀ do not leave M. Thus, by the same
argument as in Case 1, every probe implication class D of (M, E(G[M]) − A)
satisfies D ∩D−1 = ∅.

Next we consider those probe implication classes that are disjoint from−→
E (G[M]). Let X be a set containing one vertex from each component of G[P(M)].
Since G[V −M+X] is a proper induced subgraph, it satisfies statement (ii) of the
theorem. Since the vertex set is not all of G, the induction hypothesis says that
G[V −M+X] is a partitioned probe comparability graph having a quasitransitive
orientation F. We extend this orientation to an orientation F∗ of (V, E − E(G[M]))
as follows. Let v ∈ V − M. Since X is an independent set, every arc between v

and X in F is from v to X, or every such arc is from X to v. We give every edge
between v and M the same orientation.

We show that F∗ is again a quasitransitive orientation. Suppose there is a
violation of quasitransitivity in F∗ involving (v, x), (v, y) ∈ E. If v ∈ V − M, and
x, y ∈M, by the construction of F∗,
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−→
vx ∈ F∗ ⇐⇒ −→

vy ∈ F∗

and there is no violation.
Next, assume x ∈ M but v, y ∈ V − M, and x and y not both nonprobes. If
x ∈ P, let z ∈ X be the vertex, possibly the same as x, in the same component
of P(G[M]) as x; otherwise, if x ∈ N, let z ∈ X be arbitrary. Then

(z, y) ∈ E ⇐⇒ (x, y) ∈ E

because M is a QT-module. Since (v, x) and (v, z) have the same direction, as
well as (x, y) and (z, y) if they are both edges, and since {z, y, v} does not contain
a violation of quasitransitivity, neither does {x, y, v}.

Suppose now v ∈ M and x, y ∈ V − M. Then there exists z ∈ X such that
(z, x), (z, y) ∈ E and such that (z, x) and (z, y) receive the same orientations as
(v, x) and (v, y), respectively. Since F is quasitransitive, {x, y, z} does not contain
a violation of quasitransitivity; neither therefore does {x, y, v}.

We conclude that (V, E − E(G[M])) is a partitioned probe comparability graph
with quasitransitive orientation F∗ and with fewer color classes than G. By the
inductive hypothesis D ∩D−1 = ∅ for every implication class D of this graph.
Thus we have D∩D−1 = ∅ for every probe implication class D of GĀ, which by
induction on the number of classes is a partitioned probe comparability graph.
(iii)=⇒(i). This implication is due to Lemma 3. ��
The Probe TRO Theorem follows immediately from Theorem 4. The algorithm
for the recognition of partitioned probe comparability graphs can be obtained by
modifying the algorithm given by Golumbic [4, pp. 130]. Due to the limitation
of the length, we omit the detail. We obtain the following theorem.

Theorem 5. Recognition of partitioned probe comparability graphs and finding
a quasitransitive orientation can be done in O(Δ ·m) time and O(n + m) space,
where Δ is the maximum degree of a vertex. Moreover, an embedding can also
be obtained from a quasitransitive orientation in O(Δ ·m) time.

Let G = (P + N, E) be a partitioned graph. The sandwich conjugate G∗ of G is
the partitioned graph obtained from G by removing all edges between vertices
of N. Then we have that a partitioned graph is a partitioned probe cocompa-
rability graph if and only if its sandwich conjugate G∗ is a partitioned probe
comparability graph. Thus we have the following corollary.

Corollary 3. The recognition of partitioned probe cocomparability graphs can be
done in O(n3) time.

3 Recognition of Partitioned Probe Permutation Graphs

Definition 11. Let π ∈ Sym(n) be a permutation acting on the set of integers
{1, 2, . . . , n}. We define the inversion graph G[π] as follows. The graph has vertex
V = {x1, . . . , xn} and edge set E defined by

(xi, xj) ∈ E ⇐⇒ (i − j) (π−1(i) − π−1(j)) < 0.
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An undirected graph G is called a permutation graph if there exists a permutation
π such that G ∼= G[π].

Pnueli et al. showed that a graph G is a permutation graph if and only if both
G and G are comparability graphs [7]. In the following we extend this statement
to cover partitioned probe permutation graphs.

Lemma 6. Let G = (P + N, E) be a partitioned graph. Then G is a partitioned
probe permutation graph if and only if there exists a labeling L of the vertices
by integers 1, . . . , n, and a permutation π ∈ Sym(n) such that (x, y) ∈ E if and
only if both

{x, y} �⊆ N and (L(x) − L(y))
(
π−1L(x) − π−1L(y)

)
< 0. (4)

Proof. It is easy to see that if (x, y) ∈ E(G[π]) − E is an edge, then {x, y} ⊆ N.
Thus G[π] is an embedding of G. ��
Theorem 6. A partitioned probe graph G is a probe permutation graph if and
only if both G and G∗ are partitioned probe comparability graphs.

Proof. Let G be a partitioned probe permutation graph and let H be an embed-
ding of G. Both H and H are comparability graphs. By definition, {x, y} ⊆ N if
either (x, y) ∈ E(H) − E(G) or (x, y) ∈ E(H) − E(G). Thus both G and G∗ are
partitioned probe comparability graphs.

Suppose both G and G∗ are partitioned probe comparability graphs. By The-
orem 2, both G and G∗ have quasitransitive orientations. Let F1 and F2 be
quasitransitive orientations of G and G∗, respectively. We claim that (V, F1 +F2)
is an acyclic digraph. If not, let v0, . . . , v�, v0 be a cycle of the smallest possible
length � > 3. Since at least one of the two ends of an edge is a probe, without loss
of generality let v0 ∈ P. Then either ←−−v0v2 ∈ F1 + F2, in which case v0, v1, v2, v0

is a shorter cycle, or −−→v0v2 ∈ F1 + F2, in which case v0, v2, v3, . . . , v0 is a shorter
cycle, contradicting minimality in each case.

If � = 3, then at least two of the three vertices visited by the cycle are probes
and at least two of the edges of the cycle are in the same Fi, 1 ≤ i ≤ 2, implying
that Fi is not quasitransitive. Thus (V, F1 + F2) is acyclic. Similarly (V, F−1

1 + F2)
is acyclic. In the following we construct a permutation π such that G[π] is an
embedding of G. Define two labelings L and L′ as follows.

1. Label the vertices in the order determined by a topological sort of vertices of
(V, F1 + F2), that is, L(x) = i if x is the ith vertex of this sort.

2. Label the vertices according to the order determined by a topological sort of
vertices of (V, F−1

1 + F2), that is, that is, L′(x) = i if x is the ith vertex of the
new sort.

Then π(i) = L ◦ L′−1
(i), for i = 1, . . . , n.

Notice that L(y) > L(x) if and only if −→xy ∈ F1 + F2. Similarly L′(y) > L′(x) if
and only if −→xy ∈ F−1

1 +F2. Since it is the edges of E which have their orientations
reversed between Steps I and II and {x, y} �⊆ N if (x, y) ∈ E, we have

(x, y) ∈ E ⇐⇒ {x, y} �⊆ N and (L(x) − L(y)) (L′(x) − L′(y)) < 0

which is exactly what we get by substituting π = L ◦ L′−1 into (4). ��
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By Theorem 5 and Theorem 6 we obtain:

Theorem 7. A partitioned probe permutation graph can be recognized in O(n3)
time.
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Abstract. We discuss the complexity of computing various graph poly-
nomials of graphs of fixed clique-width. We show that the chromatic
polynomial, the matching polynomial and the two-variable interlace poly-
nomial of a graph G of clique-width at most k with n vertices can be
computed in time O(nf(k)), where f(k) ≤ 3 for the inerlace polynomial,
f(k) ≤ 2k + 1 for the matching polynomial and f(k) ≤ 3 · 2k+2 for the
chromatic polynomial.

1 Introduction

In this paper1 we deal with the complexity of computing various graph poly-
nomials of a simple graph of clique-width at most k. Our discussion focuses on
the univariate characteristic polynomial P (G, λ), the matching polynomial
m(G, λ), the chromatic polynomial χ(G, λ), the multivariate Tutte polyno-
mial T (G,X, Y ) and the interlace polynomial q(G,XY ), cf. [Bol99], [GR01]
and [ABS04b]. All these polynomials are not only of graph theoretic interest,
but all of them have been motivated by or found applications to problems in
chemistry, physics and biology. We give the necessary technical definitions in
Section 3.

Without restrictions on the graph, computing the characteristic polynomial is
in P, whereas all the other polynomials are �P hard to compute. Clique-width is
a parameter of graphs similar, but more flexible, than its related notion of tree-
width, [CO00], [CMR01]. Tree-width plays an important rôle in parametrized
complexity theory, as shown forcefully in the monograph of Downey and Fellows
[DF99].

We assume the reader is familiar with the basic of complexity theory as given
in [Pap94], and with the notion of tree-width of a graph. General background
on tree-width may be found in [Die96].

1 We report here some of the results obtained in the first author’s seminar 238900 on
graph polynomials, held in 2005 at the CS Department of the Technion.
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We distinguish between the following upper bounds for the running time of
algorithms with input size n and a parameter k of the input:

Fixed parameter exponential time (FPEXP). Runtime less than 2nc1(k)

with c1(k) ≥ 1.
Fixed parameter subexponential time (FPSUBEXP).

Runtime less than 2c2(k)·n1−ε(k)
.

Fixed parameter polynomial time (FPPT). Runtime less than nc3(k).
Fixed parameter tractable (FPT). Runtime less than c4(k) · nd.
Polynomial time (P). Runtime less than O(nd).

Here d is independent of n and k, whereas the other constants may depend on
k. In this paper k will be either the tree-width or the clique-width of the input
graph G.

Our main results are summarized in the following theorem.

Theorem 1. There are algorithms such that, for a graph G with n vertices of
clique-width at most k, given together with its k-expression,

(i) the interlace polynomial q(G,X, Y ) can be computed in time O(nd), where d
is constant independent of n and k. Hence it is in FPT for k, cf. Proposition
3.

(ii) the matching polynomial m(G, λ) can be computed in time O(nf(k)), where
f is function independent of n and linear in k. Hence it is in FPPT for k.
cf. Theorem 4.

(iii) the chromatic polynomial χ(G, λ) can be computed in time O(nf(k)), where
f is function independent of n and simply exponential in k. Hence it is in
FPPT for k. cf. Theorem 6.

We summarize the known and new results in table 1.

Table 1. Overview of complexity

Polynomial tree-width k clique-width k

P (G,λ) in P in P

χ(G,λ) in FPT for k [And98, Nob98] in FPPT for k NEW

m(G,λ) in FPT for k [Mak04] in FPPT for k NEW

q(G,X, Y ) in FPT for k NEW in FPT for k NEW

T (G,X, Y ) in FPT for k [And98, Nob98] in FPSUBEXP for k [GHN05]

Note that in the case of the matching polynomial f is linear in k, whereas for
the chromatic polynomial it is exponential in k. For arbitrary graphs only the
characteristic polynomial is in P. The others are all �P-hard, [Val79], [ABS04b],
[JVW90].
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Relevance of the results. We report here on ongoing research into the com-
plexity of computing graph polynomials on graphs of bounded clique-width.
There are two ways of approaching the problem: Either one establishes that one
can apply [Mak04, Theorem 6.6], which can be far from obvious, or use explicit
methods. For the interlace polynomial we indeed use the first apporach. For
counting problems the explicit approach was applied to the chromatic number
in [KR03], and to �SAT in [FMR06]. For the Tutte polynomial it was applied
in [GHN06]. To the best of our knowledge no other work on the complexity of
graph polynomials on graph classes of bounded clique-width was published. Our
explicit results show remarkable differences concerning the various polynomi-
als. Whether this is inherent or just due to the absence of more sophisticated
algorithms remains open. We suspect that the differences are inherent.

2 Clique-Width of Graphs

The notion of clique-width was introduced in [CER93] and developed more sys-
tematically in [CO00]. k-graphs are graphs with vertices labeled with possibly
one out of k many labels. The class of graphs CW (k) of clique-width at most k
is defined inductively. Singleton k-graphs are in CW (k). CW (k) is closed under
disjoint union ⊕, relabeling of the label i by the label j, denoted by ρi→j , and,
for i �= j, edge creation ηi,j where all the vertices labeled i are connected to all
the vertices labeled j. The clique-width of a graph G is the minimum k such
that G ∈ CW (k). A k-expression t is a term built using the terms for singleton
k-graphs, disjoint union, relabeling and edge creation. We denote by val(t) the
k-graph described by t. Courcelle and Olariu in [CO00] showed that the clique-
width of graphs of tree-width at most k are in CW (2k+1+1). Therefore, any class
of graphs of bounded tree-width is automatically of bounded clique-width. The
best known bound is due to [CR05]. Given a graph G, computing its tree-width
is NP-hard, [ACP87]. The same was recently shown to be true for clique-width
[FRRS05]. Deciding whether G has tree-width at most k is in FPT for k. For
clique-width this is not known to be true. However, S. Oum and P. Seymour,
[OS05], showed

Theorem 1 (S. Oum and P. Seymour, 2004). There is polynomial time
algorithm, which for fixed k, decides whether the graph has clique-width at least
k + 1 or else outputs a k1 = (23k+2 − 1)-expression for the graph showing that
its clique-width is at most k1.

In general, it seems that finding an explicit bound for the clique-width is a more
complicated task than finding a bound for the tree-width.

3 Graph Polynomials

Let G be the class of graphs G = (V,E) without loops and multiple edges. Let
R be a ring and X̄ be a (not necessarily finite) set of indeterminates. A graph
polynomial is a function
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p : G → R[X̄ ]

such that for isomorphic graphs G1 � G2 we have p(G1) = p(G2).
There are plenty of graph polynomials which have been discussed in the lit-

erature, although no systematic treatment on graph polynomials in general is
available. To put our results into perspective we discuss briefly several classical
graph polynomials, the chromatic polynomial χ(G, λ), the characteristic polyno-
mial P (G, λ), the acyclic generating matching polynomials m(G, λ) and g(G, λ)
and the Tutte polynomial T (G,X, Y ).

The chromatic polynomial. Let χ(G, λ) denote the number of proper vertex
colorings of G with at most λ many colors. G. Birkhoff, [Bir12], observed in
1912 that χ(G, λ) is, for a fixed graph G, a polynomial in λ, which is now called
the chromatic polynomial of G. The chromatic polynomial is the oldest graph
polynomial to appear in the literature, and since then a substantial body of
knowledge about the chromatic polynomial of graphs and its applications has
been accumulated. The recent book by F.M. Dong, K.M. Koh and K.L. Teo
[DKT05] gives an excellent and extensive survey. One of the surprising facts is
a theorem of R.P. Stanley, [Sta73], which states that χ(G,−1) is the number of
acyclic orientations of G.

The Tutte polynomial. Interesting generalizations of the chromatic poly-
nomial were introduced by H. Whitney in 1932 and Tutte in 1947. The most
prominent among them is now called the Tutte polynomial T (G,X, Y ) which is
a two variable polynomial from which the chromatic polynomial can be obtained
via a simple substitution and multiplication with a prefactor. For a modern ex-
position the reader is referred to [Bol99, chapter X], [Wel93]. For this paper we
do not need a definition of the Tutte polynomial.

Other univariate graph polynomials were introduced after 1955, often first
motivated by problems from chemistry and physics.

The characteristic polynomial of a graph G, denoted by P (G, λ) is the
characteristic polynomial of the adjacency matrix MG of the graph G, P (G, λ) =
det(λ · 1−MG) and is completely determined by the eigenvalues of MG, which
are all real, as the matrix is symmetric.

The matching polynomials. The acyclic polynomial of G is the polynomial
m(G, λ) =

∑
k(−1)k · mk(G) · λn−2k, where the coefficients mk(G) count k-

matchings. A chemical point of view of these polynomials is given in [CDS95]
and [Tri92], where also algorithmic aspects are touched. A close relative of the
acyclic polynomial is the generating matching polynomial of a graph G g(G, λ) =∑

k mk(G)λk where m(G, λ) = λng(G, (−λ−2)). An excellent survey on these
two matching polynomials may be found in [LP86, Chapter 8.5]. We shall refer
to both as matching polynomials.

The interlace polynomials. The interlace polynomials were introduced in
[ABS00, ABS04a, ABS04b]. and further studied in [AvdH04]. The most general
version is a two-variable version from [ABS04b] given by
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q(G,X, Y ) =
∑

S⊆V (G)

(X − 1)r2(G[S])(Y − 1)|V |−r2(G[S])

where G[S] is the subgraph induced by S and r2(G) is the matrix rank over
Z2 of the adjacency matrix of G. The polynomial introduced in [ABS00] can be
written as

qN (G, Y ) = q(G, 2, Y ) =
∑

S⊆V (G)

(Y − 1)|V |−r2(G[S])

The evaluation q(G, 1, 2) counts the number of independent sets of a graph,
[ABS04b].

Relationship between the polynomials. It is well known that the chromatic
polynomial can be obtained from the Tutte polynomial by a simple substitution
and multiplication with a polynomial time computable graph invariant. It is open
whether such a reduction exists between the remaining polynomials (not includ-
ing the trivial relationships with the characteristic polynomial). But for each
two polynomials one can find pairs of graphs G1, G2 for which one polynomial
gives the same value and for the other it gives different values.

4 Complexity of Computing the Graph Polynomials

The general situation. It is natural to ask how difficult it is to compute the
various graph polynomials. We look at two versions of this problem:

Coefficents: Given a graph G, compute all the coefficients of the polynomial
p(G, λ).

Evaluation: Given a graph G, evaluate the polynomial p(G, λ) for a fixed λ =
λ0 > 0 in the underlying ring R.

If the ringR is the ring of integers Z these problems are well defined in the Turing
model of computations. For arbitrary rings it is best to work in the unit-cost
model of computation as described in, say, [BCSS98].

Clearly, if we can evaluate a polynomial efficiently, also its coefficents can be
computed efficiently. Evaluating the polynomial χ(G, λ) for integers λ ≥ 3 is �P-
complete, [Val79]. For the best known algorithms, see [FK03]. Even if restricted to
planar graphs, counting the number of 3-colorings or the number of acyclic orien-
tations, i.e. evaluating the polynomialχ(G, λ) at λ = 3 and λ = −1, is known to be
�P-hard [VW92]. This also makes evaluating the Tutte polynomial �P-hard. The
same is true for the acyclic polynomial due to its connection to counting matchings,
and for the interlace polynomial, due to its counting of independent sets, cf. [Val79].
However, it remains open, whether evaluating qN (G, Y ) is �P-hard, cf. [ABS04b].
In their remarkable paper, [JVW90], F. Jaeger, X. Vertigan and D. Welsh, have
characterized completely the points (a, b) in the complex plane, where evaluating
the Tutte polynomial T (G, a, b) is difficult for arbitrary graphs.



196 J.A. Makowsky et al.

Computing the coefficients for univariate polynomials of degree d can be done
in polynomial time from d + 1 evaluations at different points. Computing the
coefficients for multivariate polynomials is in general more complicated. The the
coefficients of the characteristic polynomial are computable in polynomial time
using classical algorithms for the determinant of a matrix.

5 Bounded Tree-Width

J. Oxley and D. Welsh [OW92] also noted that the Tutte polynomial for se-
ries parallel graphs, which are graphs of tree-width at most 2, can be computed
in polynomial time. This was extended to arbitrary fixed tree-width k inde-
pendently by A. Andrzejak [And98] and S. Noble [Nob98], and therefore also
holds for the chromatic polynomial. Actually, they showed that computing the
Tutte polynomial is in FPT on graph classes of tree-width at most k with com-
putation time roughly f(k)n3 where f(k) is simply exponential in k and the
tree-decomposition of the graph is given in advance.

The same result also follows from a more general method presented in [Mak04],
which also covers the acyclic polynomial and a wide range of other graph poly-
nomials where summations is restricted to families of subsets of edges which are
definable in Monadic Second Order Logic, including, using Proposition 3 below,
the interlace polynomial. However, even when the tree decomposition is given in
advance, f(k) here would be at least doubly exponential.

For the matching polynomial we have improved this.

Theorem 2. If the graph G is given together with its k-tree decomposition then
the matching polynomial can be computed in time O(23k ·n3) where the remaining
constants are independent of k and n.

Proof (Sketch). As in [CO00], we translate a k-tree decomposition of the input
graph into a k-expression, but we note that the ηi,j ’s are only applied to sets
with label i and j which are smaller than k. Then we proceed as in the proof of
Theorem 4 below. �

Similar results for polygraphs, which are special case of graph classes of bounded
path-width, were obtained already in [BGMP86]. For the Tutte polynomial,
and hence for the chromatic polynomial, similar bounds can be obtained from
[And98, Nob98].

6 Bounded Clique-Width: The Interlace Polynomial

In the same paper [Mak04], in Theorem 6.6 it is shown that, in combination
with the work of P. Seymour and S. Oum [OS05], graph polynomials, where
summations are restricted to families of subsets of vertices which are definable
in Monadic Second Order Logic, are in FPT for graph classes of clique-width
at most k. To apply this to the interlace polynomial it suffices to show
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Proposition 3. The interlace polynomial can be written as
∑

A:φ(A,B,C)

∏

u:u∈B

U
∏

v:v∈C

V

where φ(A,B,C) is a formula with free monadic variables A,B,C in MSOL
with a parity quantifier. In other words, it is a C2MSOL-definable graph poly-
nomial.

Proof (Sketch). The interlace polynomial is defined as

q(G,X, Y ) =
∑

S⊆V (G)

(X − 1)r2(G[S])(Y − 1)|V |−r2(G[S])

First we substitute X − 1 = U and Y − 1 = V . To get the formula φ, we
formalize vectors of the adjacency matrix by unary predicates. This can be done
in MSOL. To compute the rank in GF (2) we use the fact that in GF (2) a sum
of 1’s vanishes iff it consists of an even number of summands. For this part we
need a counting quantifier C2. �

A very similar argument can be found in [CO06].
Theorem 1 (i) now follows from [Mak04, OS05]. However, this method does

not apply to the chromatic polynomial, the Tutte polynomial and the matching
polynomials.

7 Bounded Clique-Width: The Matching Polynomial

A more explicit version of Theorem 1(ii), combined with Theorem 1 is the fol-
lowing:

Theorem 4. The matching polynomial m(G, λ) of a graph G with n vertices of
clique-width at most k can be computed in polynomial time. More precisely, in
time O(nα(k)), with α(k) = O(2k+ 1) if a k-expression for the graph G is given.
Hence it is in FPPT. Otherwise, α(k) is simply exponential in k.

For the proof we first restrict our attention to k-expression which are irredun-
dant. Then we introduce a set of auxiliary polynomials, the constrained matching
polynomials. We use the dynamic programming approach to compute the auxil-
iary polynomials. Finally, we piece everything together.

Irredundant k-expressions. Let K = 1, 2, ..., k be a set of k labels, and T (K)
be the set of all the possible k-expressions using labels of K. A k-expression is
called irredundant if for every of its subexpression of the form ηi,j(t′) no vertex
labeled i is adjacent to vertex labeled j in val(t′). According to [CO00], every
graph built inductively from a k-expression t ∈ T (K), can also be built from
an irredundant k-expression t′ ∈ T (K). To proceed, let G be a graph, and t
be its irredundant k-expression. We want to compute its matching polynomial
m(G, λ). We denote by tree(t) the parse-tree of t. We shall use a set of auxiliary
polynomials.
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Constrained matching polynomials cmF (H,λ). Let H(V,E) be a labeled
graph with labels 1, 2, ..., k. We denote by Pi the set of vertices v ∈ V labeled i.
Let F = (f1, f2, ..., fk) be a vector of k non-negative integers 0 ≤ fi ≤ n, where
n =| V |. We will denote by cml

F (H) the number of l-matchings, which leave
unused exactly fi vertices labeled i, for every label 1 ≤ i ≤ k. The constrained
matching polynomial is defined by:

cmF (H,λ) =

n
2∑

l=0

cml
F (H)λl

Obviously, the size of suitable matchings is uniquely defined by F , so actually
cmF (H,λ) is a monomial. Our set of auxiliary functions is: {cmF (H,λ)}.

The algorithm

Singletons labeled i: If F = (0, 0, ...0, 1, 0, ..., 0) with a single 1 at the i-th
position, then cmF (H,λ) = 1, otherwise cmF (H,λ) = 0.

⊕: Assume H = H1 ⊕H2. Since the graphs H1 and H2 are disjoint, it is easy
to check that

cmF (H) =
∑

F1

cmF1(H1) · cm(F−F1)(H2) (1)

F − F1 is vector subtraction. If F − F1 has a negative coordinate we put
cm(F−F1)(H2) = 0.

ρi→j: Assume H = ρi→j(H1),i �= j. Then we have:

cmF (H) =
∑

F ′:(F,F ′)|=ϕ

cmF ′(H1) (2)

where

ϕ =

⎛

⎝∀l:1≤l≤k : fl =

⎧
⎨

⎩

f ′
i + f ′

j if l = j
0 if l = i
f ′

l otherwise

⎞

⎠ (3)

ηi,j: Assume H = ηi,j(H1),i �= j. Since t is an irredundant k-expression, this
operation adds new edges between all the vertices labeled i and all the ver-
tices labeled j. Any matching of H consists of some matching of H1 and
(optionally) some new edges. If such a matching includes q new edges, then
it chooses two sets A and B and a bijection between A and B, where A con-
sists of q of fi free vertices labeled i, and B consists of q of fj free vertices
labeled j. There are q! many such bijections. Using the definition of cmF and
counting the suitable matchings of the left and the right side of the equation
we get:

cmF (H) =
∑

q,F ′|=ϕ

λq · cmF ′(H1) ·
(
f ′

i

q

)

·
(
f ′

j

q

)

· q! (4)
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where

ϕ =

⎛

⎝∀l:1≤l≤k : fl =

⎧
⎨

⎩

f ′
i − q if l = i
f ′

j − q if l = j
f ′

l otherwise

⎞

⎠ (5)

For the inductive computation of m(G, λ) we observe that for different F1 and
F2 the sets of matchings counted by cmF1(H,λ) and cmF2(H,λ) are disjoint.
Furthermore, every matching of H is counted by some cmF (H,λ). Hence, the
matching polynomial of graph G can be obtained by summation over F :

m(G, λ) =
∑

F

cmF (H,λ) (6)

Complexity analysis

(i) We initialize up to (nk) auxiliary monomials by 0 or 1.
(ii) For the disjoint union ⊕ we sum over all possible F1, which is O(nk), for

all the (nk) auxiliary monomials. This gives O(n2k) steps.
(iii) For ρ we sum over F1, but the only free value is the j’th field of the vector

(O(n)). This give, for (nk) auxiliary monomials, O(nk+1) steps.
(iv) For η we sum over q, which uniquely defines F ′. We get, for (nk) auxiliary

monomials, O(nk+1) steps.
(v) Finally, we sum of all the auxiliary monomials, which gives O(nk) steps.

The number of times each operation is applied depends on the term t. ⊕ can
appear at most n times in t because every time the number of vertices in val(t)
grows at least by 1. η cannot be applied more than n2 times, because it adds
edges every time. ρ can appear at most n ∗ k times for sequences of recolorings
without repetitions. Summation of all the monomials is performed once. Hence
we get that the total time complexity of the algorithm is bounded by

O(n · (nk) + n · (n2k) + n2 · (nk+1) + n · k · (nk+1) + (nk)) = O(n2k+1).

8 Bounded Clique-Width: The Chromatic Polynomial

For clique-width at most 2, which are the cographs, cf. [CO00], we have, using
an observation of N. Biggs, [Big93, Chapter 9]:

Theorem 5. The chromatic polynomial of cographs with n vertices can be com-
puted in polynomial time.

D. Kobler and U. Rotics [KR03] showed that the chromatic number of a
graph with n vertices of clique-width at most k given as a k-expression can be
computed in polynomial time O(nα(k)), with α(k) = O(2k).

A more explicit version of Theorem 1(iii) combined with Theorem 1 is the
following:

Theorem 6. The chromatic polynomial χ(G, λ) of a graph G with n vertices of
clique-width at most k can be computed in polynomial time. More precisely, in
time O(nα(k)), with α(k) = O(2k) if a k-expression for the graph G is given.
Otherwise, α(k) is doubly exponential in k.
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Overview of the proof. The value of the chromatic polynomial χ(G, λ) gives
the number of different colorings of a graph G using at most λ colors. We denote
by χ(G, λ) the number of different colorings of a graph G using exactly λ colors.
We say that two colorings c and d of G are isomorphic if the set of sets of vertices
induced by the colors in c is equal to the set of sets of vertices induced by the
colors in d. We denote by ψ(G, λ), the number of non-isomorphic colorings of a
graph G using exactly λ colors.

The input to our algorithm is a graph G together with a k-expression t defin-
ing G. We denote by K the set of labels {1, ..., k} in the k-expression. The
k-expression contains operations ⊕, ηi,j and ρi→j . The algorithms will traverse
tree(t) from bottom to top. It constructs at each step the labeled graph H cor-
responding to a subtree of tree(t) scanned so far, and keeps track of the labels
and the number of their corresponding colorings.

If we wanted to compute χ(G, λ) directly using the k-expression t, the only
difficult case would be ηi,j . However, we shall compute a different quantity,
num-cols(N,H), defined below. It turns out that the inductive computation of
num−cols(N,H) will be easy in the case of ηi,j and ρi→j but a bit more involved
in the case of the disjoint union ⊕.

Introducing num-cols(N,H). Let c be a coloring of a labeled graph H . The
type of a color i of c is defined as the set of labels B ⊆ K, such that label l
belongs to B if and only if there is a vertex of H having label l and color i. The
type of the coloring c is defined by counting for each B ⊆ K, the number of
colors of type B in c. In other words, the type of the coloring c is defined as an
array N of size 2k, such that for every set of labels B ⊆ K, N [B] contains the
number of colors in c of type B.

For an array N we denote by num-cols(N,H), the number of non-isomorphic
colorings of H which are of type N , and by total(N) the sum of all the values
of N . The information we keep is for each array N and for each H the value of
num-cols(N,H). Using this notation it is easy to see that

ψ(G, λ) =
∑

N :total(N)=λ

num-cols(N,G) (7)

Computing num-cols(N,H) inductively. Computing num-cols(N,H), when
H is a singlton is straightforward. When H = ηi,j(H1) or when H = ρi→j(H1) it
is easy to see how to compute num-cols(N,H), from num-cols(N,H1). We now
consider the more complicated case when H = H1 ⊕H2.

Let d and e be colorings of H1 and H2, respectively using disjoint sets of
colors. From these two colorings we can obtain colorings of H1⊕H2, by merging
some of the colors of d and e into the same color. The colors merged are idenitifed
by a set of pairs, denoted by M , where the pair (i, j) belongs to M if and only if
color i of d is merged into color j of e. The set of all possible merges for colorings
d and e is senoted by Merges(d, e). The coloring of H obtained from colorings d
and e using set of merges M is denoted by coloring(d, e,M).
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For an array N we denote by Colorings(d, e,N) the set of all non-isomorphic
colorings of H which of type N and are obtained from the colorings d and e
using a set of merges in Merges(d, e).

Lemma 7. For every four colorings d, d′, e, e′ such that colorings d and d′ are
of the same type and the colorings e and e′ are of the same type and for every
array N , the number of non-isomorphic colorings in Colorings(d, e,N) is equal
to the number of non-isomorphic colorings in Colorings(d′, e′, N).

Note that Lemma 7 holds also when d and d′ are colorings of different graphs
and e and e′ are colorings of different graphs.

Let d and e be any two colorings of H1 and H2 of type N1 and N2 respec-
tively. We define f(N1, N2, N) = |Colorings(d, e,N)|. By Lemma 7 the value
of f(N1, N2, N) does not depend on the specific colorings d and e and on the
graphs H1 and H2 colored by the colorings d and e, respectively. Thus, the value
f(N1, N2, N) for each triple of arrays N1, N2 and N can be calculated in a table
before the algorithm starts. Using this notation we have

num-cols(N,H) =
∑

N1,N2

num-cols(N1, H1)·num-cols(N2, H2)·f(N1, N2, N) (8)

Formula 8 gives us the inductive step in the calculation num-cols(N,H). Using
Formula 7 we now can compute ψ̄(G, λ). Finally we have

χ(G, λ) =
λ∑

α=1

ψ̄(G,α) · α!.

Complexity analysis. The number of different arrays is at most (λ + 1)2
k

,
since for each array N and each B ⊆ K the number of possible different values
of N [B] is at most λ+ 1.

To analyze the complexity of the algorithm we consider the time taken by the
⊕ operations, since the other operations take less time. It can be shown that
the routine which calculates all the values of f(N1, N2, N) before the algorithm
starts takes at most O(2k+1 ∗ (λ + 1)3∗2

k

) time which can be considered as
O(λ3∗2k

), since k is assumed to be a fixed constant.
For each array N , the value of num-cols(N,H), evaluated by Formula 8 is

achieved by considering all pairs of arrays N1, N2 and for each such pair evalu-
ating two multiplications. Thus, the total time for calculating num-cols(N,H) is
at most O(λ2∗2k

). Repeating this calculation for every array N we obtain that
total time taken in calculating F (H) on behalf of one ⊕ operation is at most
O(λ3∗2k

). Since there are at most n ⊕ operations the total complexity of the
algorithm is at most O(n ∗ (λ3∗2k

)). Putting n = λ, evaluating sufficiently often,
and interpolating now gives Theorem 6.

By Stanley’s Theorem, [Sta73], χ(G,−1) is the number of acyclic orientations
of G. Hence we have:

Corollary 8. The number of acyclic orientations of a graph of clique-width at
most k can be computed in polynomial time.
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Comparison with the Tutte polynomial. O. Gimenez, P. Hliněný and M.
Noy [GHN06] showed that the Tutte polynomial on graphs of clique-width at
most k given as a k-expression can be computed in time 2O(n1−ε

) with ε = 1
k+2 .

This does not exclude that computing the Tutte polynomial could be �P-hard
on graphs of bounded clique-width. But, together with Theorem 6, it excludes
showing this via a reduction to the chromatic polynomial.

9 Conclusions and Open Problems

We have done a first step into analyzing the complexity of prominent graph
polynomials on graphs of bounded clique width. All our polynomials are fixed
parameter tractable (are in FPT) on graphs of tree-width at most k. However,
on graphs of clique-width at most k their complexity seems to differ. It is a
challenge for future research to establish whether this is really so.

Comparing the complexities. The complexity of computing the chromatic
polynomial for graphs G of clique-width at most k, given the k-expression of G,
is determined by the dimension of N , which is at least as numerous as the power
set of the labels, i.e. 2k.

In contrast to this, in the case of the matching polynomial, the complexity is
determined by the dimension of F , which is equal to k.

For the Tutte polynomial we could proceed like for the matching polynomial,
but the analogue to the vector F then contains values for each label and for
each connected component of the spanning subgraphs. However, the number of
components may equal the number of vertices of the graph. It is not clear how
to avoid this and how to get an F the size of which depends only on k.

Open problems

(i) Find explicit constants in the case of the interlace polynomial.
(ii) Is computing the matching polynomial or the chromatic polynomial from

k-expressions for graphs of clique-width at most k in FPT for k?
(iii) Can the chromatic polynomial be computed in time comparable to the time

needed for the matching polynomial?
(iv) Is computing the Tutte polynomial of graphs of bounded clique-width in

FPPT, or even in FPT for k?
(v) How can one generalize the underlying method for other graph polynomi-

als. Although the ideas of [KR03] also helped in computing the matching
polynomial, it is not yet clear, how to formulate a general principle.

(vi) Can one show, using the methods of [DF99], that computing the matching
polynomial, chromatic polynomial or Tutte polynomial is not in FPT for
graphs of clique-width at most k, for some k?
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Abstract. Branchwidth is a connectivity parameter of graphs closely
related to treewidth. Graphs of treewidth at most k can be generated
algorithmically as the subgraphs of k-trees. n this paper, we investi-
gate the family of edge-maximal graphs of branchwidth k, that we call
k-branches. The k-branches are, just as the k-trees, a subclass of the
chordal graphs where all minimal separators have size k. However, a
striking difference arises when considering subgraph-minimal members
of the family. Whereas Kk+1 is the only subgraph-minimal k-tree, we
show that for any k ≥ 7 a minimal k-branch having q maximal cliques
exists for any value of q �∈ {3, 5}, except for k = 8, q = 2. We characterize
subgraph-minimal k-branches for all values of k. Our investigation leads
to a generation algorithm, that adds one or two new maximal cliques in
each step, producing exactly the k-branches.

1 Introduction

Branchwidth and treewidth are mutually related connectivity parameters of
graphs: whenever one of these parameters is bounded by some fixed constant
for a graph, then so is the other [17]. Since many graph problems that are NP-
hard in general can be solved in linear time when restricted to such classes of
graphs both treewidth and branchwidth have played a large role in many in-
vestigations in algorithmic graph theory. Tree-decompositions have traditionally
been the choice when solving NP-hard graph problems by dynamic program-
ming to give FPT algorithms when parameterized by treewidth, see e.g. [2,16]
for overviews. Recently it is the branchwidth parameter that has been in the fo-
cus of several algorithmic research results. For example, several papers [7,5,8,9,6]
show that for graphs of bounded genus the base of the exponent in the running
time of these FPT algorithms could be improved by the dynamic programming
following instead a branch-decomposition of optimal branchwidth. Also, a strong
� This extended abstract does not contain all proofs. For a full version, please refer to

[14] or contact one of the authors.
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heuristic algorithm for the travelling salesman problem [4] has been developed
based on branch-decompositions and an exact (exponential-time) algorithm has
been given to compute branchwidth [10]. Given these recent developments in
favor of branchwidth one may wonder why treewidth has historically been pre-
ferred over branchwidth? Mainly, this is because of the equivalent definition of
’G has treewidth ≤ k’ by ’G is a partial k-tree’. This alternative definition is
intuitively appealing since the k-trees are the graphs generated by the following
very simple algorithm: ’Start with Kk+1; Repeatedly choose a k-clique C and
add a new vertex adjacent to vertices in C ’. Can we define branchwidth in an
analogous algorithmic way? This is the question that has inspired our research
and in this paper we give an affirmative answer.

We start by investigating the family of edge-maximal graphs of branchwidth
k, that we call k-branches. The k-branches are chordal, as can be easily deduced
from earlier work on branchwidth [11,10]. In Section 2 we report on related
work [13] where we have given a characterization of k-branches. In Section 3
we consider subgraph-minimal k-branches. They form the starting graphs of our
algorithm generating k-branches, just as the minimal k-tree Kk+1 is the starting
graph of the generation algorithm for k-trees. Kn has branchwidth �2n/3� for any
n ≥ 3 and K�3(k−1)/2�+1 is one of the minimal k-branches. However, for k ≥ 7 we
find that there is a minimal k-branch on q maximal cliques for any q �∈ {3, 5},
except for the pathological case k = 8, q = 2. We show that the minimal k-
branches have clique trees that are caterpillars and give a characterization of the
family of minimal k-branches for all values of k. Our investigation culminates in
Section 4 with a non-deterministic generation algorithm, that adds one or two
new maximal cliques in each step, yielding as output exactly the graphs that
are k-branches, and whose spanning subgraphs (i.e., partial graphs) are exactly
the graphs of branchwidth at most k. Our results lead to a better understanding
of the branchwidth parameter by defining graphs of branchwidth k through the
algorithmic concept of partial k-branches. The algorithm will generate a random
graph of branchwidth k together its branch-decomposition and can be used to
provide test instances for optimization codes based on branch-decomposition.

2 Definitions and Earlier Results

A branch-decomposition (T, µ) of a graph G is a tree T with nodes of degree
one and three only, together with a bijection µ from the edge-set of G to the
set of degree-one nodes (leaves) of T . For an edge e of T let T1 and T2 be
the two subtrees resulting from T \ {e}, let G1 and G2 be the graphs induced
by the edges of G mapped by µ to leaves of T1 and T2 respectively, and let
mid(e) = V (G1) ∩ V (G2). The width of (T, µ) is the size of the largest mid(e)
thus defined. For a graph G its branchwidth bw(G) is the smallest width of any
branch-decomposition of G. 1

1 The connected graphs of branchwidth 1 are the stars, and constitute a somewhat
pathological case. To simplify certain statements we therefore restrict attention to
graphs having branchwidth k ≥ 2.
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A tree-decomposition (T,X ) of a graph G is an arrangement of the vertex
subsets X of G, called bags, as nodes of the tree T such that for any two adjacent
vertices in G there is some bag containing them both, and for each vertex of G
the bags containing it induce a connected subtree. For a subtree T ′ of T the
induced tree-decomposition (T ′,X ′) is the result of removing from (T,X ) all
nodes of V (T ) \ V (T ′) and their corresponding bags.

Definition 1. A k-troika (A, B, C) of a set X are 3 subsets of X such that
|A| ≤ k, |B| ≤ k, |C| ≤ k, and A∪B = A∪C = C ∪B = X. (A, B, C) respects
S1, S2, ..., Sq if any Si, 1 ≤ i ≤ q is contained in at least one of A, B or C.

A necessary condition for a graph to be a k-branch is that it is a chordal graph
where all minimal separators have size k, with the property that every maximal
clique has a k-troika respecting the minimal separators contained in it [13]. This
motivates the following definition.

Definition 2. Let G be a chordal graph with CG its set of maximal cliques and
SG its set of minimal separators. A tree-decomposition (T,X ) of G is called k-
full if the following conditions hold: 1) The set of bags X is in 1-1 correspondence
with CG ∪ SG (we call the nodes with bags in CG the maxclique nodes and the
nodes with bags in SG the minsep nodes.) 2) The bags of the minsep nodes all
have cardinality k. 3) There is an edge ij in the tree T iff Xi ∈ SG, Xj ∈ CG

and Xi ⊆ Xj. 4) Every maxclique bag Xj has a k-troika respecting its neighbor
minsep bags.

Note that if G has a k-full tree-decomposition then it is unique. We need ad-
ditional constraints on k-full tree-decompositions to characterize exactly the k-
branches.

Definition 3. A mergeable subtree of a k-full tree-decomposition (T,X ) of a
graph G is a subtree T ′ of T that: contains at least one edge, has leaves that are
maxclique nodes, and satisfies:

1. |{v : v ∈ X where X a node in T ′}| ≤ �3k/2�
2. Either the subtree T ′ has at most one node that in T has a neighbor in

V (T )\V (T ′) or else T ′ is a path X, B, Y with X, B, Y and all their neighbors
in T inducing a path A, X, B, Y, C satisfying B \ (A ∪C) = ∅.

Lemma 1. Let A − X − B − Y − C be a path in T for some k-full tree-
decomposition (T,X ) with X and Y maxclique nodes. X ∪ Y has a k-troika
respecting A, C if and only if |X ∪ Y | ≤ �3k/2� and B \ (A ∪ C) = ∅.

Proof. If |X ∪ Y | > �3k/2� then X ∪ Y does not have a k-troika. Let P =
B \ (A ∪ C). Note that we have A ∩ C ⊆ B and since |A| = |C| = k we have
|A ∩ C| = 2k − |(X ∪ Y ) \ P |. But then |X ∪ Y | + |A ∩ C| = 2k + |P | and this
means that by Theorem 2 of [15] (also by results of [11]) X ∪ Y has a k-troika
respecting A, C if and only if P = ∅.
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Lemma 1 is implicit in [13], and implies that for mergeable subtree T ′ we can
add edges to G to make a clique of {v : v ∈ X where X a node in T ′} without
increasing branchwidth of G.

Definition 4. A k-full tree-decomposition (T,X ) of a graph G is a k-skeleton
of G if G has at least �3(k− 1)/2�+ 1 vertices and T does not have a mergeable
subtree.

Theorem 1. [13] G is a k-branch ⇔ G has a k-skeleton

3 Minimal k-Branches

We characterize the subgraph-minimal k-branches on q maximal cliques, by de-
scribing the structure of the minimal k-skeletons, as defined below. We divide
the caracterization into two Theorems, one for the cases when k ≤ 6 or q ≤ 5
and the other for the cases k ≥ 7, q ≥ 6.

Definition 5. A k-branch G is a minimal k-branch if no strict subgraph of
G is a k-branch. Let the set of minimal k-skeletons be MS(k) = {(T,X ) :
(T,X ) is a k-skeleton but for no proper subtree T ′ of T is the induced tree-
decomposition (T ′,X ′) a k-skeleton}. Let MS(k, q) be the set of minimal k-
skeletons on q maxclique nodes.

If G is a minimal k-branch then for its k-skeleton (TG,X ) we have (TG,X ) ∈
MS(k). However, the graph represented by a minimal k-skeleton may have some
cliques that are too big for it to be a minimal k-branch. For example, if (T,X )
is the tree T having a single maxclique node on 6 vertices then we have (T,X ) ∈
MS(4) since it is a minimal 4-skeleton but the graph K6 that it represents is
not a minimal 4-branch since it contains the 4-branch K5 as a subgraph. Since
our algorithm in Section 4 builds k-skeletons, rather than graphs, we focus in
the following on the minimal k-skeletons.

Lemma 2. In a minimal k-skeleton (T,X ), the tree T does not contain a max-
clique leaf X with path X −A− Y and both A and Y having degree 2.

Lemma 3. In a minimal k-skeleton (T,X ), any minsep node S of degree larger
than 2 must have degree 3 with exactly one of its neighbors being a maxclique
leaf and the other two having degree 2.

Lemma 4. In a minimal k-skeleton (T,X ), any maxclique node X of degree 3
has all 3 minsep neighbors A1, A2, A3 of degree 2 and at least one of them has a
maxclique leaf as neighbor.

See Figure 1 for an illustration of the following Theorem, which characterizes
the minimal k-skeletons on q maximal cliques when k ≤ 6 or q ≤ 5.

Theorem 2. 1. For k � 2, MS(k, 1) contains K�3(k−1)/2�+1 and if k even
then also K�3(k−1)/2�+2.



Generation of Graphs with Bounded Branchwidth 209

2. For k � 6 and k = 8, MS(k, 2) = ∅. For k = 7 and k ≥ 9, MS(k, 2) is
nonempty and consists of the trees with two maxclique nodes of size x + k
and y + k (with k common vertices) for any x ≤ y satisfying

3− (k mod 2) ≤ x ≤ y ≤ �k/2�− 2 and x + y ≥ �k/2�+ 1 (1)

3. For any k, MS(k, 3) = ∅.
4. For k � 4 and k = 6, MS(k, 4) = ∅. For k = 5 and k ≥ 7 MS(k, 4) is

nonempty, and consists of the k-full tree-decompositions (T,X ) on q = 4
maxclique nodes X1, X2, X3, Y with Y a node of degree 3 in T such that
(a) |Y |, |Xi| � � 3(k−1)

2 � for any i ∈ [1, 3];
(b) for any i ∈ [1, 3], |Xi ∪ Y | � � 3k

2 �;
(c) � 3k

2 �+ 1 � |Xi ∪ Y ∪Xj | with 1 ≤ i < j ≤ 3
5. For any k, MS(k, 5) = ∅
6. For any k � 6 and q � 6, MS(k, q) = ∅.
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Fig. 1. Examples of minimal k-skeletons (T,X ) on q maxclique nodes, for k ≤ 9, q ≤ 8.
Downward arrows indicate that minimal k-sketelons, with trees isomorphic to those
depicted, exist also for larger k. Only the maxclique nodes are drawn. The minsep
nodes have size k and appear on each edge of the trees. Only for the case q = 8 does
the intersection of minsep nodes matter. For q = 8, if A−X−B−Y −C the path with
X and Y the maxclique nodes of degree two then minsep nodes A, B, C must satisfy
B \ (A ∪ C) �= ∅.

From this characterization of minimal k-skeletons we can deduce the charac-
terization of minimal k-branches. For lack of space we only sketch how to do this
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for the case q = 2. Note that if two distinct pairs x ≤ y and x′ ≤ y′ both satisfy
Equations (1) then the graph associated with the first pair is a subgraph of the
graph associated with the second pair if and only if x ≤ x′ and y ≤ y′. Thus,
the minimal k-branches on q = 2 maximal cliques correspond with such smallest
pairs x ≤ y.

To describe the minimal k-skeletons for k ≥ 7 having q ≥ 6 the following
definition of the adjacencies in a special caterpillar T will be useful (see also
Figure 2).

p+1

(2a)

(2c)

(2b)

(1a)

(1b)

(1c)

(0)

X

X’

X

X’

S

X S X S

S

1

1

2 2

2

3 3 P

p

p

Xp−1 Sp−1

X

Fig. 2. On top is a special caterpillar with names of nodes as in Definition 6, in Theorem
3 and in Algorithm Stage 1. Below are the 7 non-isomorphic special caterpillars with
p = 6, with maxclique nodes drawn as circles and minsep nodes not drawn explicitly
but present on any edge between two adjacent maxclique nodes. Thus, 1c, 2b, 2c have
minsep nodes of degree 3.

Definition 6. A tree T is a special caterpillar if T consists of a body which is
a path X1, S1, X2, S2, ... Xp, Sp, Xp+1 alternating between maxclique and minsep
nodes for some p ≥ 3 with added hairs of length one or two (a hair of length
one being a new maxclique node added as neighbor of a minsep node of the body,
and a hair of length two being two new adjacent maxclique-minsep nodes with
the minsep node added as neighbor of a maxclique node of the body) satisfying
the following conditions:

1. at most one hair for each node of the body
2. no hair on any of X1, S1, S2, Sp−1, Sp, Xp+1

3. hair X ′
2 on X2 and hair X ′

p on Xp, but no hair on minseps X ′
2∩X2, X

′
p∩Xp

4. if hair on Si then no hair on Xi and no hair on Xi+1

5. if hair on Xi then not hairs on both of Xi−1 and Xi+1
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Theorem 3. (T,X ) is a minimal k-skeleton for some k ≥ 7 on at least q ≥ 6
maxclique nodes ⇔ (T,X ) is a k-full tree-decomposition with T a special cater-
pillar whose bags satisfy (bag names as in Definition 6 and Figure 2):

1. either |X1 ∪ X2 ∪ X3| ≤ 3k/2 or |X ′
2 ∪ X2 ∪ X3| ≤ 3k/2 and also either

|Xp+1 ∪Xp ∪Xp−1| ≤ 3k/2 or |X ′
p ∪Xp ∪Xp−1| ≤ 3k/2

2. |X1 ∪X2 ∪X ′
2| > 3k/2 and |Xp+1 ∪Xp ∪X ′

p| > 3k/2
3. For maxcliques X, Y with a common neighbor, |X | ≤ �3(k− 1)/2� and |X ∪

Y | ≤ 3k/2
4. If Si has a hair then Si \ (Si−1 ∪ Si+1) = ∅
5. If Xi has a hair then either i) no hair on Xi−1 and Si−1 \ (Si−2 ∪ Si) = ∅

or ii) no hair on Xi+1 and Si \ (Si−1 ∪ Si+1) = ∅
6. If no hair on neither of Xi, Si, Xi+1 then Si \ (Si−1 ∪ Si+1) �= ∅

Proof. ⇐: We first show that the k-full tree-decomposition (T,X ) is a k-skeleton,
by showing that T does not have a mergeable subtree as in Definition 3. Any
subtree T ′ having at most one node that in T has a neighbor in V (T ) \V (T ′) is
by condition 2 not mergeable since we would have |{v : v ∈ X and X a maxclique
node in T ′}| > �3k/2�. Any subtree T ′ which is a path X, B, Y with X, B, Y and
all their neighbors in T inducing a path A, X, B, Y, C will by condition 6 satisfy
B \ (A ∪ C) �= ∅ and is thus not mergeable. Thus (T,X ) is a k-skeleton and
it remains to show that it is a minimal k-skeleton. We prove by contradiction,
that for any proper subtree T ′ of T the induced tree-decomposition (T ′,X ′)
is not a k-skeleton. Unless the graph G′ that (T ′,X ′) represents has at least
�3(k− 1)/2�+ 1 vertices, (T ′,X ′) is not a k-skeleton. By condition 3 this means
that T ′ must contain at least 2 maxclique nodes. We show that in any such
T ′ there is a mergeable subtree T ′′. There are 5 special cases of subtrees T ′ to
consider:

1. Suppose maxclique bags of T ′ are X1, X2, X
′
2, X3 or Xp−1, Xp, X

′
p, Xp+1. In

both cases the 3 maxclique bags satisfying the size constraint in condition 1
form the mergeable subtree T ”.

2. T ′ contains a leaf X having a minsep neighbor S of degree 2 that itself has
neighbor Y . By condition 3, X, S, Y makes up the mergeable subtree T ′′.

3. T ′ contains two maxclique leaves X, Y with a common minsep neighbor S.
Again by condition 3 X, S, Y is the mergeable subtree.

4. Suppose in T there was a hair on minsep Si and that T ′ does not contain
this hair but does contain Si−1, Xi, Si, Xi+1, Si+1. In this case the mergeable
subtree T ′′ is Xi, Si, Xi+1 by condition 4 and Lemma 1.

5. Suppose T has a hair on maxclique Xi and that T ′ does not contain this
hair but that T ′ does contain Xi−1, Si−1, Xi, Si, Xi+1. Since T is a special
caterpillar, neither Si−1 nor Si has a hair. Thus, condition 5 and Lemma 1
guarantee that either the subtree Xi−1, Si−1, Xi or the subtree Xi, Si, Xi+1

is mergeable.

⇒: Using Lemmas 2, 3 and 4. we can describe all trees T ∈ MS(k). There are
two trees containing respectively 1 and 2 maxclique nodes except for k = 8 (see
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Theorem 2). For the remaining trees we note that Lemmas 2, 3 and 4 together
imply that for any maxclique leaf X in T with parent A we have either: A of
degree 3 with the other two neighbors of A having degree 2 and not being leaves
(call these leaves of type i); or A of degree 2 with parent Y of degree 3 having
3 neighbors of degree 2 with 1, 2 or 3, respectively, of these being neighbors of
a leaf (leaves of type ii.1, ii.2, ii.3 respectively.) Moreover, all nodes of degree
3 in T (which is the maximum) have at least one neighbor that is a leaf or
neighbor of a leaf. Thus we can use the 4 types (i, ii.1, ii.2, ii.3) as building-
blocks for any tree T ∈ MS(k). If we use a building-block of type ii.3) then
there is only a unique tree possible, with 4 maxclique nodes, covered already in
Theorem 2. Building blocks of type i) and ii.1) contain one leaf and two nodes
needing new neighbors, while type ii.2) contains two leaves and one node needing
a new neighbor. Thus, when using building-blocks of types i), ii.1) or ii.2) we
must always have exactly two building-blocks of type ii.2), that will correspond
to two ends of the body of a caterpillar having hairs of length 1 (type ii.1)
or 2 (type i). A minsep node of degree 3 cannot be adjacent to a maxclique
node of degree 3, because the maxclique hair of this minsep could then have
been dropped and we would still have an induced k-skeleton. Likewise, no three
consecutive maxclique nodes of the body all have a hair since then the middle
hair could have been dropped and we would still have an induced k-skeleton.
Thus, T is a special caterpillar.

To end the proof, it suffices to note that conditions 1-6 of the Theorem hold,
since otherwise T would either have had a mergeable subtree or it would have
been a k-skeleton but not minimal. For example, if condition 6 did not hold for
some i then by Lemma 1 Xi − Si −Xi+1 would have been a mergeable subtree.
For space reasons we do not give the details of all cases.

4 An Algorithm That Generates k-Branches

In this section we give an algorithm generating each possible k-skeleton, which
by Theorem 1 will correspond to generation of the k-branches.

Definition 7. We get an extended k-skeleton by taking a k-skeleton (T,X ) and
adding zero or more minsep leaves with bag-size k as neighbors of maxclique
nodes of T while ensuring that each maxclique node still has a k-troika respecting
its minsep neighbors. When starting with a minimal k-skeleton (T,X ) the result
is an extended minimal k-skeleton. We define ES(k) to be the set of extended
k-skeletons and EMS(k) to be the set of extended minimal k-skeletons.

Recall that MS(k) are the minimal k-skeletons, and note that by definition
MS(k) ⊆ EMS(k) ⊆ ES(k). The algorithm is organised in 3 stages with the
outputs of the previous stage forming the inputs to the next stage. Stage 1
generates MS(k), Stage 2 generates EMS(k) and Stage 3 generates ES(k).
Note that the extended k-skeletons ES(k) have the dual property that we get
a k-skeleton both if we remove all minsep leaves and also if we add a new legal
maxclique leaf to each minsep leaf. For our generation algorithm this implies that
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generating k-branches is equivalent to generating extended k-skeletons where all
leaves are maxclique nodes. The reason we generate extended k-skeletons, and
not only the k-skeletons, is to be able to enforce that all eventual minsep neigh-
bors of a maxclique node are added as soon as the maxclique node is added. This
to easily satisfy the constraint that a maxclique node have a k-troika respecting
its minsep neighbors.

Description of STAGE 1: Generation of the minimal k-skeletons MS(k).
See Algorithm 1. The minimal k-skeletons on 1, 2, 4, or 6 maxclique nodes are
generated by the special rules 1clique, 2clique, 4clique or 6clique respec-
tively. The special caterpillar T in a minimal k-skeleton (T,X ) on 6 maxclique
nodes is unique, p = 6 in Definition 6

For the minimal k-skeletons (T,X ) on more than 6 maxcliques we enter a
Repeat-loop that will generate the special caterpillar T from left to right by
adding in each iteration one or two new maxclique nodes to the current right
end of its body. The Repeat-loop is prefixed and postfixed by special opera-
tions Start and End that add the building-blocks that in the proof of Theorem
3 are called type ii.2). Note that throughout the code the names of parame-
ters denoting maxclique and minsep nodes are in accordance with Definition
6 and Figure 2, with certain exceptions. In particular, in the prefix operation
Start(X1, X2, X

′
2, X3, Hair, S3) the parameter Hair is a maxclique leaf hair of

length 2 added to maxclique X3.
In the repeat-loop we maintain the loop invariant that Si will be the minimal

separator at the current right end of the body at which construction of the
caterpillar will continue. Throughout Stage 1 we make the assumption that
when adding a new maxclique node X adjacent to some minsep node S then for
any other neighbor Y of S the pair X, Y must satisfy condition 3 of Theorem 3.
To not clutter the code we do not explicitly state these conditions. When adding
new maxclique nodes, both here and in Stage 3, the syntax for the operation is
ADD(oldsep, newclique, newsep1, newsep2), where the two latter parameters may
be missing. The newclique node is added as a neighbor of oldsep and the newsep
nodes are added as neighbors of newclique. Thus, to extend the rightmost end of
the body by a path Si, Xi+1, Si+1 we use in rule I and rule II the operation
ADD(Si, Xi+1, Si+1). In rule III we are additionally adding a hair of length two
consisting of minsep B and maxclique Hair to the new maxclique node Xi+1

and express this by the two operations ADD(Si, Xi+1, B, Si+1) and ADD(B, Hair).
In rule IV we are additionally adding a hair W of length one to minsep node
Si and express this by the additional operation ADD(Si, W ). The boolean values
HasHair and NeedsPair govern which of rule I to rule IV can be applied
while ensuring that the conditions for minimal k-branches are fullfilled. HasHair
is True iff the rightmost maxclique node Xi of the current body has a hair
H attached to it. NeedsPair is True iff HasHair is True and the next-to-last
maxclique node Xi−1 would not be mergeable with Xi even if we had removed
the hair H (in which case the next maxclique node Xi+1 must satisfy that Xi+1

and Xi would be mergeable if we had removed H.)
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Algorithm 1. Stage 1: Generate any (T,X ) ∈MS(k) by choosing 1,2,3,4 or 5

1: (T,X ) := 1clique(X) s.t. Theorem 2, case q = 1 holds ;
2: (T,X ) := 2clique(X, Y ) s.t. Theorem 2, case q = 2 holds ;
3: (T,X ) := 4clique(X, Y, Z, W ) s.t. Theorem 2, case q = 4 holds ;
4: (T,X ) := 6clique(X1, X2, X

′
2, X3, X

′
3, X4) s.t. T is the unique special

caterpillar with p = 3 and q = 6 and conditions 1,2,3 in Theorem 3 hold ;
5: begin

first choose a or b while ensuring that condition 1 and 2 of Theorem 3 hold;
a: Start(X1, X2, X

′
2, X3, S3), i := 3, HasHair:= 0, NeedsPair:= 0;

b: Start(X1, X2, X
′
2, X3, Hair, S3), i := 3, HasHair:= 1, NeedsPair:= 1;

repeat
if HasHair and NeedsPair then choose rule I;
else if HasHair and not NeedsPair then choose rule I,II or III;
else choose rule II, III or IV;
rule I: ADD(Si, Xi+1, Si+1) s.t. Si \ (Si−1 ∪ Si+1) = ∅;
rule II: ADD(Si, Xi+1, Si+1) s.t. Si \ (Si−1 ∪ Si+1) �= ∅;
rule III: ADD(Si, Xi+1, B, Si+1) and ADD(B, Hair);
rule IV: ADD(Si, Xi+1, Si+1) and ADD(Si, W ) s.t. Si \ (Si−1 ∪ Si+1) = ∅;
if rule III was chosen then HasHair:= 1 and
NeedsPair:= (Si \ (Si−1 ∪ Si+1) �= ∅);
else HasHair:= 0 and NeedsPair:= 0;
i := i + 1;

until body of caterpillar is finished and NeedsPair= 0 ;
End(Si, Xi, X

′
i , Xi+1) s.t. Thm 3 (cond. 1 and 2) holds with i = p;

end

Description of STAGE 2: Generation of the set EMS(k)
For space reasons we do not show a separate algorithm in the text. The input
to Stage 2 is a minimal k-skeleton (T,X ) ∈ MS(k) as generated by Stage
1. Stage 2 is a repeat-loop that can be exited at any time and which in each
iteration adds one new minsep leaf S as neighbor of some maxclique node X
of (T,X ), according to Definition 7. We must ensure that X will still have a
k-troika respecting its minsep neighbors. If X already had one neighbor A then
condition OK(X, A, S) must hold, if it had two neighbors A, B then condition
OK(X, A, B, S) must hold, while if it had three neighbors then a new neighbor
cannot be added. These conditions are used also in Stage 3 and defined by:
’OK(X, A, B) is True iff |X | + |A ∩ B| ≤ 2k’ and ’OK(X, A, B, C) is True iff
|A ∪B| = |A ∪ C| = |B ∪C| = |X |’.
Lemma 5. EMS(k) = {(T,X ) : ∃ sequence of choices in Stage 1 and in
Stage 2 s.t. Stage 2 gives as output (T,X )}

Description of STAGE 3: Generate the set ES(k).
See Algorithm 2. As in Stage 1 the rule adding a new maxclique node X adja-
cent to an existing minsep node A with new promise leaves B and C will have
the syntax ADD(A, X, B, C). In case we have one or zero promise leaves the syntax
is ADD(A, X, B) and ADD(A, X). The shorthand ADD(A, X, ...) can be replaced by
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any of the 3 rules. Similarly, the shorthand OK(X, A, ...) appearing right after some
ADD(A, X, ...) has the intepretation that any third and fourth parameters B and C
of the ADD also becomes a third and fourth parameter of the OK.

Algorithm 2. Stage 3: Takes as input some (T, X) ∈ EMS(k) produced by
Stage 2 and builds on this to produce as output an extended k-skeleton in ES(k)

repeat
Choose a minsep node A of T ;
if A a leaf with parent W having a single other neighbor S then

choose 1, 2, 3, 4 or 5;
1: ADD(A, New) s.t. |W ∪New| > �3k/2	;
2: ADD(A, New, B) s.t. OK(New, A, B) and |W ∪New|+ |B ∩ S| > 2k;
3: ADD(A, New1) and ADD(A, New2) s.t. |New1 ∪New2| > �3k/2	;
4: ADD(A, New1, B, ...) and ADD(A, New2, ...) s.t. OK(New1, A, B, ...) and
OK(New2, A, ...);
5: ADD(A, New, B, C) s.t. OK(New, A,B, C);

else
choose 6 or 7;
6: ADD(A, New, B, ...) s.t. OK;
7: ADD(A, New) s.t. |Y ∪New| > �3k/2	 for ∀Y maxclique leaf with
parent A;

until done ;
Output extended k-skeleton (T,X ), which represents a k-branch iff it has no
minsep leaves;

Theorem 4. ES(k) = {(T,X ) : ∃ sequence of choices of rules in the 3 stages
s.t. output is (T,X )}

5 Concluding Remarks

The results of this paper lead to a new understanding of the branchwidth para-
meter by defining graphs of branchwidth k through the algorithmic concept of
partial k-branches. The given algorithm will generate the k-skeleton of a random
edge-maximal graph of branchwidth k. This algorithm can be used to provide
test instances for optimization codes based on branch-decomposition.
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Abstract. Given an arbitrary graph G = (V,E) and a proper interval
graph H = (V, F ) with E ⊆ F we say that H is a proper interval comple-
tion of G. The graph H is called a minimal proper interval completion of
G if, for any sandwich graph H ′ = (V, F ′) with E ⊆ F ′ ⊂ F , H ′ is not a
proper interval graph. In this paper we give a O(n+m) time algorithm
computing a minimal proper interval completion of an arbitrary graph.
The output is a proper interval model of the completion.

1 Introduction

Various well-known graph parameters, like treewidth, minimum fill-in, pathwidth
or bandwidth are defined in terms of graph embeddings. The general framework
consists in taking an arbitrary graph G = (V,E) and adding edges to G in
order to obtain a graph H = (V,E ∪ E′) belonging to a specified class H. For
example, if H is chordal then it is called a triangulation of G. The treewidth can
be defined as min(ω(H))−1, where the minimum is taken over all triangulations
of G (here ω(H) denotes the maximum cliquesize of H). If instead of minimizing
the cliquesize of H we minimize |E′|, the number of added edges, we define the
minimum fill-in of G.

If H = (V,E∪E′) is an interval (resp. a proper interval) graph, we say that H
is an interval completion (resp. proper interval completion) of G. Recall that an
interval graph is a proper interval graph if it has an interval model such that no
interval is properly contained into another. The pathwidth of G can be defined
as min(ω(H))− 1, where the minimum is taken over all interval completions of
G. The minimum number of edges that we need to add for obtaining an interval
completion is called the profile of the graph.

Proper interval graph completions have been discussed in [11]. Independently,
Kaplan et al. [11] and Cai [3] show that the problem of computing the mini-
mum number of edges |E′| such that H = (V,E ∪E′) becomes a proper interval
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graph is fixed parameter tractable. The problem is adressed as the “proper in-
terval graph completion problem”, motivated by applications to genetics. The
bandwidth of a graph is usually expressed as follows. Consider an ordering (also
called layout) σ = (v1, . . . , vn) of the vertices of G. The width of the layout is
max{|i− j| | vi, vj adjacent in G}. The bandwidth of G is the minimum width
over all layouts of G. It has been proved in [10] that the bandwidth of G is
also equal to min(ω(H)) − 1, the minimum being taken over all proper interval
completions of G (see also Section 2 for the relationship between layouts and
proper interval completions). The bandwidth problem for graphs, motivated by
the bandwidth minimization problem for matrices, is one of the few graph prob-
lems NP-hard even for the class of trees [13]. Computing the bandwidth is also
W [t]-hard for all t, thus unlikely to be fixed parameter tractable.

For each of the parameters cited above, the problem of computing the param-
eter is NP-hard. Obviously, for all of them, the optimal solution can be found
among the minimal embeddings. We say that H = (V,E ∪E′) is a minimal tri-
angulation (minimal interval completion, minimal proper interval completion) if
no proper subgraph of H is a triangulation (interval completion, proper interval
completion) of G.

Computing minimal triangulations is a standard technique used in heuris-
tics for the treewidth or the minimum fill-in problem. The deep understanding
of minimal triangulations lead to many theoretical and practical results for the
treewidth and the minimum fill-in. We believe that, similarily, the study of other
types of minimal completions might bring new powerfull tools for the correspond-
ing problems.

Related work. Much research has been devoted to the minimal triangulation
problem. Rose, Tarjan and Lueker propose the first algorithm solving the prob-
lem in O(nm) time [16]. Several authors give different approaches for the same
problem, with the same running time. Only recently this O(nm) (in the worst
case O(n3)) time complexity has been improved by the algorithms of Kratsch
and Spinrad ([12], running in O(n2.69) time) and Heggernes, Telle and Villanger
([9], running in O(nα logn) time where O(nα) is the time needed for the mul-
tiplication of two n× n matrices). The later algorithm is the fastest up to now
for the minimal triangulation problem.

A first polynomial algorithm solving the minimal interval completion problem
has been given in [8]. Heggernes and Mancini [7] gave a linear time algorithm
for computing a minimal embedding into split graphs.

Our result. We study the minimal proper interval completion problem. Our
main result is a linear time algorithm computing a minimal proper interval
completion of an arbitrary graph. One of the main tools is a special ordering of
the proper interval graph, called bicompatible ordering [14]. Its role is similar
to the simplicial elimination schemes for chordal graph. We define a family of
orderings such that the associated proper interval graph is a minimal proper
interval completion. Eventually, we give a linear-time algorithm (based on a
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BFS) computing such an ordering. The ordering can be efficiently transformed
into a proper interval model.

2 Definitions and Basic Results

Let G = (V,E) be a finite, undirected and simple graph. Moreover we only
consider connected graphs — in the disconnected case each connected component
can be treated separately. Denote n = |V |, m = |E|. If G = (V,E) is a subgraph
of G′ = (V ′, E′) (i.e. V ⊆ V ′ and E ⊆ E′) we wrire G ⊆ G′. The neighborhood
of a vertex v in G is NG(v) = {u | {u, v} ∈ E}. Similarly, for a set A ⊆ V ,
NG(A) =

⋃
v∈ANG(v) \A. As usual, the subscript is sometimes omitted.

A graph G is an interval graph if continuous intervals can be assigned to each
vertex of G such that two vertices are neighbors if and only if their intervals
intersect. The family of intervals is called the interval model of the graph. A
graph G is interval if and only is has a clique path CP , i.e. a path whose vertex
set is the set of all maximal cliques of G, such that for each vertex v of G,
the subgraph of CP induced by the maximal cliques containing v is connected.
Taking this induced interval for each vertex of G yields an interval model. If an
interval graph G has an interval model where no interval is properly contained
in another, then the graph is called a proper interval graph.

Proper interval graphs can also be characterized as unit interval graphs (all
intervals have equal length) or claw-free interval graphs (interval graphs without
induced K1,3). See e.g. [4] for more details. For our purpose, we use their carac-
terisation in terms of bicompatible orderings. A perfect elimination ordering of
a graph G = (V,E) is an ordering σ = (v1, v2, . . . , vn) of V such that, for each
vertex vi, its neighbours appearing after vi in σ induce a clique in the graph G.

Definition 1 ([14]). Let G = (V,E) be a graph and σ = (v1, v2, . . . , vn) be an
ordering of its vertices. If both σ and the reverse of σ is a perfect elimination
ordering, then σ is called bicompatible.

Theorem 1 ([14]). H is a proper interval graph if and only if there exists a
bicompatible ordering of its vertices.

The following statement can be considered as an equivalent definition for bicom-
patible orderings. In our work we rather use this characterization.

Lemma 1 (Characterization of bicompatible orderings [14]). Let H =
(V, F ) be a proper interval graph. Then σ = (v1, v2 . . . , vn) is a bicompatible
ordering of H if and only if {vi, vl} ∈ F implies that {vj, vk} ∈ F for all i, j, k, l,
1 ≤ i ≤ j < k ≤ l ≤ n.

Definition 2. A tuple of disjoint subsets of V , P = (P1, . . . , Pk) whose union
is exactly V is called an ordered partition of V . A refinement of P is an ordered
partition P ′ obtained by replacing each set Pi by an ordered partition of Pi. We
write P ′ � P .
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Definition 3. Given an ordered partition P = (P1, . . . , Pk), any tuple P ′ =
(P1, . . . , Pj), with 0 ≤ j ≤ k, is called a prefix of P . We use V(P ′) to denote⋃{Pi | 1 ≤ i ≤ j}.
In the particular case where P = (P1), we simply write P1. Moreover if P1

is formed by a single vertex x, we write x instead of {x}. Given two tuples
P ′ = (P1, . . . , Pk), P ′′ = (Pk+1, . . . , Pk+l) we write P ′ • P ′′ to denote their
concatenation P = (P1, . . . , Pk, Pk+1, . . . , Pk+l).

Let σ = (v1, . . . , vn) be any ordering of V . Notice that an ordering is a special
case of an ordered partition.

Definition 4. Let G = (V,E) be an arbitrary graph and σ = (v1, . . . , vn) be an
ordering of V . The graph G(σ) = (V, F ) is defined by

F = {{vj, vk} | there are i, l such that 1 ≤ i ≤ j < k ≤ l ≤ n and {vi, vl} ∈ E}.
Lemma 2. G(σ) is a proper interval graph.

Proof. It is a direct consequence of Lemma 1 and Theorem 1. ��
Remark 1. Let σ = (v1, v2 . . . , vn) be a bicompatible ordering of a proper interval
graph G = (V,E). Let (vl1 , . . . , vlj ), where lc is monotonically increasing, be the
list of vertices vl such that N(vl) \ N({v1, . . . , vl−1}) �= ∅. Let vrc be the last
neighbor of vlc in σ, for 1 ≤ c ≤ j. For each c, 1 ≤ c ≤ j let Kc = [vlc : vrc ] be
the set of vertices appearing between vlc and vrc in σ. The tuple (K1, . . . ,Kj)
forms a clique path of G(σ).

Theorem 2. Let G = (V,E) be an arbitrary graph and H = (V, F ) be a minimal
proper interval completion of G. Then there is an ordering σ such that H = G(σ).

Proof. By Theorem 1, there is an ordering σ of V bicompatible for H . As
a straight consequence of Definition 4 and Lemma 1, E(G(σ)) ⊆ E(H). By
Lemma 2, G(σ) is also a proper interval graph. Thus, by minimality of H , we
deduce that E(G(σ)) = E(H). ��
Definition 5. An ordering σ is called nice if G(σ) is a minimal proper interval
completion of G. Any prefix of a nice ordering is also called nice.

3 Nice Orderings and Nice Prefixes

3.1 Choosing a First Vertex

A module is a set of verticesM such that for any x, y ∈M , N(x)\M = N(y)\M .
A clique module is a module inducing a clique. A minimal separator S is a set
of vertices such that there exist two connected components of G−S with vertex
sets C and D satisfying N(C) = N(D) = S.

Definition 6 ([1]). A moplex is a maximal clique module M such that N(M)
is a minimal separator of G. A vertex v ∈M of G is called moplexian.
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Proposition 1. Let M be a moplex of G and v ∈ M . There exist a nice or-
dering σ starting with v such that the neighborhood of v in G(σ) is exactly the
neighborhood of v in G. Moreover, for any minimal interval completion H ′ of G
such that NG(v) = NH′(v), there exists an ordering σ′, starting with v and such
that H ′ = G(σ′).

Proof. Let M be a moplex such that v ∈ M (actually this moplex is unique)
and let H be the graph obtained from G by completing V \M into a clique. We
first show that H is a proper interval graph. Let S = N(M). By definition of a
moplex and by construction of H , the graph H is formed by two cliques, namely
M ∪S and V \M . Their intersection is exactly S. Clearly H is an interval graph.
Moreover it has no independent set of size greater that 2, in particular it has
no induced K1,3. Hence H is interval and claw-free, so H is a proper interval
graph (see [4]). In particular there is a minimal proper interval completion of G
contained in H .

Consider any minimal proper interval completion H ′ of G such that NG(v) =
NH′(v) (H ′ exists by the previous remark). By Theorem 1, there exists an order-
ing σ′ such that H ′ = G(σ′). If all vertices appearing before v in σ′ are elements
of the module M , we can permute v and the first element of σ′ without changing
the graph G(σ′). Similarily, if all vertices appearing after v are in M , we reverse
σ′ and then permute v and the first vertex. In both cases v becomes the first
vertex of σ′.

It remains to consider the case when there are two vertices a, b �∈ M , such
that a < v < b in σ′. There is a path from a to b in G, such that all vertices of
the path are in V \M . Consequently there are two consecutive vertices of the
path, say a′ and b′, such that a′ < v < b′ in the ordering σ′. Thus {v, a′} and
{v, b′} are edges of H ′. Since a′, b′ �∈ M , by construction of H ′ we must have
a′, b′ ∈ S. Recall that S is a minimal separator, thus there are two connected
components C and D of G − S such that N(C) = N(D) = S. At least one of
them, say C, is different from M . Let μ be a path from a′ to b′ in G[C ∪{a′, b′}],
not using the edge {a′, b′}. Like above, there are two consecutive vertices a′′ and
b′′ of μ with a′′ < v < b′′ in σ. Hence v is adjacent in H ′ to both a′′ and b′′. At
least one of a′′, b′′ is in C, contradicting the fact that H ′ has no edges between
v and V \ (M ∪ S). ��
A moplexian vertex always exists an can be found efficiently.

Theorem 3 ([1]). Every graph has a moplexian vertex. Such a vertex can be
found in O(n + m) time. More precisely, the algorithm LexBFS ends on a mo-
plexian vertex.

3.2 A Family of Nice Orderings

Definition 7. Let ρ be a non-empty prefix of a vertex ordering. We denote
by First(ρ) the first vertex in ρ having a neighbor in V \ V(ρ). We define
the strong neighborhood (denoted NS(ρ)), weak neighborhood (NW(ρ)) and non-
neighborhood N(ρ) as follows:
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– NS(ρ) = N(First(ρ)) \V(ρ),
– NW(ρ) = N(V(ρ)) \NS(ρ),
– N(ρ) = V \ (V(ρ) ∪NS(ρ) ∪NW(ρ)).

Definition 8. We say that an ordering σ respects a prefix ρ if σ is a refinement
of ρ • (NS(ρ),NW(ρ),N(ρ)).

Our goal is to show that if ρ is a nice prefix starting with a moplexian vertex, then
there is a nice ordering respecting it. This is a first step towards the extension
of a nice prefix by adding a new vertex. Also note that a BFS ordering respects
all its prefixes. Actually our construction of a nice ordering will be based on a
BFS starting from a moplexian vertex.

Lemma 3. Let σ and σ′ be two orderings with a common prefix ρ and such that
G(σ′) ⊆ G(σ). Suppose that σ is a refinement of ρ•(NS(ρ),NW(ρ)∪N(ρ)). Then
σ′ is also a refinement of ρ • (NS(ρ),NW(ρ) ∪N(ρ)).

Proof. Assume that both sets NS(ρ) and NW(ρ)∪N(ρ) are not empty, otherwise
the conclusion is true for any σ′ starting with ρ. Let vf denote First(ρ).

By contradiction suppose that there are two vertices a ∈ NS(ρ) and b ∈
NW(ρ) ∪ N(ρ) such that vf < b < a in the ordering σ′. Therefore {vf , b} is an
edge of G(σ′). If G(σ) contained the edge {vf , b}, then there are two adjacent
vertices v′ and a′ of G such that v′ ≤ vf < b ≤ a′ in the ordering σ. By definition
of vf = First(ρ) we must have v′ = vf . Therefore a′ ∈ NS(ρ), contradicting the
fact that NS(ρ) appears before b in σ.

We conclude that the edge {vf , b} appears in G(σ′) but not in G(σ). ��
Lemma 4. Let σ and σ′ be two orderings with a common prefix ρ and such that
G(σ′) ⊆ G(σ). Assume that σ respects ρ and let u ∈ NW(ρ), w ∈ N(ρ). Then u
appears before w in σ′.

Proof. By contradiction, suppose that w appears before u in σ′. Let u′ ∈ V(ρ) be
a neighbor of u. The edge {w, u′} is present in G(σ′), since w is between u′ and u
in σ′. On the other hand, σ respects ρ, so w appears after ρ•(NS(ρ),NW(ρ)). No
element of ρ is adjacent in G to a vertex appearing after w in σ. By construction
of G(σ), this graph does not contain the edge {w, u′}. ��
Lemmas 3 and 4 directly imply the following:

Proposition 2. Let σ and σ′ be two orderings with a common prefix ρ and such
that G(σ′) ⊆ G(σ). If σ respects ρ, then σ′ also respects ρ.

Lemma 5. Let ρ be a non-empty prefix. Let u,w ∈ NS(ρ). Let σ be an ordering
that respects ρ • u. Let σ′ be an ordering, with ρ as a prefix, in which w appears
before u. If there is w′ ∈ (N(w) ∩ N(ρ)) \ (N(u) ∩ N(ρ)), then the graph G(σ′)
contains an edge not appearing in G(σ).

Proof. If w′ is between First(ρ) and u in σ′, then by Definition 4 {u,w′} is
present in G(σ′). Else, u is between w and w′ in σ′ and the same holds. On the
other hand, σ respects ρ • u, so w′ appears after ρ • (u,NS(ρ • u),NW(ρ • u)).
No element of ρ • u is adjacent in G to a vertex appearing after w′ in σ. By
Definition 4, {u,w′} is not an edge of G(σ). ��
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Lemma 6. Let σ = (v1, . . . , vn) be an ordering of V . Let σ′ be obtained from σ
by permuting vertices strictly between vi,vk in σ. Then every edge in the sym-
metric difference E(G(σ′))∪E(G(σ)) is incident to a vertex vj between vi and
vk in σ.

Proof. The proof is a straightforward consequence of the construction of G(σ)
and G(σ′). ��

3.3 Nice Orderings: A Sufficient Condition

Our main combinatorial result is that nice orderings can be obtained from a BFS
ordering starting with a moplexian vertex, with an additional tie-break rule.

Theorem 4. Let G = (V,E) be a graph. Let σ = (v1, . . . , vn) be an ordering of
V such that v1 is a moplexian vertex and for each 1 < i < n:

1. σ respects ρ, where ρ = (v1, . . . , vi−1),
2. vi is such that N(vi) ∩N(ρ) is inclusion-minimal over all vertices in NS(ρ).

Then σ is a nice ordering.

Proof. Supppose that σ is not a nice ordering and let σ′ be an ordering such that
G(σ′) is a strict subgraph of G(σ). Take σ′ in order to maximize the common
prefix of σ and σ′. Let ρ = (v1, . . . , vp) be this maximum common prefix. By
construction of σ, all the edges of G(σ) incident to v1 are also edges of G. By
Proposition 1, σ′ starts with v. Consequently ρ has at least one vertex.

Let u = vp+1 be the vertex of index p + 1 in σ and w be the vertex of index
p+ 1 in σ′.

By Proposition 2, σ′ respects ρ.
Let σ′′ be the ordering obtained from σ′ by exchanging u and w. We claim

that G(σ′′) = G(σ′). By Lemma 6, any edge that might differ from G(σ′′) to
G(σ′) is adjacent to a vertex between u and w, let I denote this interval. Since σ
and σ′ respect ρ, we have that u,w ∈ NS(ρ), hence I ⊆ NS(ρ). As a consequence
of Lemma 5 and by the condition 2 of the theorem, N(x) ∩N(ρ) = N(u)∩N(ρ)
for every x ∈ I. Let z be the last vertex of σ′ contained in N(u) ∩N(ρ), if such
a vertex exists. In particular z is also the last vertex of σ′′ in N(u) ∩N(ρ).

Consider any y ∈ V(I). Both in G(σ′) and G(σ′′), y is adjacent to all vertices
of V(ρ) appearing after First(ρ) and has no neighbor appearing strictly before
First(ρ). Since y ∈ NS(ρ), the vertices of N(ρ) adjacent to y in G(σ′) are precisely
the ones appearing before z – or this neighborhood is empty if z does not exist.
The same holds for G(σ′′). Eventually, NS(ρ) ∪NW(ρ) induces a clique both in
G(σ′) and G(σ′′). Indeed the last vertex b of NS(ρ) ∪ NW(ρ) in σ′ (resp. σ′′) is
adjacent in G to some vertex a of ρ. Since σ′ and σ′′ respect ρ, all the vertices of
NS(ρ) ∪NW(ρ) are in between a and b, so they form a clique. That proves that
G(σ′) = G(σ′′).

We have proved that σ′′ and σ have ρ•u as common prefix, and G(σ′′) ⊆ G(σ).
This contradicts the choice of σ′. ��
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Function IntervalModel

Input: σ = (v1, . . . , vn) - a BFS ordering of a simple connected graph G;
Output: an interval model of the graph G(σ);
Data structures:

r is the biggest index of a neighbor of a vertex considered so far.
c is a counter for numbering the maximal cliques of G(σ).
[vlc : vrc ], 1 ≤ c ≤ j are maximal cliques of G(σ). (see Remark 1)
vlc , vrc , 1 ≤ c ≤ j are marks on the leftmost

and rightmost vertices of the maximal clique c.
Q is a queue containing the numbers of maximal cliques

that the current vertex belongs to.
begin
r := 1
c := 1
for i := 1 to n do

if max{q | vq ∈ NG(vi)} > r then
r := max{q | vq ∈ NG(vi)}
mark vi as vlc

mark vr as vrc

increment c
for i := 1 to n do

if vi is marked as vlc then
add c at the end of the queue Q

assign to vi the interval [First(Q) : Last(Q)]
if vi is marked as vrc then

remove c from the beginning of the queue Q
im := the interval model
FixIntervalModel(σ, im)
end

Fig. 1. Algorithm Interval Model

4 The Algorithm

The algorithm is based on a BFS, see Figure 2. It creates an ordering σ of
the vertices like in Theorem 4 and then returns a proper minimal model of the
minimal proper interval completion G(σ).

Theorem 5. There is a linear time algorithm that, given an arbitrary graph G,
computes a proper interval model of a minimal proper interval completion of G.

Proof. The ordering produced by the algorithm respects the conditions of The-
orem 4. Indeed, it is sufficient to notice that the function ChooseNextVertex
chooses a vertex in NS(ρ) for the current prefix ρ, and moreover this vertex v is
of minimum dN(v). Since dN(v) is the cardinality of N(v) ∩ N(ρ), the latter is
inclusion-minimal among all the elements of NS(ρ).

Let us discuss a linear time implementation of the algorithm. The choice of
the first vertex can be done in linear time by Proposition 1. The main difficulty



Minimal Proper Interval Completions 225

�

�

� �

� �

�

�

�

�

��� �����
�
�
�
�
��

�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
� �

�
�

�
�

�
	
	
	
	
	



�

�
�
�
�
�
�
�
�

�
�

�
�

�
�
















�
�
�
�
�
�

�
���

�
�

�
�

�
�

�












�
�
�
�
�
�
��

�
�
�
�
�
�b3

b4

b0

b2

a4

a3

a1b1

a2

a0

Buckets 4, b4, b41, a1, b1

b1a1 b0 b4 a3

NS(ρ) NW(ρ)
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N(ρ)
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Algorithm MinimalProperIntervalCompletion

Input: a simple graph G = (V,E);
Output: the proper interval model of a minimal proper interval completion of G;
Data structures:

mark: each vertex is marked white (unprocessed), grey (being processed)
or black (processed).

Q is the queue of processed vertices.
ρ is the current prefix (an ordering on the black vertices).
dN(v) is the number of white neighbours of the vertex v.

Function ChooseNextVertex : chooses a vertex v in the queue Q
such that v ∈ NS(ρ) and dN(v) is minimum for this property.

Function IntervalModel : computes the interval model.
begin
compute a moplexian vertex v1 and put ρ := (v1)
mark all vertices as white, mark v1 as black
init Q with the neighbours of v1 in G and mark these vertices as grey
compute dN(x) for all vertices x
for i := 2 to n do

vi := ChooseNextVertex()
mark vi as black, ρ := ρ • vi

compute the set Ni of white neighbours of vi

mark the elements of Ni as grey and add them to Q
for each y ∈ Ni for each z ∈ N(y) do dN(z) := dN(z)− 1

IntervalModel(ρ)
end

Fig. 2. Algorithm Minimal Proper Interval Completion and data structure
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is that the function ChooseNextVertex must work in constant time. For this
purpose, the queue Q will actually be a queue of sets (Nj1 , Nj2 , . . . , Njk

), where
Njp is the set of neighbours of vjp added to the queue when processing vjp (empty
sets are not enqued). Hence NS(ρ) is the first set in the queue, and vertices are
dequed from it.

In order to choose the vertex v ∈ NS(ρ) = Nj1 of minimum dN(v) in constant
time, we need to sort NS(ρ) by increasing dN(). Notice that the value of some
dN(z) might change during the algorithm, and we whish to update the value
in constant time. We use a bucket sort with a special data structure (see [5,6]
for a detailed description of the data structure, the authors use it for partition
refinement algorithms). The buckets are kept as a doubly chained list (instead
of the usual array). Each bucket has its value (the dN(u) for the elements of the
bucket), and points towards the previous and next non-empty buckets, according
to their values. The vertices of a bucket are kept in a doubly chained list, and
each vertex points towards the bucket to which it belongs. An example is given
in Figure 2, where the bucket of value 1 contains a1, b0, b1 and the bucket 4
contains b4.

When a set Ni becomes the first set of Q, we apply a classical bucket sort
on the vertices of Ni. This sort costs O(|Ni| + max{dN(u) | u ∈ Ni}). Then
we construct our data structure for the buckets, within the same running time.
During the whole algorithm, this initialization of the buckets costs O(n + m),
due to the fact that the sets Ni are pairwise disjoint.

During the algorithm, we decrement the value dN(z) for some vertices z (see
the two last for loops). If z is in the set NS(ρ), we must uptade the buckets in
constant time. Let B be the bucket containing z and B′ be the previous bucket
in the list of buckets. If the bucket B′ corresponds to the value dN(z)−1 (before
decrementing it), we simply move z from B to B′, and possibly remove B if
it becomes empty. Otherwise, B′ corresponds to a value strictly smaller than
dN(z)− 1, we create a new bucket B′′, of value dN(z)− 1, and add it to the list
of buc‘kets between B′ and B. Thanks to our data structure, this operation can
be done in linear time. Note that the total number of iterations of the two last
for loops is at most n + m. Indeed, each vertex y becomes grey exactly once,
thus each edge {y, z} is visited at most twice.

The function IntervalModel (see Figure 1) constructs a clique path of G(σ)
like in Remark 1 and computes an interval model based on this clique path in
linear time. Unfortunately the interval model obtained from the clique path is
not directly a proper interval model, thus we have to mend it into a proper
one. This can be done by standard techniques, see also the full version of the
paper [15]. ��

5 Conclusions and Perspectives

We presented a polynomial time algorithm computing a minimal proper interval
completion of an arbitrary graph.
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There are two very natural questions related to minimal proper interval com-
pletions that we leave open. The first would be to characterize all minimal proper
interval completions, for example by describing all the orderings σ such thatG(σ)
is a minimal proper interval completion of G. We point out that our algorithm
cannot obtain any such ordering of the input graph. Indeed, if we consider the
graph K1,4, our algorithm chooses a simplicial vertex and completes the rest
into a clique. A different minimal proper interval completion of the K1,4 can
be obtained by adding a matching to the independent set. For this particular
example, we are able to construct all nice orderings, by a slightly different (and
slower) technique. Roughly speaking, we can use a minimal separator S to split
the graph into two parts (by partitioning the components of G− S in two). We
compute an ordering starting with the vertices of the minimal separator for one
of the parts, then reverse it and use it as prefix to order the second part. It is
tempting to ask whether this technique provides all possible nice completions.

The second question consists in exctracting a minimal proper interval com-
pletion from some non-minimal proper interval completion H of G. The naive
technique would consist in checking, for each edge e ∈ E(H)\E(G), if H−e is a
proper interval graph. Although this ideea works for minimal triangulations and
minimal split completions, in our case we have examples showing that it does
not always yield a minimal proper interval completion.
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Abstract. Search games are attractive for their correspondence with
classical width parameters. For instance, the invisible search number
(a.k.a. node search number) of a graph is equal to its pathwidth plus 1,
and the visible search number of a graph is equal to its treewidth plus 1.
The connected variants of these games ask for search strategies that
are connected, i.e., at every step of the strategy, the searched part of
the graph induces a connected subgraph. We focus on monotone search
strategies, i.e., strategies for which every node is searched exactly once.
It is known that the monotone connected visible search number of an n-
node graph is at most O(log n) times its visible search number. First, we
prove that this logarithmic bound is tight. Precisely, we prove that there
is an infinite family of graphs for which the ratio monotone connected
visible search number over visible search number is Ω(log n). Second, we
prove that, as opposed to the non-connected variant of visible graph
searching, “recontamination helps” for connected visible search. Pre-
cisely, we describe an infinite family of graphs for which any monotone
connected visible search strategy for any graph in this family requires
strictly more searchers than the connected visible search number of the
graph.

Keywords: Graph Searching, Treewidth, Pathwidth.

1 Introduction

Introduced in [5,12], graph searching is a game between two players on a graph:
one is playing the fugitive while the other is playing the searchers. They play
alternatively. At each step: a searcher is placed at a node, or a searcher is removed
from a node; then the fugitive can move from its current node u to any node v
in the graph under the constraint that there is a path from u to v that does not
cross any node occupied by a searcher. The fugitive is caught when a searcher
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is placed at the node it occupies . The goal is to find, for every graph G, the
minimum k such that there is a winning search strategy with k searchers, i.e.,
a strategy using k searchers that captures any fugitive in G. This minimum k is
called the search number of the graph (see [3] for a survey on graph searching).

Two main variants of the game have been considered: visible and invisible
search. In visible search [6,14], the fugitive is visible to the searchers, and they
can thus adapt their search strategy according to the current position of the
fugitive. The corresponding search number is called the visible search number,
denoted by vs. In invisible search [4], the fugitive is not visible to the searchers,
and thus they have to perform a blind strategy to capture the fugitive. The
corresponding search number is traditionally named the node search number. In
this paper however, we call it the invisible search number for it measures the
ability of a team of searchers to capture an invisible fugitive. The invisible search
number is denoted by is.

The importance of the search games comes from the correspondence between
search numbers and standard width parameters [13], providing different interpre-
tations of these parameters, and hence different ways of handling them. Precisely,
it is known that, for any graph G:

– is(G) = pw(G) + 1 where pw(G) denotes the pathwidth of G (cf. [7]), and
– vs(G) = tw(G) + 1 where tw(G) denotes the treewidth of G (cf. [6,14]).

Monotony plays a crucial role in graph searching (cf., [11]). A search strat-
egy is monotone if once a node has been cleared (a node is cleared at a step
of the strategy if the fugitive cannot access to this node at this step), the fugi-
tive cannot ever have access to this node during the rest of the search. Since a
monotone search strategy finds the fugitive in a linear number of steps, it gives
a polynomially checkable certificate to the decision problem corresponding to a
monotone game. Hence the importance of monotony. Proving that visible and in-
visible search are both monotone games were two major achievements within the
theory of graph searching. Precisely, [4,10] proved that if is(G) ≤ k then there
exists a winning monotone invisible search strategy using at most k searchers in
G. Similarly, [14] proved that if vs(G) ≤ k then there exists a winning monotone
visible search strategy using at most k searchers in G.

Connectedness also plays an important role in graph searching, as far as practi-
cal applications are concerned (e.g., network security [1], speleological rescue [5],
etc). A search strategy in a graph G is connected if, at any step of the strategy,
the clear part of the graph (i.e., the part of the graph where the fugitive cannot
stand) forms a connected subgraph of G. The minimum k for which there is a
winning connected search strategy in G using at most k searchers is called the
connected search number of G. Considering invisible or visible search defines two
parameters denoted by cis(G) and cvs(G), respectively. The connectivity con-
straints generally implies a higher number of searchers for capturing the fugitive.
The ratio connected search number over search number can however be bounded.
Precisely, it is known (see [8]) that for any n-node graph G, we have

cis(G)/is(G) ≤ logn+ 1 and cvs(G)/vs(G) ≤ logn+ 1. (1)
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For trees, the bound for invisible search can be improved to cis(T )/is(T ) ≤
2 (cf. [2]), and this bound is tight. For visible search, it trivially holds that
cvs(T ) = vs(T ) for any tree T .

As for standard (i.e., non-connected) search, monotony is a crucial property
for connected search strategies, and it is natural to ask whether monotony holds
for connected search games the same way it holds for standard search games.
The answer is known to be no for invisible search. Precisely, [15] proves that
there is a graph G such that any monotone connected invisible search strategy
for G requires more searchers than cis(G). The impact of this result is impor-
tant because it is a priori difficult to design non-monotone search strategies,
and therefore the connected search problem seems significantly harder than the
non-connected one. In particular, it is not known whether the decision problem
corresponding to connected search is in NP. The good news though is that [1]
proves that monotony holds for trees, i.e., for any tree T there is a winning
monotone connected invisible search strategy using cis(T ) searchers.

All these results are summarized in Table 1.

Table 1. An overview of connected graph searching

search connected search connected search
in arbitrary graphs in trees in arbitrary graphs

monotone monotone ratio monotone ratio

invisible yes yes ≤ 2 no ≤ log n+ 1
fugitive [4,10] [1] [2] [15] [8]

visible yes yes 1 no O(log n) [8]
fugitive [14] [trivial] [trivial] [this paper] Ω(log n) [this paper]

Our results. First, we prove that the bound on the right hand side of Equation 1
is asymptotically tight when restricted to a monotone search strategy. That is,
we prove that there is an infinite family of graphs such that, for any n-node graph
G in this family, the number of searchers of any winning monotone connected
visible search strategy for G is at least Ω(vs(G) logn).

Second, we prove that, as for the connected invisible search game, the con-
nected visible search game is not monotone. Precisely, we describe an infinite
family of graphs with arbitrarily large connected visible search number for which
any monotone connected visible search strategy for any graph G in this family
requires strictly more than cvs(G) searchers.

Due to space limitation, several proofs are omitted. They can however be
found in [9].

2 The Lower Bound

It is known (cf., [8]) that for any connected n-node graph G, there exists a
winning monotone connected invisible search using at most tw(G)(log n + 1)
searchers. Thus there exists a winning monotone connected visible search using
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at most tw(G)(log n+1) searchers. Since vs(G) = tw(G)+1, it follows that there
exists a winning monotone connected visible search using at most vs(G)(log n+1)
searchers. We prove that this bound is asymptotically tight.

Theorem 1. For any n0, there is n ≥ n0 and an n-node graph G such that any
winning monotone connected visible search for G uses at least Ω(vs(G) · logn)
searchers.

Proof. We construct an infinite family of connected graphs such that any winning
monotone connected visible search for any n-node graph G in this family uses
at least c vs(G) log n searchers for some constant c > 0. For this purpose, we
construct an infinite family {Gi, i ≥ 1} of connected graphs as follows.

We define the scale of length k > 0 to be the graph of 2k vertices u1, . . . , uk,
v1, . . . , vk where the ui’s are called top nodes, and the vi’s are called bottom
nodes . There is an edge between ui and ui+1 for all i = 1, . . . , k− 1; there is an
edge between vi and vi+1 for all i = 1, . . . , k − 1; and there is an edge between
ui and vj for all i, j such that |i− j| ≤ 1. The center of a scale of even length 2k
is the subgraph induced by the four nodes uk, uk+1, vk, vk+1. The extremities of
a scale of length k are the four nodes u1, v1, and uk, vk, respectively called the
left and right extremities.
G1 is defined as the scale of length k = 10, plus one node r1 called the root,

and connected to the two extremities u1 and uk of the scale . For any i ≥ 1, the
base of Gi is a subgraph of Gi that is a scale of even length, and the kernel of
Gi is the center of its base. For instance, the base of G1 is the scale of length 10,
and the kernel of G1 is the set {u5, v5, u6, v6}, where v5 and v6 are the bottom
nodes of the kernel of G1.

Given Gi for i ≥ 1, we construct Gi+1 as follows (cf. Fig. 1). Let Si be the
base of Gi (i.e., a scale of even length 2k), and let ri be the root of Gi. First, take
a copy H of Gi. Let uk, uk+1, vk, vk+1 be the four nodes of the kernel of H (i.e.,
the center of the base of H). This kernel is replaced by a scale of length 6, that
is: the edges {uk, uk+1}, {uk, vk+1}, {vk, vk+1}, and {vk, uk+1} are removed, uk

and vk are identified to the left extremities of the length-6 scale, and uk+1 and
vk+1 are identified to the right extremities of the length-6 scale. This operation
results in a scale Si+1 of length 2k+ 4, that becomes the base of Gi+1. Next, we
take two copies H1 and H2 of Gi, and connect the two copies of ri to the root
of H , that becomes the root ri+1 of Gi+1. Finally, a complete set of connections
are added between the two nodes uk and vk of H , and the two bottom nodes of
the kernel of H1, and a complete set of connections are added between the two
nodes uk+1 and vk+1 of H , and the two bottom nodes of the kernel of H2.

We have |V (Gi+1)| = 1 + 2|V (Gi)|+ (|V (Gi)| − 1 + 8) = 3|V (Gi)| + 8. Thus
|V (Gi)| = 25 · 3i−1 − 4.

To summarize, we have the base of Gi consisting of a scale of length 2k for
k = 2i+3, with top nodes u1, . . . , u2k, and bottom nodes v1, . . . , v2k. The kernel
of Gi is the center {uk, vk, uk+1, vk+1} of this base. Thus the bottom nodes of
this kernel are the two nodes vk and vk+1. The two nodes u1 and u2k are the
top extremities of the base of Gi.
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Fig. 1. Recursive construction of Gi+1 (right) from Gi (left). The dotted lines represent
sets of connections.

Claim. For any i ≥ 1, tw(Gi) ≤ 4.

The proof of this claim can be found in [9].
Since for any graph G, vs(G) = tw(G) + 1, a consequence of Claim 2 is that

vs(Gi) ≤ 5 for all i ≥ 1. Before going further in the proof of Theorem 1, we need
to present another vision of the graphs Gi. From the definition of Gi+1, one can
check that it consists of two copies of Gj , for j = 1, . . . , i, connected to a scale
of length 2k = 4i + 10 (cf. Fig. 2). This holds even for i = 0 by defining G0 as
the empty graph. More precisely the copies of the Gj ’s are placed back-to-back
in order G1, G2, . . . , Gi, Gi, . . . , G2, G1. For every j, the root rj of any of the two
copies of Gj is connected to the root ri+1 of Gi+1. The two bottom nodes in
the kernel of the first copy of Gj are connected to the nodes u2j+3 and v2j+3

of the base of Gi+1, and the two bottom nodes in the kernel of the second copy
of Gj are connected to the nodes u2k−(2j+2) and v2k−(2j+2) of the base of Gi+1.
Finally, the two extremities u1 and u4i+10 of the base scale of Gi+1 are connected
to ri+1. This vision of the graphs Gi’s enables us to prove the following.

Claim. For any i ≥ 1, any winning monotone connected search strategy for Gi

whose two first steps consist in placing a searcher at each node vk and vk+1 of
the kernel of Gi uses at least 2i+ 4 searchers.

Proof. The proof is by induction on i ≥ 1. In fact we prove that any monotone
connected search strategy starting from vk and vk+1 in Gi has at least 2i + 4
searchers placed in Gi at the step before it clears the root ri of Gi. One can
easily check that the result holds for G1, that is any monotone connected search
strategy starting from v5 and v6 in G1 has at least 6 searchers placed in G1

before it clears the root r1. Let i ≥ 1 and let us assume that the result holds for
any 1 ≤ j ≤ i. Let S be a winning monotone connected search strategy for Gi+1

starting from the two nodes vk and vk+1 of the kernel of Gi+1. Consider Gi+1

as depicted in Fig. 2. To access ri+1 from vk and vk+1 in a monotone connected
way, S must clear the root rj of one of the two copies of some Gj for 1 ≤ j ≤ i,
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Fig. 2. Alternative definition of Gi+1

or one of the two extremities u1 or u2k of the base of Gi+1. Let R be the set
of nodes composed of all the roots of the Gj ’s composing Gi+1, plus the two
extremities u1 and u2k. R contains 2i + 2 nodes. Let v be the first node in R
that is cleared by S. We consider two cases.

The first case assumes that v is one of the two extremities of the base of
Gi+1. By symmetry of Gi+1, one can assume, w.l.o.g., that v = u1. Consider
every Gj that is connected to nodes of the base between u1 and uk. Recall
that the two bottom nodes in the kernel of Gj are connected to the nodes
u2j+3 and v2j+3 of the base. There are two vertex-disjoint paths between the
root rj of the considered Gj to any of the nodes u2j+3 and v2j+3 of the base.
Therefore, if less than two nodes in V (Gj) ∪ {u2j+3, v2j+3} are occupied by
searchers, then one searcher must occupy either u2j+3 or v2j+3 because otherwise
the search will not be connected. Indeed, u2j+3 and v2j+3 could be contaminated
by rj . Moreover, if one searcher only occupies u2j+3 or v2j+3, then another
searcher must occupy either u2j+4 or v2j+4 because otherwise the search will
not be connected. As a consequence, for any 1 ≤ j ≤ i, at least two nodes of
V (Gj) ∪ {u2j+3, v2j+3, u2j+4, v2j+4} are occupied by searchers. Moreover, two
searchers must occupy nodes in {uj, k ≤ j ≤ 2k} ∪ {vj , k ≤ j ≤ 2k} to avoid
recontamination of vk and vk+1 from u2k. Finally, at least four searchers are
occupying nodes in {u1, v1, u2, v2, u3, v3, u4, v4} to connect u1 with the clear
part of Gi+1. This yields a total of at least 2i + 6 searchers in the graph when
u1 is cleared, hence S uses at least 2(i+ 1) + 4 searchers in Gi+1.

The second case assumes that the first node v ∈ R that is cleared by S is the
root of some Gj , 1 ≤ j ≤ i. We prove that S uses at least 2(i+ 1) + 4 searchers
in Gi+1. The proof of this case can be found in [9]. This completes the induction
step, and thus the proof of the claim. �
Let G be connected graph, and let e = {u, v} ∈ E(G). We define the symmeric
graph of G with respect to e as the graph obtained from two copies of G linked
by a set of complete connections between the four nodes resulting from the two
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copies of {u, v} . The symmetric of G with respect to e = {u, v} is denoted by
G∗

u,v. The K4 connecting the two copies of G in G∗
u,v is called the center of G∗

u,v.

Claim. Let G be a connected graph, and let {u, v} ∈ E(G). Let k be the mini-
mum number of searchers required to clear G∗

u,v by a monotone connected visible
search strategy. There exists a monotone connected visible search strategy for G
using at most k searchers, and whose two first steps consist in placing a searcher
at u and a searcher at v.

The proof of this claim can be found in [9].
For any i ≥ 1, let Gi be the symmetric of Gi with respect to {vk, vk+1} where

vk and vk+1are the two bottom nodes of the kernel of Gi. We have |V (Gi)| =
ni = 2(25 · 3i−1 − 4). We have tw(Gi) ≤ max{tw(Gi), 3} by connecting a bag
containing {vk, vk+1} in the tree-decomposition of the first copy of Gi with a
bag containing {vk, vk+1} in the tree-decomposition of the second copy of Gi by
a path of length two containing a 4-node bag in the middle with two copies of vk

and two copies of vk+1. Hence, from Claim 2, tw(Gi) ≤ 4, and thus vs(Gi) ≤ 5.
On the other hand, by combining Claim 2 with Claim 2, we get that any winning
monotone connected visible search strategy for Gi uses at least 2i+ 4 searchers.
Therefore, any winning monotone connected visible search strategy for Gi uses
at least 2 log3(

ni
2 +4

25 ) + 6 searchers. ��

3 Monotony

In this section, we prove that the connected visible search game does not satisfy
the monotony property.

Theorem 2. For any k ≥ 4, there exists a graph G such that cvs(G) = 4k + 1
and any winning monotone connected visible search strategy uses at least 4k+ 2
searchers.

Proof. The proof is constructive. For the construction of the graphs mentioned
in the statement of the theorem, we reuse the family {Gi, i ≥ 1} introduced
for proving Theorem 1. The intuition of the proof is the following. Consider
the graph I(k) depicted in Figure 3. We will show that the symmetric of this
graph with respect from {u, v} cannot be cleared optimally by a monotone search
strategy. In this figure, the graphsE and F are two copies of a graphGi. Roughly,
the placements of these graphs force the strategy to clear them from nodes D
and B. We show that it is not possible to do that with the minimal number of
searchers in a monotone way.

Claim. There exists a connected visible search strategy for Gi, using at most 5
searchers, and starting from ri (i.e., the first step of the search consists in placing
a searcher at ri, and the strategy clears the graph by expanding from ri).

The proof of this claim can be found in [9].
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Let Pn be the n-node path. Let Pk,n be the graph obtained by replacing every
vertex of Pn by a complete graph on k vertices, and replacing every edge of Pn

by a perfect matching between the complete graphs corresponding to the two
extremities of the edge. A graph Pk,n is called a clique-path.

Claim. For any n ≥ 1 and any k ≥ 1:

– There exists a connected visible search strategy for Pk,n using at most k+ 1
searchers, and starting from any vertex of the clique corresponding to an
extremity of Pn.

– If n ≥ k + 1, then any monotone connected visible search strategy for Pk,n,
using at most k searchers, and starting from any vertex of the clique corre-
sponding to an extremity of Pn cannot clear any vertex of the clique at the
other extremity of Pk,n.

The proof is straightforward and is thus omitted.

For k ≥ 1, let I(k) be the graph represented in Fig. 3. This representation
uses the following coding:

– A black point represents a vertex.
– A circle represents a clique with the indicated number of vertices.
– A thin line between two vertices represents an edge.
– A thin line between a vertex x an a clique represents an edge between x and

a vertex of the clique;
– A double line between two cliques represents a perfect matching between

them if they are of same size, or between the smallest one and a sub-clique
of the largest one if they are of different size.

– a double dotted line between two cliques of same size s represents a path of
cliques of size s linked by perfect matchings.

– The graphs KA, KB, KC and KD are pairwise disjoint k-cliques, all sub-
graphs of the clique K of size 4k + 1, and extremities of clique-paths.

– The subgraphs E and F are isomorphic to G�3k/2� (the marked nodes are
the root, and the two bottom nodes of the kernel of G�3k/2�).

Claim. For any k ≥ 1, there exists a connected visible search strategy for I(k),
starting from u and v, and using at most 4k + 1 searchers.

Proof. The following (non-monotone) strategy uses 4k+ 1 searchers. Place sear-
chers at u and v, and use k + 1 searchers to clear the clique-path leading to
A. Let P be a shortest path from A to B going through the central clique K.
Place a searcher at every vertex of P , using 2k + 3 searchers (in addition to
the k searchers occupying nodes in A). If the fugitive is in the subgraph E,
then, from Claim 3, one can use 5 searchers to clear E starting from its root.
Thus we assume that the fugitive is not in E. Remove all searchers but k + 1
searchers occupying A and B, thus E remains isolated. (Note that the strategy is
not monotone because of this step). Use the 3k remaining searchers to clear the
clique-path between B and C (cf. point 1 of Claim 3). After this step, k searchers
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Fig. 3. The graph I(k)

occupy vertices of A, one searcher occupies B and one searcher occupies C. Place
a searcher at D. If the fugitive is in the subgraph F , then, from Claim 3, one
can use 5 searchers to clear F starting from its root. Thus we assume that the
fugitive is not in F . Use the k searchers at A, plus one extra searcher, to clear
the clique-path between A and KA. At this step, k searchers occupy vertices of
KA, and three searchers occupy B, C, and D. Let us place k searchers at KD.
If the fugitive is in one of the cliques Di, then remove all searchers but those
occupying KD and D, and use the k searchers at KD and the 3k remaining
searchers to clear the clique-path between KD and D. Thus we assume that the
fugitive is not in one of the cliques Di. Place k searchers at KC . If the fugitive
is in one of the cliques Ci, then remove all searchers but those occupying KC

and C, and use the k searchers at KC and the 3k remaining searchers to clear
the clique-path between KC and C. Thus we assume that the fugitive is not in
one of the cliques Ci. Use the searcher at B, and the k remaining searchers to
clear the clique-path from B to KB. At this point, 4k searchers occupy vertices
of KA, KB, KC and KD. Use the remaining searcher to clear the last vertex of
K. The fugitive is caught, which concludes the strategy. �
Note that, since I(k) contains a 4k + 1-clique, the strategy above is optimal.

Claim. For any k ≥ 4, any winning monotone connected visible search strategy
for I(k) starting from u and v uses at least 4k + 3 searchers.

Proof. The proof is inspired from the non-monotony proof for connected invisible
search in [15]. In the following, we say that two paths P and P ′ between a vertex
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v and a clique are vertex-disjoint if P ∩ P ′ ∈ {v}. Let us consider a winning
monotone connected visible search strategy S for I(k), starting from u and v.

Let us first assume that the root rE of E is cleared before vertex B is cleared.
Let s be the step at which rE is cleared in S. Let P be a clear path between u
and rE , and let P ′ be the subpath of P from u to a vertex in A. Since there are
k vertex-disjoint paths between B and P ′, all passing through the clique K of
I(k), k searchers have to guard these paths until step s to avoid recontamination.
Moreover, from Claim 2, G�3k/2� cannot be cleared by a monotone connected
visible search strategy starting from xE and yE using less than 3k+ 4 searchers.
Thus if rE is cleared before B then S needs at least 4k + 4 searchers. Similarly,
one can prove that if rF is cleared before D then S needs at least 4k+4 searchers.

Thus, for S to use less searchers, B must be cleared before rE , and D must
be cleared before rF . Thus, there is a vertex in KA that is cleared before any of
the vertices B, C, and D. Let x be the first vertex of KA to be cleared by S, say
at step s′. (Note that, while none of the vertices B, C and D are cleared, they
belong to the same component of the contaminated part, and thus the fact that
the fugitive is visible does not help to clear any of these vertices).

Let P0 be a clear path between u and x at step s′. Let P1 (resp., P2) be the
subpath of P0 that goes from u to A (resp., from A1 to x).

Let us assume that, among B, C, and D, D is the first vertex to be cleared in
S. Let s′′ > s′ be the step when D is cleared. Let P ′

1 and P ′
2 be two vertex-disjoint

paths from rE to two distinct nodes of P1. Let P ′
3 and P ′

4 be two vertex-disjoint
paths from rF to two distinct nodes of P1 that are as well pairwise distinct from
the two extremities of P ′

1 and P ′
2. Finally, let P ′

5, . . . , P
′
k+4 be k vertex-disjoint

paths from B to k distinct nodes of P2. Since k ≥ 4, these k + 4 paths can be
chosen pairwise vertex-disjoint, and disjoint from any clique Di. Thus, for any
1 ≤ i ≤ k + 4, and for any step in [s′, s′′], there must be a distinct searcher
occupying a vertex of P ′

i to avoid recontamination of P0 from rE , rF , or B.
Point 2 of Claim 3 says that, starting from a vertex of D1, clearing a vertex of
D3k+2 in a monotone connected visible way requires at least 3k + 2 searchers.
Hence the total number of searchers used by S is at least 4k + 6.

Thus, for S to use less searchers, D should not be the first vertex among B,
C, and D to be cleared. Similarly, one can prove that for S to use less searchers,
C should not be the first vertex among B, C, and D to be cleared.

Thus, for S to use less searchers, B must be, among B, C, and D, the first
node to be cleared by S. Let s′′ > s′ be the step when B is cleared. At this step,
there is a clear path from x to B, through the cliques Bi — recall that we are
assuming that B is cleared before rE . (Note that while C and D are not cleared,
both these vertices belong to the same component of the contaminated part, and
thus the fact that the fugitive is visible does not help to clear these vertices).

Let P3 be a clear path from x to B at step s′′.
We now consider the two cases depending on whether D is cleared before C,

or the other way around.
The first case assumes that D is cleared before C by S. Let s′′′ > s′′ be the first

step when a searcher is placed at D. Let P ′
1 and P ′

2 be two vertex-disjoint paths
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from rF to two distinct nodes of P1, and let P ′
3, . . . , P

′
k+2 be k vertex-disjoint

paths from C to k disjoint nodes of P2. Since k ≥ 2, the k+2 paths P ′
1, . . . , P

′
k+2

can be taken pairwise vertex-disjoint, and disjoint from any Di clique. Thus, for
any 1 ≤ i ≤ k + 2, and for any step in [s′, s′′′], there must be a searcher at a
vertex of P ′

i to avoid recontamination of P0 from rF or C. Point 2 of Claim 3
says that, starting from a vertex of D1, clearing a vertex of D3k+2 in a monotone
connected visible way requires at least 3k+ 2 searchers. Hence the total number
of searchers used by S is at least 4k + 4.

The second case assumes that C is cleared before D by S. Node C can be
reached in two different manners: either along the clique-path from C1 to C3k+2,
or along the clique-path from R1 to R3k. We consider these sub-cases separately.
We prove that in both cases, the total number of searchers used by S is at least
4k + 3. The proof of these cases can be found in [9].

Therefore, the monotone connected visible strategy S for I(k) uses at least
4k + 3 searchers. �
Let k ≥ 4. Let G = I

(k)∗
u,v be the symmetric of I(k) with respect to the edge {u, v}.

From Claim 3, there exists a connected visible search strategy for I(k), starting
from u and v, and using at most 4k + 1 searchers. Therefore cvs(G) ≤ 4k + 1.
On the other hand, Claim 3 states that any winning monotone connected visible
search strategy for I(k) starting from u and v uses at least 4k + 3 searchers.
By Claim 2, this implies that any winning monotone connected visible search
strategy for G uses at least 4k + 3 searchers, that is strictly more than cvs(G).
This completes the proof of the theorem. ��
The graphs used in the proof of Theorem 2 have a connected visible search
number equal to 4k + 1 for k ≥ 4, thus at least 17. We can however design
examples with smaller search number.

4 Conclusion

In this paper, we first prove that the connectedness requirement for monotone
visible search leads to a logarithmic factor in the number of searchers needed. Our
second result is that the connected visible search is not monotone. A quick glance
at Table 1 indicates that our results combined with the previous results in this
field let only one problem to be solved, as far as connected search is concerned.
Namely: is the bound on the left hand side of Equation 1, i.e., cis(G)/is(G) ≤
O(log n), tight? In [2], the authors express their belief that, for any graph G,
cis(G)/is(G) ≤ 2. That is, the worst case for connected invisible search is
actually reached for trees. Up to now, no one was able to prove or disprove this
belief.

We also want to rise the question of minimality for counter examples to
monotony of connected search games. Precisely, what is the minimum k such
that there is a graph G with cvs(G) = k for which any winning monotone
connected visible search strategy uses more than k searchers. Trivially, k ≥ 3.
Moreover, we prove that k ≤ 4 [9]. The same question seems far more complex
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in the context of invisible search (i.e., node search). Indeed, the minimum value
that is known for this setting is... k = 281 (cf. [15]). Is it possible to design
counter examples with smaller connected search numbers?

Finally, what is the complexity of the decision problems “cis(G) ≤ k?” and
“cvs(G) ≤ k?”. Both are known to be NP-hard, but are they in NP?

References

1. L. Barrière, P. Flocchini, P. Fraigniaud, and N. Santoro. Capture of an intruder
by mobile agents. In 14th ACM Symp. on Parallel Algorithms and Architectures
(SPAA), pages 200-209, 2002.

2. L. Barrière, P. Fraigniaud, N. Santoro, and D. Thilikos. Connected and Internal
Graph Searching. In 29th Workshop on Graph Theoretic Concepts in Computer
Science (WG), Springer-Verlag, LNCS 2880, pages 34–45, 2003.

3. D. Bienstock. Graph searching, path-width, tree-width and related problems (a
survey). DIMACS Series in Discrete Mathematics and Theoretical Computer Sci-
ence 5, pages 33-49, 1991.

4. D. Bienstock and P. Seymour. Monotonicity in graph searching. Journal of Algo-
rithms 12, pages 239-245, 1991.

5. R. Breisch. An intuitive approach to speleotopology. Southwestern Cavers VI(5),
pages 72-78, 1967.

6. N. D. Dendris, L. M. Kirousis, and D. M. Thilikos. Fugitive search games on
graphs and related parameters. Theoretical Computer Science vol. 172, No. 1,
pages 233-254, 1997.

7. J. A. Ellis, I.H. Sudborough, J.S. Turner. The Vertex Separation and Search
Number of a Graph Information and computation 113, pages 50-79, 1994.

8. P. Fraigniaud and N. Nisse. Connected Treewidth and Connected Graph Search-
ing. Proceedings of Latin American Theoretical Informatics Symposium (LATIN),
LNCS 3887, pages 479-490, 2006.

9. P. Fraigniaud and N. Nisse. Monotony Properties of Connected Visible Graph
Searching. Technical Report LRI-1456, University Paris-Sud, France, Jul. 2006.

10. A. LaPaugh. Recontamination does not help to search a graph. Journal of the
ACM 40(2), pages 224-245, 1993.

11. N. Megiddo, S. Hakimi, M. Garey, D. Johnson and C. Papadimitriou. The com-
plexity of searching a graph. Journal of the ACM 35(1), pages 18-44, 1988.

12. T. Parson. Pursuit-evasion in a graph. Theory and Applications of Graphs, Lecture
Notes in Mathematics, Springer-Verlag, pages 426-441, 1976.

13. N. Robertson and P. D. Seymour. Graph minors II, Algorithmic Aspects of Tree-
Width. Journal of Algorithms 7, pages 309-322, 1986.

14. P. Seymour and R. Thomas. Graph searching and a min-max theorem for tree-
width, J. Combin. Theory Ser. B, 58, pages 22-33, 1993.

15. B. Yang, D. Dyer, and B. Alspach. Sweeping Graphs with Large Clique Number. In
5th International Symposium on Algorithms and Computation (ISAAC), Springer,
LNCS 3341, pages 908-920, 2004.



Finding Intersection Models of Weakly Chordal

Graphs

Martin Charles Golumbic1, Marina Lipshteyn1, and Michal Stern1,2

1 Caesarea Rothschild Institute, University of Haifa, Haifa, Israel
2 The Academic College of Tel-Aviv - Jaffa, Tel-Aviv, Israel

Abstract. We first present new structural properties of a two-pair in
various graphs. A two-pair is used for characterizing weakly chordal
graphs. Based on these properties, we prove the main theorem: a graph
G is a weakly chordal (K2,3, P6, 4P2, P2 ∪ P4, H1, H2, H3)-free graph
if and only if G is an edge intersection graph of subtrees on a tree with
maximum degree 4. This characterizes the so called [4, 4, 2] graphs. The
proof of the theorem constructively finds the representation. Thus, we
obtain a algorithm to construct an edge intersection model of subtrees
on a tree with maximum degree 4 for such a given graph. This is a
recognition algorithm for [4, 4, 2] graphs.

1 Introduction

The chordality of a graph plays a fundamental role in graph theory. The class
of chordal graphs is widely investigated. One of the reasons is that the class has
a natural intersection model and hence a concise tree representation. The tree
representation can be constructed in linear time (see e.g. [6,11]), and the tree is
called a clique tree since each node of the tree corresponds to a maximal clique
of the chordal graph.

In many real world applications, the intersection representation of a graph is
more important than the graph itself. In [8], [9], the intersection representations
of a graph on a tree is generally defined as follows. An (h, s, t)-representation
consists of a collection of subtrees of a tree, such that (i) the maximum degree of
T is at most h, (ii) every subtree has maximum degree at most s, and (iii) there
is an edge between two vertices in the graph if and only if the corresponding sub-
trees in T have at least t vertices in common. Notation of∞ here means that no
restriction is imposed. The class of graphs that have an (h, s, t)-representation is
denoted by [h, s, t]. It is well known ([2,3,12]) that the chordal graphs correspond
to [∞,∞, 1], which was strengthened in [10] and [9], respectively, to be equiv-
alent to [3, 3, 1] and [3, 3, 2]. Interval graphs are also [2, 2, 1] graphs. There are
other papers that study [h, s, t] graphs, for specific values of h, s and t, although
without using this notion.

The class of weakly chordal graphs is also well studied and has number of
known applications. Our main motivation in this paper is to find an [h, s, t]
class of graphs that corresponds to weakly chordal graphs. Our general long
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term motivation is to find an (h, s, t)-representations of holes and anti-holes. In
this paper we prove that weakly chordal graphs with a finite set of forbidden
subgraphs corresponds to [4, 4, 2] graphs.

Our result bridges between characterization of a graph based on its structural
properties and characterization of a graph based on its intersection model. Sig-
nificantly important is that we present new structural properties of a two-pair in
various graphs. In particular, a two-pair is used for a characterization of weakly
chordal graphs.

We first prove the new structural properties of two-pairs in Section 3. The
main theorem of this paper is proved in Section 4: A graph G is a weakly chordal
(K2,3, P6, 4P2, P2 ∪ P4, H1, H2, H3)-free graph if and only if the graph G has
a (4, 4, 2)-representation. The proof of this theoretical result is based on the
structural properties given in Section 3 and on forbidden structures of [4, 4, 2]
graphs shown in Section 4.1. Moreover, the proof constructively finds a (4, 4, 2)-
representation. Thus, in addition, in Section 4.2, we provide an algorithm to
construct an edge intersection model of subtrees on a tree for a given graph.

2 Preliminaries

All standard definitions can be found in [1,4,6,11].
Consider an undirected graph G = (V, E). A sequence [v1, . . . , vk] of distinct

vertices is a path in G if (v1, v2), (v2, v3), . . . , (vk−1, vk) ∈ E. These edges are
called the edges of the path. The length of the path is the number k − 1 of its
edges. A closed path [v1, . . . , vk, v1] is called a cycle if in addition (vk, v1) ∈ E. A
chord of a cycle [v1, . . . , vk, v1] is an edge between two vertices of the cycle that
is not an edge of the cycle. A cycle is chordless if it contains no chords. Trivially,
a triangle has no chord, so we refer to a chordless cycle in this work as having
length strictly greater than 3. We denote by Ck the chordless cycle on k vertices,
and we always assume k > 3. An undirected graph G is a chordal (triangulated)
graph, if every cycle in G of length strictly greater than 3 possesses a chord, i.e.,
there is no chordless cycle Ck, k ≥ 4, in G.

A graph G is a weakly chordal graph if neither G nor its complement G have
an induced subgraph Ck, k ≥ 5. Weakly chordal graphs satisfy the hereditary
property, i.e., any induced subgraph of a weakly chordal graph is also weakly
chordal.

A subset S of vertices of a connected graph G is called a separator if GV −S is
not connected. A separator S is called an (a, b)-separator if a and b are in different
connected components of GV −S . The set S is a minimal (a, b)-separator if S is
an (a, b)-separator and no proper subset of S is an (a, b)-separator. Finally, a
separator S is a minimal separator if there is some pair {a, b} such that S is a
minimal (a, b)-separator.

A two-pair in a graph G is a pair of vertices {x, y}, such that every chordless
path between x and y contains exactly two edges.

Clearly, the common neighborhood of a two-pair {x, y} is a minimal (x, y)-
separator, which we denote by Sep(x, y).
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Theorem 1. [7] A graph G is weakly chordal if and only if every induced sub-
graph of G either has a two-pair or is a clique.

We denote by 〈S,T 〉 an (h, s, t)-representation of a graph, where S is a collection
of subtrees on a host tree T . Every vertex x in G corresponds to a subtree Sx in
〈S,T 〉, and we define Ex to be the set of edges of Sx in T . Every subset X ⊆ V
in G corresponds to a collection of subtrees SX and we define EX to be the set
of edges of SX in T .

The chordless cycle Cn is an [∞,∞, 2] graph. The representation of Cn is called
a pie. A pie is a star subgraph of T with n edges (a0, b), (a1, b), . . . , (an−1, b),
such that each “slice” (ai, b) ∪ (ai+1, b), for i = 0, 1, . . . , n− 1, is contained in a
different member of S. (Addition is assumed to be modulo n). The vertex b is
called the center of the pie. The following Theorem shows that this is essentially
the only representation for Cn, which generalizes a result of [5] for [∞, 2, 2].

Theorem 2. If an [∞,∞, 2] graph G contains a chordless cycle C=(x0, x1, . . . ,
xn−1, x0) (n ≥ 4), then T contains a pie on these n vertices.

Proof. Let Si be the subtree in T corresponding to xi. Choose an edge ei ∈
Si ∩ Si+1 and let ci be an endpoint of ei.

First we prove that for all i and j, Si and Sj share a common vertex. Suppose
Si and Sj do not share a vertex for some i and j, so in particular |i− j| ≥ 2. Let
P be a path in T from ci to cj . On one hand, since T is a tree, P is contained
in the subtree Si+1 ∪ · · · ∪ Sj and, since Si and Sj do not share a vertex, there
exists an edge e ∈ (P − Si − Sj) ∩ Sk for some i < k < j. On the other hand, P
is contained in the subtree Sj+1 ∪ · · · ∪ Si, but the edge e cannot be in any Sl

for j + 1 ≤ l < i. Contradiction!
Finally, since subtrees in a tree have Helly number 2, there is a vertex b ∈ Si

for all 0 ≤ i < n. Choosing vertices ai, such that (ai, b) ∈ Si ∪ Si+1 we obtain a
pie which realizes C. ��

3 New Structural Properties of a Two-Pair

In this section, we show new interesting structural properties of a two-pair in
specific families of graphs. Our main motivation to investigate these properties
is that two-pairs characterize weakly chordal graphs.

Given a two-pair {x, y} in G, let Z={z ∈ V |z /∈ Sep(x, y), z 
= x, y, and z has
two non-adjacent neighbors in Sep(x, y) }. We denote by Zx the vertices in Z
that are adjacent to x, and Zy to be the vertices in Z that are adjacent to y. The
vertices in the set {x} ∪ {y}∪ Sep(x, y) are called the core vertices. Therefore,
the vertices of a graph G can be partitioned into core and non-core vertices. The
vertices in the set Z ∪ {x} ∪ {y}∪ Sep(x, y) are called essential. Therefore, the
vertices of a graph G can be partitioned into essential and non-essential vertices.
Clearly, a core vertex is also an essential vertex. Recall that N(v) = {u|(v, u) ∈
E(G)} and N [v] = {v}∪N(v). We denote by N [X ] = {N [v]|v ∈ X} for X ⊆ V .
We denote by N ′[v] = {v} ∪ (N(v) ∩ Sep(x, y)).
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Property 3. Let {x, y} be a two-pair in a K2,3-free graph G. Then there are
no three independent vertices in Sep(x, y), since otherwise they form an induced
K2,3 together with the vertices x and y.

Property 4. Let {x, y} be a two-pair in a P2 ∪ P4-free graph G. Then there
is no chordless path of four vertices in Sep(x, y), since otherwise they form an
induced P2 ∪ P4 together with the vertices x and y.

Property 5. Let {x, y} be a two-pair in a K2,3-free graph G and let z ∈ Z, then
z must be adjacent to either x or y. Moreover, Zx and Zy are disjoint sets and
are not connected by an edge in G.

Lemma 6. Let {x, y} be a two-pair in a (K2,3, P2 ∪ P4,P6)-free graph G:
(i) Zx and Zy are cliques in G, (ii) Every vertex in Zx and every vertex in
Zy is adjacent to every vertex in Sep(x, y), (iii) Each vertex in Zx ∪ x has the
same essential neighbors in G, and each vertex in Zy ∪ y has the same essential
neighbors in G.

Let {x, y} be a two-pair. We now define the sets C1, C2, C3, C4, C5 with respect
to Sep(x, y), as illustrated in Figure 1, and whose structure will be shown below.

(I) If Sep(x, y) is a clique, then C5 = Sep(x, y) and Ci = ∅, 1 ≤ i ≤ 4.
Otherwise, Sep(x, y) is not a clique and there exist two non-adjacent ver-
tices s1, s2 ∈ Sep(x, y). Let C1 = N ′[s1]\N ′[s2] and let C2 = N ′[s2]\N ′[s1].
Note that C1 and C2 are non-empty since s1 ∈ C1 and s2 ∈ C2.

(II) If N ′[s1] ∩N ′[s2] = ∅, then C3 = C4 = C5 = ∅.
(III) If N ′[s1] ∩N ′[s2] is a clique, then C3 = C4 = ∅ and C5 = N ′[s1] ∩N ′[s2].
(IV) If N ′[s1]∩N ′[s2] is not a clique, then there exist two non-adjacent vertices

s3, s4 ∈ N ′[s1]∩N ′[s2]. In this case, C3 =N ′[s3]\N ′[s4], C4 = N ′[s4]\N ′[s3]
and C5 = N ′[s3] ∩N ′[s4].

We now prove the following claims on the structural properties of the sets
C1, . . . , C5 in G.

Lemma 7. Let {x, y} be a two-pair in G:
(i) If G is a K2,3-free graph, then Sep(x, y) = C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5,
(ii) If G is a (K2,3, 4P2)-free graph, then C1, . . . , C5 are disjoint cliques,
(iii) If G is a (K2,3, 4P2, P2 ∪ P4)-free graph, then the adjacency of C1, . . . , C5

are illustrated in Figure 1, where an edge (Ci, Cj) illustrates that every vertex in
Ci is adjacent to every vertex in Cj.

Let C1, . . . , C5 as defined above. We now define the collection A = {{x}∪C1∪C3,
{x}∪C2∪C4, {y}∪C1∪C4, {y}∪C2∪C3} and the collection B = {{y}∪C1∪C3,
{y} ∪ C2 ∪ C4, {x} ∪ C1 ∪ C4, {x} ∪ C2 ∪ C3}.

We define A � B as the union of A and B, such that no element of A � B
is contained in another element of A or B, i.e., the ”containment maximal”
elements of A ∪B.

Claim 8. Let {x, y} be a two-pair in a (K2,3, P2 ∪ P4, P6, 4P2)-free graph G.
If one of C1, . . . , C4 is an empty set, then |A �B| ≤ 4.
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C5

(I)

C1 C5 C2

C3

C4

(IV)

C1 C5 C2

(III)

C2C1

(II)

Fig. 1. Adjacency of the sets C1, . . . , C5 in the following cases: (I) Sep(x, y) is a clique,
(II) N ′[s1] ∩ N ′[s2] = ∅, (III) N ′[s1] ∩ N ′[s2] is a clique, (IV) N ′[s1] ∩ N ′[s2] is not a
clique (C5 is possibly empty)

Claim 9. Let {x, y} be a two-pair in a weakly chordal (K2,3, P2 ∪ P4, P6, 4P2)-
free graph G. Let D be a connected component of non-essential vertices, such
that N [D] ⊆ {x} ∪ Ci ∪ Cj, where there exists an edge between Ci and Cj for
1 ≤ i 
= j ≤ 4. Then there exists a clique K of size at most 2 in D, such that
N [K] ⊆ {x} ∪ Ci ∪ Cj.

Claim 10. Let {x, y} be a two-pair in a (K2,3, P2 ∪ P4, P6, 4P2, H1, H2, H3)-
free graph G. Let D1 be a connected component of non-essential vertices in G,
such that N [D1] is contained in or equal to an element in A (or B) and C1,
C2, C3, C4 
= ∅. If there exists a connected component D2 
= D1 of non-essential
vertices in G, then N [D2] is not contained in and not equal to an element in B
(or A).

4 The Main Theorem and Algorithm

In this section we present the main result based on the structural properties
proved in Section 3.

4.1 Forbidden Structures of [4, 4, 2] Graphs

Theorem 11. Let G be a [4, 4, 2] graph. Then G is weakly chordal and does not
contain the induced subgraphs K2,3, P6, 4P2 P2 ∪ P4, C6, H1, H2 and H3 that
are shown in Figure 2.

Proof. According to Theorem 2, a [4, 4, 2] graph G contains no Cn, n > 4. Since
C5 = C5, the graph G does not contain C5. Moreover, G contains no C6 and no
P6 and therefore G contains no Cn, n > 6. Hence, G is weakly chordal.

According to Theorem 2, all the graphs in Figure 2 must contain a pie on the
cycle C = (a, b, c, d, a) in any (4, 4, 2) representation, and the center of the pie
has degree 4. Let e1, e2, e3, e4 be the edges of the pie, where e1 is contained in
Sa ∩Sb, e2 is contained in Sb ∩Sc, e3 is contained in Sc ∩Sd and e4 is contained
in Sd ∩ Sa.
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Fig. 2. Forbidden subgraphs, where K1 and K2 are cliques of size at most 2

In any (4, 4, 2)-representation of K2,3, the subtree Se cannot contain any of
the edges e1, e2, e3, e4, but must contain a common edge with Sa and Sc. Con-
tradiction!

In any (4, 4, 2)-representation of P6 and P2 ∪ P4, the subtree Se contains the
edges e1, e4 and does not contain the edges e2, e3. The subtree Sf contains the
edge e2 (and possibly e3), but does not contain the edges e1, e4. Therefore,
Se ∩ Sf = ∅. Contradiction!

In any (4, 4, 2)-representation of C6, the subtree Se contains the edge e1 and
does not contain the edges e2, e3, e4. The subtree Sf contains the edge e3 and
does not contain the edges e1, e2, e4. Therefore, Se ∩ Sf = ∅. Contradiction!

In any (4, 4, 2)-representation of 4P2, either Se contains e1, e3 and Sf contains
e2, e4, or Se contains e2, e4 and Sf contains e1, e3. In both cases, each one of the
subtrees Sg and Sh must have at least three edges among e1, e2, e3, e4. Since
Sg ∩ Sh = ∅, this is a contradiction.

In any (4, 4, 2)-representation of H1, the collection of subtrees that correspond
to connected components K1 and K2 do not contain e1, e2, e3. Thus both Se and
Sh must contain the edge e4. This is a contradiction, since Se ∩ Sh = ∅.

In any (4, 4, 2)-representation of H2, the collection of subtrees that correspond
to connected component K1 contains e1 and the collection of subtrees that cor-
respond to connected component K2 contains e4. Then Se must contain e1 and
e4. Furthermore, Se must contain one among e3 and e2. Thus, Sh contains at
most one edge among e2, e3. This is a contradiction, since Sh ∩ Sa 
= ∅.

In any (4, 4, 2)-representation of H3, the collection of subtrees that correspond
to connected components K1 do not contain e2, e3, e4 and the subtrees that
correspond to connected components K2 do not contain e1, e2, e4. Therefore, Se

must contain e1 and Sh must contain e3. Since Se ∩ Sh = ∅, Se cannot contain
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e3 and therefore must contain e2 and e4. Then Sh cannot contain e1, e2, e4. This
is a contradiction, since Sh ∩ Sa 
= ∅.

Thus, G does not contain the induced subgraphs shown in Figure 2. ��

4.2 The Algorithm

Construct (4, 4, 2)-representation algorithm
input: a (K2,3, P6, 4P2, P2 ∪ P4,H1, H2, H3)-free weakly chordal graph G
output: a (4, 4, 2)-representation 〈S ,T 〉 of G

begin
1 〈S ,T 〉 ← create-initial-star(G);
2 while h > 4 (h is the maximum degree of T ) do

〈S ,T 〉 ← Degree-reduce(G,〈S ,T 〉 );

end

Create-initial-star procedure
input: a graph G with m = |E(G)| and v = |V (G)|
output: an (m, n− 1, 2)-representation 〈S ,T 〉 of G, where T is a star

begin
T ← star with central vertex b and m edges (v1, b), . . . , (vm, b);
l ← 1;
foreach (xi, xj) ∈ E(G) do

add the edge (vl, b) to Si and Sj ;
l ← l + 1;

end

Definition 12. Let 〈S,T 〉 be an (h, s, 2)-representation of a graph G. Core or
essential subtree in 〈S,T 〉 corresponds to a core or essential vertex in G, respec-
tively.

Let {x, y} be a two-pair in the graph G. For an edge e ∈ Ex ∪ Ey ∪ ESep(x,y),
we define the collection of subtrees Ŝ(e) = {S ∈ S|S is a non-core subtree and
S contains the edge e}.

An edge e, such that e /∈ ESep(x,y) or e is contained in a non-essential subtree,
is called a flexible edge.

Let u be a vertex in T . We denote the induced subgraph GU , where U ⊆ V is
the set of vertices in G that corresponds to the collection of subtrees that contain
the vertex u in T .

Theorem 13. Let G be a weakly chordal (K2,3, P6, 4P2, P2 ∪ P4,H1, H2, H3)-
free graph, then the Construct (4,4,2)-representation algorithm finds a
(4, 4, 2)-representation of G.

Proof. At the first step of the algorithm, we perform the Create-initial-star
procedure, which clearly finds an initial (h, s, 2)-representation of G, where
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Degree-reduce procedure

input : G, an (h, s, 2)-representation 〈S ,T 〉 of G, h > 4

output : an (h, s, 2)-representation < S ′,T ′ > of G with fewer vertices of degree h

begin
1 find a vertex u of degree h;
2 〈S ,T 〉 ← PreprocessingA(〈S ,T 〉, u);

//every subtree in S contains either 0 or at least 2 edges incident to u;
3 find the induced subgraph GU ;
4 if GU is a clique then

〈S ′,T ′〉 ← TransformationB(〈S ,T 〉, u);
end procedure;

//GU is not a clique:
5 find a two-pair {x, y} and Sep(x, y) ;
6 if GSep(x,y) is a clique then

ColoringC ← ColoringC(〈S ,T 〉, u, {x, y}, Sep(x, y) );
〈S ′,T ′〉 ← TransformationC(〈S ,T 〉, u, Sep(x, y), ColoringC);
end procedure;

//GSep(x,y) is not a clique:
7 foreach star edge e ∈ Ex ∪ Ey ∪ ESep(x,y) do

find the collection �S(e) ;

ColoringD ← ColoringD(〈S ,T 〉, u, �S(e) );
if ∃ a flexible red edge e′ 
= e then
〈S ′,T ′〉 ← TransformationD(〈S ,T 〉, u, e, ColoringD);
end procedure;

else
uncolor 〈S ,T 〉 ;

//∀e ∈ Ex ∪ Ey ∪ ESep(x,y) in the corresponding ColoringD there is no flexible red
edge:

8 〈S ′,T ′〉 ← TransformationE(G, 〈S ,T 〉, u, {x, y}, Sep(x, y) );
end
See Appendix A for the procedures.

h = |E(G)| and s ≤ |V (G)| − 1. If h ≤ 4, then the Theorem holds trivially.
Otherwise, h > 4.

While there exists a vertex in T of degree greater than 4, i.e., h > 4, we
perform the Degree-reduce procedure, which by Lemma 14 obtains an (h, s, 2)-
representation of G with fewer vertices of degree h. If the input representation
of Degree-reduce procedure has only one vertex of degree h, then the output
is an (h′, s′, 2)-representation of G with maximum degree h′, where h′ < h. The
algorithm stops when a (4, 4, 2)-representation is obtained.

The following Lemma is the main justification for the correctness of algorithm.

Lemma 14. Let 〈S,T 〉 be an (h, s, 2)-representation of a weakly chordal (K2,3,
P6, 4P2, P2 ∪ P4,H1, H2, H3)-free graph G, where T has a maximal degree h > 4.
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If 〈S,T 〉 is an input to Degree-reduce procedure, then the output is an (h, s, 2)-
representation of G with fewer vertices of degree h.

Proof. Step 1 Since 〈S,T 〉 is an (h, s, 2)-representation, there exists a vertex u
of degree h, which is found in this step.

Step 2
Claim. The output of PreprocessingA(〈S,T 〉, u) is an (h, s, 2)-representation
of G, such that every subtree in S either uses no edges with the endpoint u or
uses at least two edges with the endpoint u.

Step 3. We find the induced subgraph GU , where each vertex in GU corresponds
to a subtree that contains the vertex u in T . By the hereditary property, the
induced subgraph GU is also a weakly chordal (K2,3, P6, 4P2, P2 ∪ P4, H1,H2,
H3)-free graph.

Step 4. According to Theorem 1, the subgraph GU is either a clique or has a
two-pair. If GU is a clique, then at Step 4 we call TransformationB(〈S,T 〉, u)
procedure and Degree-reduce procedure ends.

Claim. If GU is a clique, then the output of TransformationB procedure
(〈S,T 〉, u) is an (h, s, 2)-representation of G with fewer vertices of degree h than
in 〈S,T 〉. Otherwise, at Steps 5-9, GU is not a clique and therefore has a two-pair.

Step 5. We find a two-pair {x, y} and the set Sep(x, y).

Step 6. If GSep(x,y) is a clique, then first we call ColoringC(〈S,T 〉, u, {x, y},
Sep(x, y)) and then we call to TransformationC(〈S,T 〉, u, Sep(x, y), Coloring
C) and Degree-reduce procedure ends.

Claim. Let GSep(x,y) be a clique. Then in the output of ColoringC proce-
dure (〈S,T 〉, u, {x, y}, Sep(x, y) ) every subtree not in SSep(x,y) has either red
edges or blue edges. The output of TransformationC procedure (〈S,T 〉, u,
Sep(x, y), ColoringC) is an (h, s, 2)-representation of G with fewer vertices of
degree h than in 〈S,T 〉.

Otherwise, at Steps 7-8, GSep(x,y) is not a clique.

Step 7. For every edge e ∈ Ex ∪ Ey ∪ ESep(x,y), we call to ColoringD (〈S,T 〉,
u, Ŝ(e) ) procedure until there exists a flexible red edge e′. Then we perform
TransformationD procedure (〈S,T 〉, u, e, ColoringD) and Degree-reduce
procedure ends.

Claim. In the output of ColoringD procedure(〈S,T 〉, u, Ŝ(e) ):
(i) Every red edge is contained in a non-core subtree
(ii) If e ∈ Ex, then Sx has at least one red edge
(iii) At most one of Sx and Sy has a red edge
(iv) Every subtree in SSep(x,y) has at least one uncolored star edge
(v) For every non-core subtree, either all its star edges are uncolored or are red
(vi) At most one of the collections SZx and SZy has a subtree with a red edge.
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Claim. Let G be a (K2,3, P2 ∪ P4, P6)-free graph and GSep(x,y) is not a clique.
If there exists a flexible red edge e′ 
= e, then the output of TransformationD
procedure(〈S,T 〉, u, e, ColoringD) is an (h, s, 2)-representation of G with fewer
vertices of degree h than in 〈S,T 〉.

Otherwise, at Step 8, for every edge e ∈ Ex∪Ey∪ESep(x,y), in the corresponding
coloring with respect to Ŝ(e), there is no flexible red edge. In addition, GU has
the following structural property:

Claim. If Step 8 of the Degree-reduce procedure is performed, then a vertex
is in GU if and only if the vertex is essential.

Step 8. In TransformationE procedure (G, 〈S,T 〉 , u, {x, y}, Sep(x, y) ), we
first find cliques C1, . . . , C5 of Sep(x, y). Then we call to ColoringE procedure
(〈S,T 〉, u, {x, y}, C1, . . . , C4) and to FindColorPivot procedure (ColoringE,
{x, y}, C1, . . . , C4, G).

Definition 15. Let C(S) be the color set of the edges of a subtree S in 〈S,T 〉.

Claim. In the output representation of ColoringE procedure(〈S,T 〉, u, {x, y},
C1, . . . , C4): (i) Every non-star edge with an endpoint {v1, . . . , vh} is colored, (ii)
For every non-essential subtree, all its non-star edges with an endpoint among
{v1, . . . , vh} are colored with the same set of colors C(S).

Claim. Let G be a (K2,3, P2 ∪ P4, P6, 4P2, H1, H2, H3)-free graph. In the output
representation of FindColorPivot procedure (ColoringE, {x, y}, C1, . . . , C4,
G):
(i) For every colored subtree S, C(S) is contained in or equal to an element in
A �B.
(ii) If C1, C2, C3, C4 
= ∅, then for every colored non-essential subtree S, C(S)
is contained in or equal to an element in the set H found by FindColorPivot
procedure.

At the end of TransformationE procedure(G, 〈S,T 〉, u, {x, y}, Sep(x, y) )
we consider the coloring and the pivot found and construct a new representation,
such that u has degree at most 4.

Claim. In the output of TransformationE procedure the degree of u is at
most 4.

We have shown that in all cases the output is an (h, s, 2)-representation with
fewer number of vertices of degree h than in 〈S,T 〉. ��

4.3 The Main Theorem

The following Theorem summarizes the main contribution of the paper:

Theorem 16. A graph G is a weakly chordal (K2,3, P6, 4P2, P2 ∪ P4, H1, H2,
H3)-free graph if and only if the graph G has a (4, 4, 2)-representation.

Proof. Follows from Theorem 11 and Theorem 13. ��
Combining Theorem 16 and Theorem 13, we conclude that the Construct
(4,4,2)-representation algorithm correctly recognizes [4, 4, 2] graphs.
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5 Future Work

From the main theorem we obtain the following implication. We are currently
working on the algorithm based on the following Theorem.

Theorem 17. Let G be a (K2,3, P6, 4P2, P2 ∪ P4)-free graph. G is weakly
chordal if and only if G is an [8, 8, 2] graph and (C5, C6, C7, C8, Cn, n ≥ 6)-free
graph.

We are looking for other forbidden structures on graphs that will lead to char-
acterization of various [h, s, t] families, e.g. hole-free and anti-hole free graphs. It
will be interesting to find more intersection models for other well known struc-
tured families of graphs, e.g. for weakly chordal graphs.

References

1. C. Berge, Graphs and Hypergraphs, North-Holland, Amsterdam, 1973.
2. P. Buneman, A characterization of rigid circuit graphs, Discrete Math., 9 (1974),

205-212.
3. F. Gavril, The intersection graphs of subtrees in trees are exactly the chordal graphs,

J. Comb. Theory Ser. B (1974), 47-56.
4. M.C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Second Edition,

Annals of Discrete Math. 57, Elsevier (2004).
5. M.C. Golumbic, R.E. Jamison, The edge intersection graphs of paths in a tree,

Journal of Combinatorial Theory, Series B 38 (1985), 8-22.
6. M.C. Golumbic, A.N. Trenk, Tolerance Graphs, Chapter 11, Cambridge University

Press (2004).
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Appendix

PreprocessingA procedure
input: 〈S ,T 〉, u
output: 〈S ,T 〉 let v1, . . . , vh be the neighbors of u in T ;
foreach star edge (vi, u) do

find S(vi, u), which is the collection of subtrees in S that contains only the edge
(vi, u) among (v1, u), . . . , (vh, u);
if S(vi, u) 
= ∅ then

split the edge (vi, u) into two edges, by adding a dummy vertex w such that:
foreach subtree S ∈ S(vi, u) do

replace (vi, u) by the edge (vi, w) in S (thus making w the endpoint of
S);

foreach subtree S /∈ S(vi, u) and (vi, u) is contained in S do
replace (vi, u) by the two edges (vi, w) and (w, u) in S.

rename the neighbors of u to be v1, . . . , vh of u;

TransformationB procedure
input: 〈S ,T 〉, u
output: 〈S ′,T ′〉
split the edge (v1, u) into two edges by adding a dummy vertex w, remove the edge
(v2, u), add the edge (v2, w) such that:
foreach subtree S ∈ SU that contains the edge (vi, u), i = 1, 2, do

replace (vi, u) by the two edges (vi, w) and (w, u) in S;

ColoringC procedure
input: 〈S ,T 〉, u, {x, y}, Sep(x, y)
output: ColoringC
find Ex and Ey;
color the edges of Ex red and color the edges of Ey blue;
repeat

if uncolored edge (vi, u) /∈ ESep(x,y) is contained in a subtree with a red edge
then

color (vi, u) red;

if uncolored edge (vi, u) /∈ ESep(x,y) is contained in a subtree with a blue edge
then

color (vi, u) blue;

until no further coloring is possible;

TransformationC procedure
input: 〈S ,T 〉, u, Sep(x, y) , ColoringC
output: 〈S ′,T ′〉
split the vertex u into two vertices u′ and u′′, and add the edge (u′, u′′) such that:
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foreach star edge (vi, u) do
switch (vi, u) do

case red
replace (vi, u) by (vi, u

′) in every subtree containing it;

case blue
replace (vi, u) by (vi, u

′′) in every subtree containing it;

case uncolored
if (vi, u) is contained in a subtree with a red edge then

replace (vi, u) by (vi, u
′) in every subtree containing it;

else
replace (vi, u) by (vi, u

′′) in every subtree containing it;

add the edge (u′, u′′) to every subtree in SS�√(§,†);

ColoringD procedure
input: 〈S ,T 〉, u, �S(e)
output: ColoringD
foreach edge (vi, u) that is contained in a subtree in �S(e) do

color (vi, u) red;

repeat
if uncolored edge (vi, u) is contained in a non-core subtree S with a red edge
then

color (vi, u) red;

until no further coloring is possible;

TransformationD procedure
input: 〈S ,T 〉, u, e, ColoringD
output: < S ′,T ′ >
split the edge e = (vj , u) into two edges by adding a dummy vertex w such that:

replace (vj , u) by (vj , w) in every non-essential subtree containing it;
replace (vj , u) by (vj , w), (w, u) in every essential subtree containing it;
foreach flexible red edge (vi, u), i 
= j do

replace (vi, u) by (vi, w) in every non-essential subtree containing it;
replace (vi, u) by (vi, w), (w, u) in every essential subtree containing it;
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TransformationE procedure
input: G, 〈S ,T 〉, u, {x, y}, Sep(x, y)
output: < S ′,T ′ >
{C1, C2, C3, C4, C5} ← FindSepCliques(G, Sep(x, y) );
ColoringE ←ColoringE(〈S ,T 〉, u, {x, y}, C1, . . . , C4);
H ← FindColorPivot(ColoringE, {x, y}, C1, . . . , C4, G);
add four new edges (u1, u), (u2, u), (u3, u), (u4, u) such that:
foreach subtree S ∈ C5 do

add the four edges (u1, u), (u2, u), (u3, u), (u4, u) to S

foreach hi ∈ H do
add the edge (ui, u) to all the subtrees corresponding to a vertex in hi;

foreach star edge (vi, u) do
foreach non-star edge e = (vi, q), q 
= u do

if e is colored with more than one color then
find hi that contains the color set of e;
pivot ← i

else
pivot ← the minimal i, such that hi contains the only color of e;

split the star edge on the path [upivot, u] into two edges by adding a dummy
vertex w;
add a dummy pendant edge (w′, w);
replace e by (w, w′), (w′, q) in every essential subtree containing it;
replace e by (w′, q) in every non-essential subtree containing it;

remove the star edge (vi, u);

FindSepCliques procedure
input: G, Sep(x, y)
output: C1, C2, C3, C4, C5
choose two non-adjacent vertices s1, s2 ∈ Sep(x, y) ;
C1 ← {N ′(s1)} − {N ′(s2)};
C2 ← {N ′(s2)} − {N ′(s1)};
if N ′(s1) ∩N ′(s2) = ∅ then
C3 = C4 = C5 = ∅;

else
if N ′(s1) ∩N ′(s2) is a clique then
C3 ← ∅;
C4 ← ∅;
C5 ← N ′(s1) ∩N ′(s2);

else
choose non-adjacent s3 and s4 in N ′(s1) ∩N ′(s2);
C3 ← {N ′(s3)} − {N ′(s4)};
C4 ← {N ′(s4)} − {N ′(s3)};
C5 ← {N ′(s3)} ∩ {N ′(s4)}
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ColoringE procedure
input: 〈S ,T 〉, u, {x, y}, C1, . . . , C4
output: ColoringE
define six colors, such that each color corresponds to one of x, y, C1, C2, C3, C4;
foreach non-star edge (vi, a), a 
= u that is contained in a subtree corresponding to
a vertex among {x, y,C1, C2, C3, C4} do

color (vi, a) with the corresponding color;

repeat
if a non-star edge (vi, a), a 
= u is contained in a non-essential subtree S with
an edge colored c then

color edge (vi, a) with color c;

until no further coloring is possible;
//some edges will receive multiple colors;

FindColorPivot procedure
input: ColoringE, {x, y}, C1, . . . , C4, G
output: H
A← {h1 = {x, C1, C3}, h2 = {x, C2, C4}, h3 = {y, C1, C4}, h4 = {y, C2, C3}};
B ← {h1 = {y, C1, C3}, h2 = {y, C2, C4}, h3 = {x, C1, C4}, h4 = {x, C2, C3}};
if C1, C2, C3, C4 
= ∅ then

if ∃ a non-essential subtree whose color set has three colors and forms an element
of A then

H=A;

else
H=B;

else
//each triple in A or in B that contains an empty set is substituted by a pair;
H ← A ∪B;
while ∃h, h′ ∈ H such that h is contained in h′ do

H ← H − h;
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Abstract. We consider the dynamic recognition problem for the class
of P4-sparse graphs: the objective is to handle edge/vertex additions
and deletions, to recognize if each such modification yields a P4-sparse
graph, and if yes, to update a representation of the graph. Our approach
relies on maintaining the modular decomposition tree of the graph, which
we use for solving the recognition problem. We establish conditions for
each modification to yield a P4-sparse graph and obtain a fully dynamic
recognition algorithm which handles edge modifications in O(1) time
and vertex modifications in O(d) time for a vertex of degree d. Thus,
our algorithm implies an optimal edges-only dynamic algorithm and a
new optimal incremental algorithm for P4-sparse graphs. Moreover, by
maintaining the children of each node of the modular decomposition tree
in a binomial heap, we can handle vertex deletions in O(log n) time, at
the expense of needing O(log n) time for each edge modification and
O(d log n) time for the addition of a vertex adjacent to d vertices.
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1 Introduction

A dynamic graph algorithm for a class Π of graphs is an algorithm that handles
a series of on-line modifications (i.e., insertions or deletions of vertices or edges)
on a graph in Π ; if the modification yields a graph in Π , the algorithm per-
forms it (updating an internal representation), otherwise it outputs false and
does nothing. Such algorithms are categorized depending on the modifications
they support: an incremental (decremental) algorithm supports only vertex in-
sertions (deletions); an additions-only (deletions-only) algorithm supports only
edge additions (deletions); an edges-only fully dynamic algorithm supports both
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edge additions and edge deletions; a fully dynamic algorithm supports all edge
as well as all vertex modifications.

Several authors have studied the dynamic recognition problem for graphs of
specific families. Incremental recognition algorithms have been proposed by Hsu
[12] for interval graphs and by Deng et al. [8] for connected proper interval
graphs. Ibarra [13] has given an edges-only fully dynamic algorithm for chordal
graphs which handles each edge operation in O(n) time and an edges-only fully
dynamic algorithm for split graphs which handles each edge operation in O(1)
time. More recently, Hell et al. [10] have given a fully dynamic algorithm for
recognizing proper interval graphs which works in O(d+ logn) time per modifi-
cation, where d is the degree of a vertex in case of a vertex modification; Shamir
and Sharan [19] have developed a fully dynamic algorithm for the recognition
of cographs, threshold graphs, and trivially perfect graphs, which handles edge
modifications in O(1) time and vertex modifications in O(d) time; finally, Cre-
spelle and Paul have presented fully dynamic algorithms for directed cographs
[5] and permutation graphs [6] which require O(d) time if d arcs are involved,
and O(n) time, respectively. For the class of P4-sparse graphs, an incremental
algorithm for recognizing a P4-sparse graph has been proposed by Jamison and
Olariu [15] which handles the insertion of a vertex of degree d in O(d) time.

Researchers have also considered the problem of the dynamic maintenance of
the modular decomposition tree of a graph: Muller and Spinrad [18] have given
an incremental algorithm, which handles each vertex insertion in O(n) time; for
cographs, Corneil et al. [3] have given an optimal incremental algorithm, which
handles the insertion of a vertex of degree d in O(d) time.

Our work in this paper focuses on P4-sparse graphs ; these are the graphs in
which every set of five vertices induces at most one chordless path on four vertices
[11]. They are perfect and also perfectly orderable [11], and properly contain the
cographs, the P4-reducible graphs, etc. (see [1,15,16]). The P4-sparse graphs have
received considerable attention in recent years and they find applications in ap-
plied mathematics and computer science (e.g., communications, transportation,
clustering, scheduling, computational semantics) in problems on graphs featur-
ing “local density”; local density is often associated with the absence of P4s and
the P4-sparse graphs are unlikely to have many P4s.

In this paper, we describe a fully dynamic algorithm for the class of P4-
sparse graphs. Our algorithm maintains the modular decomposition tree of the
graph; it checks whether the requested edge/vertex operations yield a P4-sparse
graph, and if yes, it updates the modular decomposition tree. Edge operations
are handled in O(1) time while vertex operations are handled in O(d) time. As
a result, we obtain an optimal edges-only dynamic algorithm and a new optimal
incremental algorithm for P4-sparse graphs. Moreover, in order to improve the
time complexity of the vertex deletion operation, we can maintain the children
of each node of the modular decomposition tree in a binomial heap [2]. Then,
we can handle vertex deletions in O(log n) time; the drawback is that then the
time required for each edge modification becomes O(log n) and for the addition
of a vertex adjacent to d vertices becomes O(d logn).
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2 Theoretical Framework

Let G be a simple graph; we denote by V (G) and E(G), the vertex and edge set
of G. The subgraph of G induced by a set S ⊆ V (G) is denoted by G[S]. If a
vertex u is adjacent to a vertex v, we say that u sees v, otherwise, we say that
it misses v; more generally, a vertex set A sees (misses, resp.) a vertex set B, if
every vertex in A sees (misses, resp.) every vertex in B.

Modular Decomposition and P4-sparse Graphs. A subset M of vertices
of a graph G is a module of G, if every vertex outside M is either adjacent to all
vertices in M or to none of them. The emptyset, the singletons, and the vertex
set V (G) are trivial modules and whenever G has only trivial modules it is called
a prime (or indecomposable) graph. A module M of G is called a strong module
if, for any module M ′ of G, either M ′ ∩M = ∅ or one module is included into
the other. Furthermore, a module in G is also a module in G.

The modular decomposition of a graph G is a linear-space representation of
all the partitions of V (G) where each partition class is a module. The modular
decomposition tree T (G) of the graph G (or md-tree for short) is a unique (up to
isomorphism) labeled tree associated with the modular decomposition of G in
which the leaves of T (G) are the vertices ofG and the set of leaves associated with
the subtree rooted at an internal node induces a strong module of G (Figure 1).
Thus, the md-tree T (G) represents all the strong modules of G. It is known that
for every graph G the md-tree T (G) can be constructed in linear time [4,7,17].

Let t be an internal node of the md-tree T (G) of a graphG. We denote byM(t)
the module corresponding to t which consists of the set of vertices of G associated
with the subtree of T (G) rooted at node t. The node t is labeled by either
P (for parallel module) if the subgraph G[M(t)] is disconnected, S (for series
module) if the complement of G[M(t)] is disconnected, or N (for neighborhood
module) otherwise. Let u1, u2, . . . , up be the children of the node t of T (G). We
denote by G(t) the representative graph of the module M(t) defined as follows:
V (G(t)) = {u1, u2, . . . , up} and uiuj ∈ E(G(t)) if there exists edge vkv� ∈ E(G)
such that vk ∈M(ui) and v� ∈M(uj); by the definition of a module, if a vertex
of M(ti) is adjacent to a vertex of M(tj) then every vertex of M(ti) is adjacent
to every vertex of M(tj). Thus, G(t) is isomorphic to the graph induced by a
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Fig. 1. A disconnected P4-sparse graph on 13 vertices and its md-tree
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subset of M(t) consisting of a single vertex from each maximal strong submodule
of M(t) in the modular decomposition of G. Depending on whether an internal
node t of T (G) is a P-, S-, or N-node, the following holds:
◦ if t is a P-node, G(t) is an edgeless graph;
◦ if t is an S-node, G(t) is complete graph;
◦ if t is an N-node, G(t) is a prime graph.

In particular, for the class of P4-sparse graphs, Giakoumakis and Vanherpe [9]
showed that:

Lemma 1. Let T (G) be the modular decomposition tree of a graph G. Then,
G is P4-sparse iff for every N-node t of T (G), G(t) is a prime spider with a
spider-partition (S,K,R) and no vertex of S ∪K is an internal node in T (G).

A graph G is called a spider if the vertex set V (G) of the graph G admits a
partition into sets S, K, and R such that:

C1: |S| = |K| ≥ 2, the set S is an independent set, and the set K is a clique;
C2: each vertex in R is adjacent to all the vertices in K and to no vertex in S;
C3: there exists a bijection f : S −→ K such that for each vertex v ∈ S, either

(i) N(v) ∩K = {f(v)} or (ii) N(v) ∩K = K − {f(v)}.

The triple (S,K,R) is called the spider-partition. A graph G is a prime spider if
G is a spider with |R| ≤ 1. If the condition of case C3(i) holds, then the spider G
is called a thin spider, whereas if the condition of case C3(ii) holds then G is a
thick spider ; note that the complement of a thin spider is a thick spider and vice
versa. A prime spider with |S| = |K| = 2 is simultaneously thin and thick.

3 The Fully-Dynamic Algorithm

As mentioned, our algorithm maintains the modular decomposition tree T (G)
of the P4-sparse graph.

3.1 Adding an Edge

Let uv be the edge to be added and let G′ = G∪{uv}. For the two vertices u, v
∈ G we denote by tuv the least common ancestor of u and v in T (G). Since u, v
are non-adjacent in G, node tuv is either a P-node or an N-node. Let tu and tv
be the children of tuv such that M(tu) and M(tv) contain the vertices u and v,
respectively. Note that if |M(tu)| = 1 (|M(tv)| = 1, resp.) then tu = u (tv = v,
resp.). Without loss of generality, we make the following assumption:

Assumption 1. We assume that |M(tv)| ≥ |M(tu)|.
Then, the following 3 lemmata cover all possible cases that may arise.

Lemma 2. Let |M(tu)| ≥ 2. Then G′ is a P4-sparse graph if and only if tuv is
a P-node and |M(tu)| = |M(tv)| = 2.
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Fig. 2. Illustrating Lemma 2 and the corresponding updates of the md-tree

Lemma 3. Let |M(tu)| = 1 (i.e., M(tu) = {u}) and suppose that tuv is a P-
node. Then G′ is a P4-sparse graph if and only if one of the following (mutually
exclusive) cases holds:
(i) vertex v sees all the vertices in M(tv);
(ii) vertex v misses exactly one vertex y ∈ M(tv) such that y sees only one

vertex x ∈M(tv), and only the vertex x sees every vertex in M(tv);
(iii) vertex v misses � > 1 vertices in M(tv) such that G(tv) is a thin spider

(S,K,R) with |S| = |K| = �, R = {r} and the vertex v belongs to the set
M(r) and sees all the vertices of M(r).
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Fig. 3. Illustrating cases (ii) and (iii) of Lemma 3
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Lemma 4. Let |M(tu)| = 1 (i.e., M(tu) = {u}) and suppose that tuv is an N-
node such that (S,K,R) is the spider partition of G(tuv). Then G′ is a P4-sparse
graph if and only if either S = {u, v} and R = ∅ or u ∈ S, v ∈ K, and G(tuv)
is a thick spider.

3.2 Removing an Edge

Since the P4-sparse graphs have the complement-invariant property, we take
advantage of the following theorem by Shamir and Sharan [19]:

Theorem 1. [19] Let Π be a complement-invariant graph property. Let Alg be a
dynamic algorithm for Π-recognition, which supports either edge additions only
or edge deletions only, and is based on modular decomposition. Then Alg can be
extended to support both operations with the same time complexity.

3.3 Adding a Vertex

Let G be a P4-sparse graph and a vertex x /∈ V (G) which is adjacent to d vertices
in V (G), where d ∈ {0, 1, . . . , |V (G)|}. In this section, we show how to recognize
if the graph G′ with vertex set V (G) ∪ {x} is P4-sparse, and if so, we show how
to obtain the md-tree T (G′) of G′ from the md-tree T (G) in O(d) time.
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Let us classify the internal nodes of the md-tree T (G) into the following
three categories: an internal node t is x-fully-adjacent, x-partly-adjacent, x-non-
adjacent iff x is adjacent to all, some but not all, and none, respectively, of the
vertices in the module M(t). The above classification is extended to leaf-nodes: a
leaf-node a is x-fully-adjacent or x-non-adjacent iff x is adjacent or non-adjacent,
respectively, to a. Because the x-fully-adjacent nodes form a forest of subtrees
of T (G) whose total number of leaves is d and because every internal node in
T (G) (and in these subtrees) has at least two children, we have:

Observation 1. The number of x-fully-adjacent (internal and leaf) nodes of
T (G) is less than 2d, where d is the number of vertices of G adjacent to x.

In turn, for the x-partly-adjacent nodes, the fact that the module of an S-node
induces a connected graph, the module of a P-node induces a graph whose com-
plement is connected, and the module of an N-node induces a graph which is
connected and whose complement is also connected implies:

P1: if an internal node t of the md-tree T (G) is x-partly-adjacent, then all its
ancestors in T (G) are x-partly-adjacent;

P2: for every x-partly-adjacent P-node tP of T (G), the subgraph of G induced
by the module M(tP ) contains two non-adjacent vertices a, b such that a is
adjacent and b is not adjacent to x;

P3: for every x-partly-adjacent S-node tS of T (G), the subgraph of G induced
by the module M(tS) contains an edge ab such that a is adjacent and b is
not adjacent to x;

P4: for every x-partly-adjacent N-node tN of T (G), the subgraph of G induced
by the module M(tN ) contains both an edge ab such that a is adjacent and
b is not adjacent to x and a pair of non-adjacent vertices a′, b′ such that a′

is adjacent and b′ is not adjacent to x.

Additionally, the following very important property holds:

Theorem 2. For any two x-partly-adjacent nodes of T (G), the graph G′ is P4-
sparse only if one of them is an ancestor of the other.

Let ρx = t0t1 · · · tk denote the path in T (G) containing all the x-partly-adjacent
nodes (Theorem 2) where t0 is the root of T (G) and tk is the x-partly-adjacent
node farthest away from the root. Then, Theorem 2 implies that for each node ti,
0 ≤ i < k, each of ti’s children, other than ti+1, is either x-fully-adjacent or x-
non-adjacent; for the node tk, each of tk’s children is either x-fully-adjacent or
x-non-adjacent and there is at least one child of each kind. Additionally, for the
x-partly-adjacent N-nodes, the following holds:

Lemma 5. Let t be an x-partly-adjacent N-node of T (G) whose corresponding
spider partition of M(t) is (S,K,R), and suppose that the vertex x is adjacent
to a vertex in S ∪K. Then, the graph G′ is P4-sparse only if x sees S ∪K, or
sees K and misses S.
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Let us consider the partition of the vertex set M(t0) −M(tk) ⊂ V (G) into
the following four sets:

VP =
⋃

ti is a P-node
0≤i<k

(M(ti)−M(ti+1)) , VNS =
⋃

ti is an N-node
0≤i<k

S(ti),

VS =
⋃

ti is an S-node
0≤i<k

(M(ti)−M(ti+1)) , VNK =
⋃

ti is an N-node
0≤i<k

K(ti),

where for an N-node ti, S(ti) and K(ti) are the independent set and the clique
of the spider induced by the module M(ti). Then, every vertex in VP (in VS ,
resp.) is non-adjacent (adjacent, resp.) to the vertices in M(tk) since their least
common ancestor ti in T (G) is a P-node (S-node, resp.), while the structural
properties of a spider imply that every vertex in K(tj) (S(tj), resp.) for an
N-node tj is adjacent (non-adjacent, resp.) to the vertices in M(tk).

Our vertex-addition procedure relies on the following lemmata:

Lemma 6. Suppose that the x-partly-adjacent nodes of the md-tree T (G) lie
on a path t0t1 · · · tk, where t0 is the root of T (G). If tk is a P-node then G′

is P4-sparse if and only if one of the following four (mutually exclusive) cases
holds:

(i) Vertex x sees VS and VNK , and misses VP and VNS .
(ii) Vertex x sees VS , VNK , and exactly one vertex, say, y, in VP , and misses

VNS where
(ii.1) vertex y is a child of node tk−2 (which is a P-node),
(ii.2) tk−1 is an S-node with two children, the node tk and one vertex,

say, u (which is adjacent to x), and
(ii.3) vertex x sees all the vertices in M(tk) except for a single vertex,

say, b, which is a child of tk.
(iii) Vertex x sees VNK , all but one vertex, say, z, in VS , and misses VP and

VNS where
(iii.1) vertex z is a child of node tk−1 (which is an S-node), and
(iii.2) node tk has two children a and b, which are leaf-nodes such that

a is adjacent and b is non-adjacent to x.
(iv) The node tk−1 is an N-node corresponding to a thick spider with independent

set S(tk−1), vertex x sees VS, VNK , S(tk−1), and all but one vertex, say, b,
in M(tk), and misses VP and VNS − S(tk−1).

The case where tk is an S-node is precisely the complement version of Lemma 6:
we need to exchange P- and S-nodes, thin and thick spiders, their cliques and
independent sets, and what x sees/misses in the conditions of Lemma 6.

Lemma 7. Suppose that the x-partly-adjacent nodes of the md-tree T (G) lie
on a path t0t1 · · · tk, where t0 is the root of T (G). If tk is an S-node then G′

is P4-sparse if and only if one of the following four (mutually exclusive) cases
holds:
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Fig. 5. Illustrating cases (ii), (iii), and (iv) of Lemma 6

(i) Vertex x sees VS and VNK , and misses VP and VNS .
(ii) Vertex x sees VNK , all but one vertex, say, y, in VS, and misses VP and

VNS where
(ii.1) vertex y is a child of node tk−2 (which is an S-node),
(ii.2) node tk−1 is a P-node with two children, the node tk and one vertex,

say, u (which is non-adjacent to x), and
(ii.3) vertex x sees only a single vertex of M(tk), which is a child of tk.

(iii) Vertex x sees VS, VNK , and exactly one vertex, say, z, in VP , and misses
VNS where

(iii.1) vertex z is a child of node tk−1 (which is a P-node), and
(iii.2) node tk has two children a, b, which are leaf-nodes such that a is

adjacent and b is non-adjacent to x.
(iv) The node tk−1 is an N-node corresponding to a thin spider with cliqueK(tk−1),

vertex x misses VP , VNS , K(tk−1), and all but one vertex, say, b, in M(tk),
and sees VS and VNK −K(tk−1).

Lemma 8. Suppose that the x-partly-adjacent nodes of the md-tree T (G) lie on
a path t0t1 · · · tk, where t0 is the root of T (G). If tk is an N-node and the partition
of the spider G(tk) is (S,K,R), then G′ is P4-sparse if and only if one of the
following three (mutually exclusive) cases holds:
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(i) Vertex x sees S ∪K (and misses M(r) where R = {r}): vertex x sees VS

and VNK , and misses VP and VNS , the spider corresponding to tk is a thick
spider, and the node r is a leaf.

(ii) Vertex x sees K (and misses S): one of the following three cases holds:
(ii.1) vertex x sees VS and VKN , and misses VP and VNS ;
(ii.2) vertex x sees VS, VNK , and exactly one vertex, say, y, in VP , and

misses VNS where y is a child of tk−1, the spider corresponding to
tk is thin, and all the vertices in M(r) (if R = {r}) see x;

(ii.3) vertex x sees VNK , all but one vertex, say, y, in VS , and misses VP

and VNS where y is a child of tk−1, the spider corresponding to tk
is thick, and all the verticts in M(r) (if R = {r}) miss x.

(iii) Vertex x misses S ∪K (and sees M(r) where R = {r}): vertex x sees VS

and VNK , and misses VP and VNS , the spider corresponding to tk is a thin
spider, and the node r is a leaf.

Since in each case of Lemmata 6–8, x sees VNK and all but at most one of the
elements of VS , (i.e., all the x-partly-adjacent N-nodes and all but at most one
x-partly-adjacent S-nodes belong to Partial), and since the parent of a P-node
cannot be a P-node, we can show the following:

Observation 2. For each node t ∈ Partial at distance at least 4 from the
root of the tree T (G), if none of t’s parent, grandparent, great-grandparent, and
great-great-grandparent belongs to Partial, then the graph G′ is not P4-sparse.

This implies that for G′ to be P4-sparse, node tk of T (G) is at depth at most 4d.
The procedure that handles the addition of vertex x finds the node tk and takes

advantage of Lemmata 6–8. It starts from the leaves of the md-tree T (G) which
correspond to the neighbors of x and moving in a bottom-up fashion constructs
the set A of internal nodes of T (G) having at least one x-fully-adjacent child.
Then, it splits A obtaining the set Full of x-fully-adjacent nodes of T (G) and a
subset Partial of x-partly-adjacent nodes, from which it determines tk (vertex
t′ of Step 3). In detail, the procedure works as follows:
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Procedure Vertex Add(vertex x)
1. A← ∅;

construct a queue Q whose elements are pointers to each of the leaf-nodes
of T (G) which correspond to the neighbors of x;
while the queue Q is not empty do

remove from Q an element (i.e., a pointer to a node, say, t, of T (G));
increment the counter-field of the parent p(t) of t by 1 and let its new
value by val;
if val = 1
then insert in A a pointer to p(t);
if val = number of p(t)’s children
then insert in Q a pointer to p(t); {t is x-fully-adjacent}

2. Full ← set of pointers to each of the leaf-nodes of T (G) which correspond
to the neighbors of x;
Partial← ∅;
for each element a of the set A do

let t be the node of T (G) pointed to by a;
if the value of t’s counter-field is equal to the number of t’s children
then insert a in Full; {t is x-fully-adjacent}
else insert a in Partial; {t is x-partly-adjacent}
set t’s counter-field equal to 0; {reset the value of counter-field}

3. t′ ← a node of largest depth in T (G) among the nodes pointed to by the
elements in Partial;
if the depth of t′ in T (G) exceeds 4d
or there exists a node in T (G) pointed to by an element in Partial which

is not an ancestor of t′

or none of the cases of Lemmata 6, 7, and 8 applies to t′

then output false (i.e., G′ is not P4-sparse); return;
modify T (G) depending on the case of Lemma 6, 7, or 8 which applies to t′;

The correctness of the algorithm follows from Theorem 2, Observation 2, and
from the following facts: (i) the set of nodes of the tree T (G) pointed to by the
elements of the set Full is precisely the set of x-fully-adjacent nodes; (ii) the set
of nodes of the tree T (G) pointed to by the elements of the set Partial are the x-
partly-adjacent nodes of T (G) with at least one x-fully-adjacent child (note that
tk ∈ Partial); (iii) the node t′ found in Step 3 is precisely the x-partly-adjacent
node tk farthest away from the root.

3.4 Deleting a Vertex

Let v ∈ V (G) be a vertex with d incident edges in G which has to be deleted.
Clearly, the graph G′ which results after the deletion of v is a P4-sparse graph
as it is an induced subgraph of G. Hence we focus on properly updating the
md-tree T (G) so that we obtain the md-tree T (G′).

Let us first consider the case where the parent-node p(v) of v in T (G) is an
N-node t such that the spider partition of G(t) is (S,K,R). We have:
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(i) v ∈ S: First suppose that S = {v, v′}, K = {k, k′}, and let v be adjacent to
k: then, the spider is replaced by an S-node with children the vertex k′ and a
P-node; if R = ∅, then this P-node has as children the vertices v′ and k, else
if R = {r}, it has as children the vertex v′ and an S-node with children the
vertex k and the node r. Now, suppose that |S| = |K| ≥ 3 and let f(v) = k ∈
K. If the spider is thin then: ifR = ∅, then after the removal of v, k is removed
fromK and is linked at the pointer for R; if R = {r}, then k is removed from
K and if r is an S-node then k is linked as a child, otherwise the place of r is
taken by an S-node with k and r as children. If the spider is thick, then after
the removal of v, vertex k sees all the remaining vertices in M(t); thus, the
N-node t is replaced by an S-node with children the vertex k and the node t
after we have removed the vertices v, k.

(ii) v ∈ K: Since the complement of a thin spider is a thick spider (and vice
versa) with the clique and independent sets swapped (and if R = {r},
the P- and S-nodes in the subtree rooted at r swapped as well), this is the
complement version of the previous case and takes the same time to handle.

(iii) R = {v}: In this case, v is deleted, and we obtain a spider with R = ∅.
Next, we consider the case where the parent-node p(v) of v in T (G) is a P- or

S-node; if p(v) has more than 2 children, it suffices to simply delete v. However,
caution is needed if p(v) has only two children, in which case the sibling u of v
needs to be linked to the grandparent p(p(v)) of v; furthermore, if u and p(p(v))
are both P- or S-nodes, then the children of u are placed as children of p(p(v)).
Finally, in either of the remaining two cases when the parent-node p(v) has 2
children, i.e., if the sibling u of v is an N-node or if the grandparent p(p(v)) is
an N-node, then u is linked as a child of p(p(v)).

3.5 Time Complexity

Lemmata 2–8 and Figures 2–6 show that handling each modification requires
only local checks and changes. In order to perform them efficiently, we store in
each node of the md-tree T (G) its type (P, S, or N), the number of its children,
as well as ways to access its parent and its children, and an auxiliary field
counter (initialized to 0). If each P- or S-node stores pointers to its parent and
to a list of its children, then edge additions (and deletions, by Theorem 1) are
handled in O(1) time, whereas vertex additions/deletions are handled in O(d)
time. Alternatively, the children of a P- or S-node may be stored in a binomial
min-heap [2] in which the pointer to the parent of these children in T (G) is stored
at the minimum element of the heap. Then, edge additions (and deletions) and
vertex deletions take O(log n) time, whereas vertex additions take O(d logn)
time. Our results are summarized in the following theorem.

Theorem 3. We have described a fully dynamic algorithm for recognizing P4-
sparse graphs and maintaining their modular decomposition tree. Edge modifica-
tions can be handled in O(1) time while vertex modifications can be handled in
O(d) time; alternatively, edge modifications and vertex deletions can be handled
in O(log n) time and vertex additions in O(d logn) time.
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Clique Graph Recognition Is NP-Complete�

L. Alcón1, L. Faria2, C.M.H. de Figueiredo3, and M. Gutierrez1
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Abstract. A complete set of a graph G is a subset of V inducing a
complete subgraph. A clique is a maximal complete set. Denote by C(G)
the clique family of G. The clique graph of G, denoted by K(G), is the
intersection graph of C(G). Say that G is a clique graph if there exists a
graph H such that G = K(H). The clique graph recognition problem asks
whether a given graph is a clique graph. A sufficient condition was given
by Hamelink in 1968, and a characterization was proposed by Roberts
and Spencer in 1971. We prove that the clique graph recognition problem
is NP-complete.

1 Introduction

We consider finite, simple and undirected graphs. V and E denote the vertex set
and the edge set of the graph G, respectively. A complete set of G is a subset of
V inducing a complete subgraph. A clique is a maximal complete set.

If G is a graph, C(G) denotes the clique family of G. The clique graph of G,
denoted by K(G), is the intersection graph of C(G). Say that G is a clique graph
if there exists a graph H such that G = K(H). Not every graph is a clique graph.
The Clique graph recognition problem can be formulated as follows.
clique graph

instance: A graph G = (V, E).
question: Is there a graph H such that G = K(H)?

A sufficient condition for a graph to be a clique graph was given in [6], and
characterizations of clique graphs are given in [9] and more recently in [1]. How-
ever the time complexity of the problem of recognizing clique graphs is still open
[4,8,10].

Given a set family F = (Fi)i∈I , the sets Fi are called members of the family.
F ∈ F means that F is a member of F . The family is pairwise intersecting if the
intersection of any two members is not the empty set. The intersection or total
intersection of F is the set ∩F = ∩i∈IFi. The family F has the Helly property,
if any pairwise intersecting subfamily has nonempty total intersection.

The edge with end vertices u and v is represented by uv. We say that the
complete set C covers the edge uv when u and v belong to C. A complete edge
cover of a graph G is a family of complete sets of G covering all edges of G.
� Dedicated to Alberto Santos Dumont, aviation pioneer, on the 100th anniversary of

the flight of his 14 Bis in Paris in October 1906.

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 269–277, 2006.
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The following Theorem is a well known characterization of Clique Graphs.

Theorem 1 (Roberts and Spencer [9]). G is a clique graph if and only if
there exists a complete edge cover of G satisfying the Helly property.

A triangle is a complete set with exactly 3 vertices. The set of triangles of G is
denoted T (G). Let F be a complete edge cover of G and T a triangle, FT is the
subfamily of F formed by all the members containing at least two vertices of T .

Next lemma is a characterization of a complete edge cover satisfying the Helly
property, in what follows RS-family, which will be used in the proof of our main
theorem.

Lemma 1 (Alcón and Gutierrez [2]). Let F be a complete edge cover of G.
The following conditions are equivalent:
i) F has the Helly property.
ii) For every T ∈ T (G), the subfamily FT has the Helly property.
iii) For every T ∈ T (G), the subfamily FT has nonempty intersection, this means
∩FT �= ∅.

As noted by Roberts and Spencer [9], Theorem 1 yields a polynomial certificate of
G being a clique graph. First, for the polynomial size of the edge cover certificate,
note that if F has the Helly property, then every subfamily F ′ of F has the
Helly property as well. In addition, we prove that if G admits a complete edge
cover F , then G admits a complete edge cover F ′ of size at most |E| which is our
considered certificate: just greedily scan the edges of E, select for F ′ one complete
set of F covering the first edge, and for each edge e not yet covered by F ′, select
for F ′ one complete set of F covering e. Clearly this greedy procedure labels
each selected set with a corresponding scanned edge of E, yielding a subfamily
F ′ of size at most |E|. Second, for the polynomial verification of the certificate,
a result of Berge [3] says that a family of sets has the Helly property, if and only
if for any triple of elements, the subfamily of sets containing at least two out
of these three elements has non-empty intersection. Actually, by Lemma 1, it is
enough to consider the triples of vertices a, b, c of G defining a triangle T . We
consider the members of F ′

T and check for every vertex v of V if v belongs to⋂
F ′

T . This produces an O(n4m) algorithm that checks if a complete edge cover
F ′ of size O(m) is Helly. Thus clique graph belongs to NP.

In this paper we prove that clique graph is NP-complete by a reduction from
the following version of the 3–satisfiability problem with at most 3 occurrences
per variable.

Let U = {ui, 1 ≤ i ≤ n} be a set of boolean variables. A literal is either a
variable ui or its complement ui. A clause over U is a set of literals of L. Let
C = {cj, 1 ≤ j ≤ m} be a collection of clauses over U . We say that variable
ui occurs in clause cj (and then in C) if ui or ui ∈ cj . We say that variable ui

occurs in clause cj as literal ui (or that literal ui occurs in cj) if ui ∈ cj , and as
literal ui (or that literal ui occurs in cj) if ui ∈ cj .
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3sat3
instance: I = (U, C), where U = {ui, 1 ≤ i ≤ n} is a set of boolean variables,
and C = {cj , 1 ≤ j ≤ m} a set of clauses over U such that each clause has two
or three variables, each variable occurs two or three times in C, each variable
occurs never twice in the same clause. If variable ui occurs twice in C, then it
is once as literal ui and once as literal ui. If variable ui occurs three times in C,
then it is once as literal ui and twice as literal ui.
question: Is there a truth assignment for U such that each clause in C has at
least one true literal?

It is a known result that 3sat3 is an NP-complete problem [5,7].
In order to reduce 3sat3 to clique graph we need to construct in polynomial

time a particular instance G of clique graph from a generic instance I = (U, C)
of 3sat3, in such a way that C is satisfiable if and only if G is a clique graph.

In Section 2 we describe the construction of instance G of clique graph from
instance I = (U, C) of 3sat3. In Section 3, we state and prove the main theorem;
and in Section 4 give some conclusions and propose new related problems.

2 Construction of G from I = (U, C)

Let I = (U, C) be any instance of 3sat3,
For each variable ui let ji be the subindex of the unique clause where variable

ui occurs as literal ui; and J i = {j | literal ui occurs in cj}.
For each clause cj with | cj |= 3, let Ij = {i | variable ui occurs in cj}; and

for each clause cj with | cj |= 2, let Ij = {i | variable ui occurs in cj}∪{n+1}.
Notice that in any case | Ij |= 3. Given Ij = {i1, i2, i3}, with i1 < i2 < i3, let
i∗1 = i2, i∗2 = i3 and i∗3 = i1.

From instance I = (U, C), we construct a graph G = (V, E). Please refer to
Figures 1 and 2. The vertex set V is the union:

V =
�

1≤i≤n

�
�{ai

ji
, ci

ji
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ji
, ei

ji
, f i

ji
, gi
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}
�
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j }� .

Since | J i |≤ 2, | V | is bounded by (n + 1) × 7 + n × 2 × 10 = 27 × n + 7.
The edge set E contains:
For each j, 1 ≤ j ≤ m, the edges of the complete graph induced by the vertex

set K12(j) = {ai
j , d

i
j , g

i
j, h

i
j | i ∈ Ij}; the edges of the sets {ci

jd
i
j | i ∈ Ij , i �= n+1}

and {ci
ja

i
j , c

i
ja

i∗
j , ei

jd
i
j , e

i
jh

i
j , f

i
jg

i
j, f

i
ja

i∗
j | i ∈ Ij}.

And for each i, 1 ≤ i ≤ n, for each j ∈ J i, the edges of the complete graph
induced by the vertex set K5(j, i) = {hi

ji
, gi

ji
, vi

j , h
i
j , g

i
j}; and the edges of the set

{hi
ji

wi
j , w

i
jh

i
j , g

i
ji

zi
j , z

i
jg

i
j , a

i
ji

vi
j , v

i
ja

i
j}.

Notice that for each variable ui, graph G contains as induced subgraph the
graph depicted in Figure 1; and for each clause cj , graph G contains as induced
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Fig. 1. Truth Setting component Ti for variable ui with J i = {j, k}
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Fig. 2. Satisfaction Testing component Sj for clause cj with: (a) 2 literals corresponding
to variables ui1 and ui2 ; and (b) 3 literals corresponding to variables ui1 , ui2 and ui3 .
Vertices {ai

j , d
i
j , g

i
j , h

i
j | i ∈ Ij} induce a complete graph but for simplicity some edges

are not drawn.
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subgraph the graph depicted either in Figure 2 (a) or (b), where some edges have
been omitted. We obtain the whole graph G by superposing these subgraphs.

For the convenience of the reader we offer an example in Figure 5 of graph
G obtained from the instance I = (U, C), U = {u1, u2, u3}, C = {{u1, u3},
{u1, u2, u3}, {u1, u2}}.

2.1 About Graph G

The following two lemmata present properties of graph G that we will use in the
proof of the main theorem. Notice that any RS-family of a graph contains the
triangles of the graph that are cliques, in particular the triangles with a vertex
of degree 2.

Lemma 2. (Two Cover Lemma) Let F be an RS-family of the graph G. For
each j, 1 ≤ j ≤ m, and for each i ∈ Ij , i �= n + 1, exactly one of the triangles
{ai

j, a
i∗
j , ci

j}, {ai
j, c

i
j , d

i
j} belongs to F .

Proof. Please refer to Figure 1. There are three possible complete sets of G
covering ai

j , c
i
j : {ai

j, a
i∗
j , ci

j , d
i
j}, {ai

j , a
i∗
j , ci

j}, {ai
j, c

i
j , d

i
j}.

Note that both triangles {di
j, e

i
j , h

i
j} and {f i

j , a
i∗
j , gi

j} belong to F , as ei
j and

f i
j are vertices of degree 2 in G.
Suppose {ai

j, a
i∗
j , ci

j , d
i
j} ∈ F . The Helly property implies {ai

j, g
i
j, v

i
j} is not

contained in a complete set of F , which implies {ai
j , h

i
j, v

i
j} ∈ F , in order to

cover edge ai
jv

i
j ; but then {ai

j , a
i∗
j , ci

j , d
i
j}, {ei

j, h
i
j , d

i
j} and {ai

j, h
i
j , v

i
j} violate

the Helly property. Then {ai
j, a

i∗
j , ci

j, d
i
j} �∈ F .

Assume {ai
j, a

i∗
j , ci

j} and {ai
j, c

i
j , d

i
j} belong to F . Since {ai

j, a
i∗
j , ci

j} ∈ F , then
{ai

j, v
i
j , g

i
j} is not contained in a complete of F , thus {ai

j, v
i
j , h

i
j} ∈ F , but in this

case {ai
j, v

i
j , h

i
j}, {ai

j, c
i
j , d

i
j} and {ei

j, h
i
j , d

i
j} violate the Helly property. �	

Lemma 3. (Literal Communication Lemma) Let F be an RS-family of the graph
G. For each i, 1 ≤ i ≤ n, and for each j ∈ J i, if {ai

j, c
i
j , d

i
j} ∈ F then

{ai
ji

, ai∗
ji

, ci
ji

} ∈ F .

Proof. Please refer to Figure 1. Since {ai
j , c

i
j, d

i
j} ∈ F and {ei

j, h
i
j , d

i
j} ∈ F ,

we have that {ai
j , h

i
j, v

i
j} and {ai

j, h
i
j , g

i
j, v

i
j} do not belong to F , because this

violates the Helly property. Thus {ai
j , g

i
j, v

i
j} ∈ F , in order to cover edge ai

jv
i
j .

Triangles {ai
j, g

i
j , v

i
j}, {gi

ji
, gi

j , z
i
j} belong to F implies {ai

ji
, gi

ji
, vi

j} and
{ai

ji
, hi

ji
, gi

ji
, vi

j} do not belong to F . Thus {ai
ji

, hi
ji

, vi
j} ∈ F .

Since {ai
ji

, hi
ji

, vi
j} and {di

ji
, hi

ji
, ei

ji
} belong to F , then {ai

ji
, ci

ji
, di

ji
} �∈ F . By

the Two Cover Lemma {ai
ji

, ai∗
ji

, ci
ji

} ∈ F . �	
These two lemmata are the basis of the proof of the main theorem. It follows
that given any RS-family of G, and any variable ui, by looking if one triangle
of the satisfaction testing subgraph Sji belongs or not to the RS-family it is
possible to know whether one triangle of the satisfaction testing subgraph Sj ,
with j ∈ J i, belongs or not to the RS-family. The two possible cases are shown
in Figures 3 and 4.
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Fig. 4. Truth value of ui equals to False

3 Main Theorem

Theorem 2. clique graph is NP-complete.

Proof. As shown in the Introduction, clique graph belongs to NP.
Let G be the graph obtained by Section 2 process from an instance I =

(U, C) of 3sat3. Suppose G is a clique graph, we will exhibit a truth assignment
for U such that C is satisfied.

Let F be an RS-family for G. Let ui ∈ U be a variable. Set ui equal to true
if and only if {ai

ji
, ci

ji
, di

ji
} ∈ F .

To see that this truth assignment for U satisfies C consider a clause cj .
The Helly property on F implies there exists i ∈ Ij such that the triangle

{ai
j, a

i∗
j , ci

j} is not a member of F . Notice that i �= n + 1.
By the Two Cover Lemma, {ai

j, a
i∗
j , ci

j} �∈ F implies {ai
j , c

i
j, d

i
j} ∈ F .

If j = ji then variable ui is true and clause cj is satisfied.
If j �= ji, then j ∈ J i, by Literal Communication Lemma, {ai

j , c
i
j , d

i
j} ∈ F

implies {ai
ji

, ai∗
ji

, ci
ji

} ∈ F , thus by Two Cover Lemma, {ai
ji

, ci
ji

, di
ji

} �∈ F . It
follows that ui is false, then cj is satisfied.

Conversely, given a truth assignment of U that satisfies C, we exhibit a com-
plete edge cover F of G.
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Fig. 5. Graph G obtained from the 3sat3 instance U = {u1, u2, u3}, C = {{u1, u3},
{u1, u2, u3}, {u1, u2}}.

For each j, 1 ≤ j ≤ m, complete set K12(j) = {ai
j, d

i
j , g

i
j, h

i
j | i ∈ Ij};

For each j, 1 ≤ j ≤ m, for each i ∈ Ij , the triangles {f i
j , a

i∗
j , gi

j}, {ei
j, d

i
j , h

i
j}.

For each j, 1 ≤ j ≤ m, for each i ∈ Ij , i �= n+1, {ci
j, a

i∗
j , di

j}; and for i = n+1,
{cn+1

j , an+1∗
j , an+1

j }.
For each i, 1 ≤ i ≤ n, for each j ∈ J i, the complete set K5(j, i) =

{hi
ji

, gi
ji

, vi
j , h

i
j, g

i
j};

For each i, 1 ≤ i ≤ n, for each j ∈ J i, {zi
j, g

i
ji

, gi
j}, {wi

j , h
i
ji

, hi
j}.

For each i, 1 ≤ i ≤ n, such that variable ui is true, {ci
ji

, di
ji

, ai
ji

}; and for each
j ∈ J i, {ai

ji
, gi

ji
, vi

j}, {vi
j , h

i
j, a

i
j}, {ai

j , a
i∗
j , ci

j}.
For each i, 1 ≤ i ≤ n, such that variable ui is false, {ci

ji
, ai

ji
, ai∗

ji
}; and for each

j ∈ J i, {ai
ji

, hi
ji

, vi
j}, {vi

j , g
i
j, a

i
j}, {ai

j , d
i
j , c

i
j}.

The proof is completed by showing that the complete edge cover F of G has
the Helly property. By Lemma 1, it is enough to show that for each triangle
T ∈ T (G), ∩FT �= ∅.
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Fig. 6. RS-cover F for graph G of Figure 5, obtained from the satisfying truth assign-
ment where u1 is true, and u2 and u3 are false. Bold edges depict forced triangles of F ,
dashed connected regions depict triangles of F which depend on the truth assignment
for I = (U, C), complete sets K5(j, i) and K12(j) are not depicted in order to make
simpler the drawing.

If a triangle T contains an edge e for which any complete set of F covering
e contains also T , then ∩FT �= ∅. We call such a triangle an easy triangle and
use this tool in order to accomplish the proof. We classify the triangles of G into
types according to either they are, or they are not contained in a K12(j) or in a
K5(j, i). Details are omitted in the extended abstract. �	

Figure 6 exhibits the RS-cover F defined from Theorem 2 for graph G of Figure 5.

4 Final Remarks

We have proved that deciding whether a given graph is a clique graph is an
NP-complete problem. From the same proof, it follows that the problem remains
NP-complete even for bounded degree graphs and for graphs with bounded clique
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size. However the problem is polynomial when restricted to graphs with max-
imum degree less than 5 and also when restricted to graphs with clique size
less than 4 [10]. This fact suggests the search of the best bounds both for the
maximum degree and for the clique size for which the problem is polynomial.
Notice that the problem of recognizing clique graphs restricted to Planar Graphs
of maximum clique size 4 was left open in [2]. It seems not to be trivial.

Acknowledgement. This research was partially supported by CAPES, CNPq,
FAPERJ, PROCIÊNCIA-UERJ Project, CNPq–Project PROSUL- Proc. no.
490333/04-4.
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Abstract. In this paper, a new general decomposition theory inspired
from modular graph decomposition is presented. Our main result shows
that, within this general theory, most of the nice algorithmic tools de-
veloped for modular decomposition are still efficient.

This theory not only unifies the usual modular decomposition gen-
eralisations such as modular decomposition of directed graphs and of
2-structures, but also decomposition by star cutsets.

1 Introduction

Several combinatorial algorithms are based on partition refinement techniques
[16]. Graph algorithms make an intensive use of vertex splitting, the action of
partitioning classes between neighbours and non-neighbours of a vertex. For
instance, all known linear-time modular decomposition algorithms [4,6,8,12,14]
use this technique.

In bioinformatics also, the distinction of a set by an element, so-called splitter,
seems to play an important role, as for example in the nice computation of the
set of common intervals of two permutations by T. Uno and M. Yagiura [17].

We investigate the abstract notion of splitters and subsequently propose a for-
malism based on the concept of homogeneity. Our aim is a better understanding
of the existing modular decomposition algorithms by characterising the algebraic
properties on which they are based. Our main result is that most of the nice algo-
rithmic tools developed to compute a representation for modular decomposition
[4,6,8,12,14] are still efficient within this general theory.

This theory not only unifies the usual modular decomposition generalisations
such as modular decomposition of directed graphs [13] and of of 2-structures [9],
but also allows to handle star cutsets.

The paper is structured as follows: we first detail the new combinatorial de-
composition theory, then present a general algorithmic framework, and close the
paper with interesting outcomes.

2 Homogeneity, a New Viewpoint

Throughout this section X is a finite set, and P(X) the family of all subsets of
X . Two sets A and B overlap if A ∩ B, A \ B and B \ A are all nonempty. It

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 278–288, 2006.
c© Springer-Verlag Berlin Heidelberg 2006
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is denoted A©©B. A reflectless triple is (x, y, z) ⊆ X3 with x �= y and x �= z.
Reflectless triples will be denoted by (x|yz) instead of (x, y, z) since the first
element does not play the same role. Let H be a relation over the reflectless
triples of X . Given s ∈ X , we define Hs as the binary relation on X \ {s} such
that Hs(x, y) iff H(s|xy).

Definition 1. H is a homogeneous relation on X if, for all s ∈ X, Hs is an
equivalence relation on X \ {s} (i.e. it fulfills the Symmetry and Reflexivity and
Transitivity properties). The equivalence classes of Hs are called the s-classes
and denoted H1

s ...H
k
s .

Definition 2. Let H be a homogeneous relation on X. M ⊆ X is a module of
H if ∀m,m′ ∈M, ∀s ∈ X \M, H(s|mm′).

If ¬H(s|mm′) we say that s distinguishes m from m′, or is a splitter of
{m,m′}. A module M is trivial if |M | ≤ 1 or M = X. The family of modules of
H is denoted by MH, or M if not ambiguous. H is prime if MH is reduced to
the trivial modules.

Remark 1. From the definition it is obvious that, given a module M , if ¬H(s|xy)
for some x, y ∈M then s ∈M .

Homogeneity and distinction can be applied to graphs. Indeed, there is a
natural homogeneous relation associated to graphs as follow:

Definition 3. The standard homogeneous relation H(G) of a directed graph
G = (X,E) is defined such that, for all s, x, y ∈ X, H(s|xy) is true if and only
if the following two conditions hold:
1. either both x and y or none of them are in-neighbours of s, and
2. either both x and y or none of them are out-neighbours of s.

In other word, H(s|xy) tells if s “sees” x and y in the same way. Of course
this definition also holds for undirected graphs, tournaments, and can also be
extended to 2-structures [9].

Proposition 1. For a graph G, the modules of its standard homogeneous
relation H(G) are the modules of G in the usual sense [11,15].

Proposition 2. For all A,B ∈M if A©©B then (A∩B) ∈M and (A∪B) ∈M.

This property is called here closure under intersection and union. It is easy to
check, and can be used to prove:

Proposition 3 (Lattice structure). Let H be a homogeneous relation on X
and M′

H = MH ∪ {∅}. Then, (M′
H ,⊆) is a lattice.

This lattice is a sublattice of the boolean lattice (hypercube) on X . Moreover,
if we consider A ∈ M such that |A| ≥ 1, M(A) = {M ∈ MH and M ⊇ A}
then (M(A),⊆) is a distributive lattice. Let us now define some useful types of
homogeneous relations.
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Definition 4. A homogeneous relation H is said to be

– Graphical if ∀ x, y, z ∈ X, H(x|yz) ∧ H(y|xz) ⇒ H(z|xy)
– Quotiental if ∀ s, t, x, y ∈ X, H(x|st) ∧ H(y|st) ∧ H(t|xy) ⇒ H(s|xy)
– Digraphical if∀s, t, x, y∈X,H(x|st)∧H(y|st)∧H(t|sx)∧H(t|sy)⇒H(s|xy)

Notice that if H is Quotiental then for each module M and for all x, y ∈ M
and s, t ∈ X \M , H(x|st) ⇔ H(y|st). Indeed, for the Quotiental relations,
elements in a module M uniformly perceive a set A not intersecting M : if one
element of M distinguishes A then so do all. This allows to shrink M into a
single element, the quotient by M , or to pick a representative element from the
module. This is here called the Quotient property.

Given A ⊆ X one can define the induced relation H [A] as H restricted to
reflectless triples of A3. If A is a module we have the following nice property:

Proposition 4 (Restriction). Let H be a homogeneous relation, M a module
and M ′ ⊆M . Then, M ′ ∈MH[M ] ⇔ M ′ ∈MH.

Recursiveness can therefore be used when dealing with modules. Notice that the
proposition is not always true if M is not a module. The Quotient and Restriction
properties were used first with modular decomposition of graphs and are useful
for algorithmics [15].

3 Submodularity of Homogeneous Relations

Definition 5. A set function μ : P(X) → R is submodular if and only if for
all A,B ⊆ X μ(A) + μ(B) ≥ μ(A ∪B) + μ(A ∩B) (see e.g. [10]).

Theorem 1 (Submodularity). Let H be a homogeneous relation on X. Let
s(E) be the function counting the number of splitters of a nonempty subset E of
X, and such that s(∅) = −|X |. s is submodular.

Proof. It suffices to prove s(A) + s(B) ≥ s(A∪B) + s(A∩B) for all overlapping
A,B ⊆ X . So let A,B ⊆ X be two overlapping sets. For convenience SA denotes
the set of all splitters of A. We note X = {X1, . . . , Xk} if {X1, . . . , Xk} is a
partition of X . Obviously, SA∩B = {SA∩B \B, SA∩B ∩B}.

As SA∩A = ∅, the partition SA∪B = {SA∪B \SA, SA∪B ∩SA} can be reduced
to SA∪B = {SA∪B \SA, SA \ (A∪B)}. Similarly, SB = {SB \ SA∩B, SA∩B \B} .
Finally, SA = {SA \ B, (SA ∩ B) \ SA∩B, (SA ∩ B) ∩ SA∩B} can be reduced to
SA = {SA \ (A ∪B), (SA ∩B) \ SA∩B, SA∩B ∩B}.. Hence,
|SA|+ |SB|− |SA∪B|− |SA∩B| = |(SA∩B)\SA∩B|+ |SB \SA∩B|− |SA∪B \SA|.
To achieve proving the theorem, we prove that SA∪B \ SA ⊆ SB \ SA∩B.

Indeed, let z ∈ SA∪B \ SA. Then, z /∈ A ∪B and H(z|xy) for all x, y ∈ A. Now,
suppose that z /∈ SB. Since z is not in A ∪B, we have H(z|xy) for all x, y ∈ B.
Furthermore, as A and B overlap and thanks to the transitivity of H , we have
z /∈ A ∪ B and H(z|xy) for all x, y ∈ A ∪ B, which is by definition z /∈ SA∪B.
Contradiction. Finally, supposing z ∈ SA∩B would imply z ∈ SA. ��
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Submodular functions are combinatorial objects with powerful potential (see
e.g. [10]). Theorem 1 enables the application of this theory to homogeneous
relations. In [17], T. Uno and M. Yagiura gave a (restricted) version of this
theorem, and constructed a very nice algorithm computing the common intervals
of a set of permutations. It would be interesting to generalise this approach to
any homogeneous relation, as done in [3] for modular decomposition of graphs.

4 Strong Modules and Primality

In a family F of subsets of X , a subset is strong if it overlaps no other subset of
F. The other subsets are weak. If F contain X and the singletons {x} for every
element x ∈ X , then X and {x}x∈X form the trivial strong subsets. The set
inclusion orders the strong subsets into a tree. This is a quick proof that there
are at most 2|X |−1 strong subsets (and at most |X |−2 nontrivial ones), as the
tree has no internal node of degree 1.

The parent of a (possibly weak) subset M is the smallest strong subset MP

properly containing M , and M is said to be a child of MP . If M is strong, MP

is by definition its parent in the inclusion tree.
An overlap class is an equivalence class of the transitive closure of the overlap

relation ©© on F. The support of an overlap class C = {C1, . . . , Ck} is C1∪· · ·∪Ck.
A is an atom of the overlap class if it is included in at least one subset Ci, and
it does not overlap any subset of the class, and is maximal for these properties.
All the atoms of a class form a partition of its support, the coarsest partition
compatible with the class. An overlap class is trivial if it contains only one subset;
it is then clearly a strong one.

A strong subset is prime if all its children are strong, and decomposable oth-
erwise. It is a classical result of set theory that

Lemma 1. If F is a family closed under union of overlapping sets, then there is
an one-to-one correspondence between the nontrivial overlap classes of F and the
decomposable strong subsets of F. More precisely, the overlap class C associated
with a decomposable subset D is simply the set of weak children of D, and the
support of C is D.

Of course we apply all these notions to the family of modules of a homogeneous
relation.

Theorem 2. Let H be a homogeneous relation and Z be the family of modules
containing x but not y, and maximal for this property, for all x and y. The strong
modules of H are exactly the supports and atoms of all overlap classes of Z.

Proof. First, remark that, thanks to the closure under union of overlapping
sets, the supports and atoms of every overlap class of Z are strong modules.
Lemma 1 tells they cannot be overlapped by an element of Z and if one, say
A, is overlapped by a module B /∈ Z then for x ∈ A \ B, the maximal module
containing y but not x overlaps A, a contradiction. So the family of supports
and atoms is included in the family of strong modules. Conversely, let us prove
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that if M is a strong module then it is the support or an atom of some overlap
class. We shall distinguish four cases.
Let MP be the strong parent of M (for M �= X). 1. M is trivial (X or {x}).
There is no problem.
2. M is decomposable. It has k strong children M1, . . . ,Mk. Let us pick an
element xi in each Mi. Then for all i and j we consider the maximal module
containing xi but not xj . They form an overlap class of Z. Its support is M ,
thanks to Lemma 1.
3. M is prime and MP is prime. Then for all x ∈ M and all y ∈ MP \M , M
is the maximal module containing x but not y. As it is strong, it belongs to a
trivial overlap class and is equals to its support.
4. M is prime and MP is decomposable. Then for all x ∈MP \M , M is included
in some maximal module Mx not containing x (the one that contains the vertices
of M). Let us consider the intersection I of all subsets of {Mx | x ∈ MP \M}.
It is an atom of the overlap class associated with MP and thus is strong. As M
is a children of MP , I = M . ��

5 Partitive Families of Homogeneous Sets

A generalisation of modular decomposition, known from [5], less general than
homogeneous relations but more powerful, is the partitives families. The sym-
metric difference of two sets A and B, denoted AΔB, is (A \ B) ∪ (B \ A).

Definition 6. A family F ⊆ P(X) is weakly partitive if it contains X and
the singletons {x} for all x ∈ X, and is closed under union, intersection and
difference of overlapping subsets, i.e.
A ∈ F ∧ B ∈ F ∧ A©©B ⇒ A ∩B ∈ F ∧ A ∪B ∈ F ∧ A \B ∈ F

Furthermore a weakly partitive family F is partitive if it is also closed under
symmetric difference: A ∈ F ∧ B ∈ F ∧ A©©B ⇒ AΔB ∈ F

As mentionned before, strong subsets of a weakly partitive family F can be
ordered by inclusion into a tree. Let us define three types of strong subsets, i.e.
three types of nodes of the tree:

– prime nodes which have no weak children,
– degenerate nodes: any union of strong children of the node belongs to F,
– linear nodes: there is an ordering of the strong children such that a union of

children belongs to F if and only if the children follow consecutively in this
ordering.

Theorem 3. [5] In a partitive family, there are only prime and degenerate
nodes. In a weakly partitive family, there are only prime and degenerate and
linear nodes.

The strong subsets are therefore an O(|X |) space coding of the family: it is
enough to type the nodes into complete, linear or prime, and to order the chil-
dren of the linear nodes. All weak subsets can be outputted by making simple
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combinations of the strong children of decomposable (complete or linear) nodes.
Now, the following properties state that modules of some homogeneous relations
are a proper generalisation of (weakly) partitive families.

Proposition 5. Let H be a homogeneous relation. If H is Graphical or is
Quotiental, then H is Digraphical.

Proposition 6. The modules of a Quotiental (resp. Digraphical) relation form
a weakly partitive family. The modules of a Graphical relation form a partitive
family.

Proof. Let us suppose A ∈ FH and B ∈ FH and A©©B. Thanks to transitivity
an element not in A∪B cannot distinguish A∪B (it would distinguish A or B).
As an element not in A cannot distinguish A and an element not in B cannot
distinguish B, then no element can distinguish A∩B. For the same reason, only
an element of A ∩B can distinguish A \B or AΔB.

If s ∈ A ∩ B distinguishes A \ B, then this set contains x and y such that
¬H(z|xy). As B \A is nonempty it contains t and we have H(x|st) and H(y|st)
and H(t|sx) and H(t|sy) and H(t|xy). Then H is neither Quotiental nor Di-
graphical .

Let us suppose H is Graphical . As it is also Digraphical, A \ B and B \ A
are modules. If z ∈ A ∩ B distinguishes AΔB, then there exists x ∈ A and
y ∈ B such that ¬H(z|xy). Since H(x|yz) and H(y|xz), H is not Graphical, a
contradiction. ��

6 Modular Algorithmics for Homogeneous Relations

In the following, we consider a given ground set X and a homogeneous relationH
on X , that are the input of all algorithms described here. The input H consists in
|X | partitions (the equivalence classes of Hx for each x) and thus can be stored
in O(|X |2) space, instead of the naive O(|X |3) space representation storing all
triples.

6.1 Smallest Module Containing a Subset

Let S be a nonempty subset of X . As FH is closed under intersection, there is a
unique smallest module containing S, the intersection of all modules containing
S, denoted henceforth SM(S).

Theorem 4. Algorithm 1 computes SM(S) in O(|X |.|SM(S)|) = O(|X |2) time.

Proof. Time complexity is obvious as the while loop runs |M |−1 times and the
for loop |X | times. The algorithm maintains the invariant that every splitter of
M is in F . When M is replaced by M ∪ {y}, every element that distinguishes
M ∪{y} distinguishes x from y, or already is in F . The algorithm ends therefore
on a homogeneous set that contains S, and thus we have SM(S) ⊆M . If M �=
SM(S) let s be the first element of M \ SM(S) added to F (eventually added
to M). It distinguished two elements x and y from SM(S), contradicting its
homogeneity. So SM(S) = M . ��
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Algorithm 1. Smallest Module containing S
Let x be an element of S, M := {x} and F := S \ {x}
while F is not empty do

pick an element y in F ; F := F \ {y} ; M := M ∪ {y}
for every element z do

if H(z|x, y) then F := F ∪ {z}
output M (now equals to SM(S))

6.2 Maximal Modules Not Containing an Element

Proposition 7. Let x be an element of X. As FH is closed under union of
intersecting subsets, there is a unique partition of X \ {x} into S1, . . . , Sk such
that every Si is a module of FH and is maximal w.r.t. inclusion in FH .

We call MaxM(x) ⊂ P(V ) this partition of maximal modules not containing x.
We propose a partition refining algorithm [16]. It is obvious that

Lemma 2. Every module (especially the maximal ones) not containing x is in-
cluded in a x-class Hi

x of H.

Therefore our algorithm starts with the partition P = {H1
x, . . . , H

k
x} of the x-

classes of H , each part is an x-class. Then the partition is refined (parts are
splitted) using the following rule. Let y be an element, called the pivot, and Y
the part of P containing y.

Rule 1. split every part A of P , except for Y , into A ∩H1
y ,. . . ,A ∩H l

y

Notice that a part if broken in smaller ones iff it is distinguished by y.

Lemma 3. Starting from the partition P0 = {H1
x, . . . , H

k
x}, the application of

Rule 1 (for any pivot in any order) until no part can be actually splitted, produces
MaxM(x).

Proof. The refining process ends when no pivot can split a part, i.e when every
part is a module. Let us suppose one of these modules M is not maximal w.r.t.
inclusion: it is included in a module M ′, itself included in a x-class Hi

x. Let
us consider the pivot y that first broke M ′. It cannot be out of M ′, as M ′ is
module, nor within M ′, as a pivot does not break its own part. But M ′ was
broken, contradiction. ��
Let us now implement this lemma into an efficient algorithm. Let Pi be the
partition after the ith application of Rule 1, y be a given vertex used as pivot,
and Yi the part of Pi containing y. We say that a part B of Pj descends from a
part A of Pi if i < j and A ⊂ B. Clearly, after y is chosen as pivot at step i, y
does not distinguish any part of Pi excepted Yi. If y is chosen as pivot after, at
step j > i, y may only split the parts of Pj−1 that descend from Yi. Only these
parts have to be examinated for implementing Rule 1. But Yj itself has not to
be examinated.
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Let us suppose that, for a part A, we can split it in O(|A|) time when applying
Rule 1 with pivot y. Then the time spent at step j is O(|Yi| − |Yj |), the sum of
the size of the parts that descend from Yi save Yj . The time of all splittings with
y as pivot is O(|X |), leading to an O(|X |2) time complexity.

Let us suppose that the parts are implemented as a linked list [12], and the
new parts created after splitting an old one replace it and follow consecutively
in the list. Then for each pivot y two pointers, one on the first part that descend
from Yi and the second to the last part, are enough to tell the parts to be
examinated. A simple sweep between the pointers, omitting Yj , gives them.

Now let us see how a part A can be split in O(|A|) time. It is a classical
trick of partition refining [16,12]. If the y-classes are numbered from 1 to k, then
A can be bucket sorted in O(|A| + k) time, then each bucket gives a new part
that descend from A. If |A| < k, we have to renumber the used y-classes from
1 to k′ ≤ |A| before bucket sorting. A first sweep on A marks the used y-class
numbers. A second sweep unmarks an used number the first time it is seen, and
replace it by the new number (an incremented counter) which is less than |A|.
The vector of y-classes numbers is initialized once in O(k) time.

The last point is the order in which the pivot are taken. Using all elements as
pivots, and repeating this |X | time, i.e. |X |2 applications of Rule 1, is enough.
A clever choice is to use y only if Yi has been split, keeping a queue of “active”
pivots. We thus have:

Theorem 5. MaxM(x) can be computed in O(|X |2) time.

6.3 Testing if a Homogeneity Relation Is Trivial

A homogeneous relation H on X is trivial if FH contains only X and the sin-
gletons.

Theorem 6. Let S be a nonempty subset of X. One can test in O(|X |2) time
if H is trivial.

Proof. If |X | < 2 the answer is yes. Otherwise let x and y be two elements of X .
In O(|X |2) time, the algorithm of Section 6.2 outputs the maximal modules not
containing x. If one of them is nontrivial the answer is no. Otherwise all nontrivial
modules contain x. In O(|X |2) time, the algorithm of Section 6.2 outputs the
maximal modules not containing y. If one of them is nontrivial the answer is
no. Otherwise all nontrivial modules contain x and y. Then Algorithm 1 is used
with S = {x, y}, in O(|X |2) time. The answer is yes iff SM({x, y}) = X . ��

6.4 Strong Modules of a Homogeneous Relation

Theorem 2 straightforwardly leads to an algorithm:

Theorem 7. The strong modules of a homogeneous relation H on X can be
computed in O(|X |3) time.
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Proof. First compute MaxM(x) for all x ∈ X . All these sets together exactly
form the family Z defined in Theorem 2. It can be done in O(|X |3) time using the
algorithm of Section 6.2 |X | times. The size of this family (sum of the cardinals
of every subsets) is O(|X |2) since they form |X | partitions. Using Dahlhaus
algorithm [7] the overlap components can be found in time linear on the size
of the family, namely O(|X |2). According to Lemma 1 there are at most |X |
nontrivial overlap classes.

For each class it is easy to compute its support, and in O(|X |2) time easy to
compute its atoms. For instance, consider the vector of parts of the overlap class
containing a given element: the atoms are the elements with the same vector.
Sorting the list of elements of the supports O(|X |) times, one time per part,
gives the elements with the same vector, thus the atoms.

And at least the O(|X |2) supports and atoms must be sorted by inclusion
order into the inclusion tree of the strong modules. It can be done in O(|X |3)
time using the same sorting technique. ��

7 Outcomes

Let us examine in the sequel some of the applications of this homogeneity theory
to modular decomposition of graphs and 2-structures, and to other graph rela-
tions. The name of Graphical, Quotiental, and Digraphical relations are justified
by the following proposition:

Proposition 8. The standart homogeneous relation of a directed graph is Quo-
tiental and Digraphical. If the graph is undirected, its standard relation also is
Graphical.

The notion of modules also extends to 2-structures [9]. A (symmetric) 2-structure
is a complete edge-coloured (undirected) graph and H(x|yz) is true when edges
(xy) and (xz) have the same colour. We still have:

Proposition 9. The standart homogeneous relation of a 2-structure Quotiental
and Digraphical. If the 2-structure is symmetric, its standard relation also is
Graphical.

The modules of an undirected graph and of a symmetric 2-structure thus form a
partitive family, while the modules of a directed graph just form a weakly par-
titive family. All know properties of modular decomposition [15] can be derived
from this result. An O(n3) modular decomposition algorithm can also be derived
from Section 6.4 algorithm, but it is less efficient than the existing algorithms
[4,6,8,12,14].

In a graph we can consider different homogeneous relations, for instance the
relation “there exists a path from vertex x to vertex y avoiding the vertex s”, or a
more general relation “there exists a path from x to y avoiding the neighbourhood
of s”. It is easy to see that these two relations fulfill the basic axioms (symmetry,
reflexivity and transitivity). In the first case, the strong modules form a partition
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(into the 2-vertex-connected components, minus the articulation points). The
second relation is related to decomposition into star cutsets.

Another interesting relation is Dk(s|xy) if d(s, x) ≤ k and d(s, y) ≤ k, where
d(x, y) denotes the distance between x and y. The case k = 1 corresponds to
modular decomposition. It is worth investigating the general case.

8 Conclusion

We hope that this homogeneity theory will have many other applications and
will be useful to decompose automata [1] and boolean functions [2]. Obviously,
the algorithmic framework presented here can be optimised in each particular
application, as it can be done for modular decomposition [4,6,8,12,14]. We think
the homogeneity concept is a very general idea.
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Abstract. We give two new algorithms for recognizing proper circular-
arc graphs and unit circular-arc graphs. The algorithms either provide a
model for the input graph, or a certificate that proves that such a model
does not exist and can be authenticated in O(n) time.

1 Introduction

A certifying algorithm for a decision problem is an algorithm that provides a
certificate together with its answer. A certificate is an evidence that can be
used to authenticate the correctness of the answer (cf. [7,11]). An authentication
algorithm is an algorithm that validates the certificate. Certifying algorithms
reduce the risk of erroneous answer, caused by bugs in the implementation.

For example, a recognition algorithm of bipartite graphs can provide as a
certificates a 2-coloring when the graph is bipartite and an odd cycle when the
graph is not bipartite. Graph classes that have certifying recognition algorithm
include chordal graphs [15], planar graphs [11], interval graphs and permutation
graphs [7], proper interval graphs [4,12], proper interval bigraphs [4], and more.

A circular-arc graph is an intersection graph of arcs on the circle. Every vertex
is represented by an arc, such that two vertices are adjacent if and only if the
corresponding arcs intersect. The arcs constitute a circular-arc model of the
graph. Circular-arc graphs can be recognized in linear time [9,6].

A circular-arc model in which no arc contains another is a proper circular-arc
(PCA) model. A circular-arc graph that admits a PCA model is a proper circular-
arc (PCA) graph. Tucker gave characterizations of PCA graphs, in terms of the
adjacency matrix [16] and forbidden subgraphs [17]. Skrien [13] and Deng, Hell
and Huang [1] gave characterizations that use orientation of the edges. The char-
acterization of [1] leads to a linear-time recognition algorithm for PCA graphs.
Spinrad [14] showed that the characterization of [16] also leads to a linear-time
recognition algorithm for PCA graphs. Both algorithms construct a PCA model
if the graph is a circular-arc graph, but fail to provide a certificate otherwise.

A circular-arc model in which all arcs are closed (or all arcs are open) and of
the same length is a unit circular-arc (UCA) model. A circular-arc graph that
admits a UCA model is a unit circular-arc (UCA) graph. Every UCA graph
is a PCA graph. Tucker [17] gave a characterization of PCA graphs which are
not UCA graphs. Recently, Durán, Gravano, McConnell, Spinrad, and Tucker

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 289–300, 2006.
c© Springer-Verlag Berlin Heidelberg 2006



290 H. Kaplan and Y. Nussbaum

[2] presented a quadratic recognition algorithm for UCA graphs, based on this
characterization. This algorithm does not provide a certificate for its answer.
Even more recently, Lin and Szwarcfiter [8] gave new characterization for UCA
graphs based on the length of the arcs in a PCA model. This gave a linear-time
algorithm that constructs a UCA model if the input is a UCA graph, but fails
to provide a certificate otherwise.

Circular-arc graphs generalize interval graphs which are the intersection
graphs of intervals on the line. Kratsch, McConnell, Mehlhorn, and Spinrad
[7] gave a linear-time certifying algorithm for interval graphs.

Another related graph class is interval bigraphs. A bipartite graph with the
bipartition (X,Y ) is an interval bigraph, if it can be represented by intervals on
the line, such that the interval of x ∈ X intersects the interval of y ∈ Y if and only
if x and y are adjacent in the graph. Two intervals corresponding to two vertices
in X or to two vertices in Y , may or may not intersect. An interval bigraph
that have a model in which no arc contains another, is a proper interval bigraph.
Hell and Huang [5] showed that the class of proper interval bigraphs, is exactly
the class of the complements of co-bipartite PCA graphs. These graph classes
are known to be equivalent to many other well known graph classes including
bipartite permutation graphs, bipartite AT-free graphs and bipartite trapezoid
graphs. Hell and Huang [4] also gave a simple linear-time certifying algorithm
for recognizing proper interval bigraphs, which we use in our algorithm.

In this paper, we present characterizations for PCA graphs and UCA graphs
which are based on [16,17]. Those characterization leads to linear-time certifying
algorithms for recognizing these classes of graphs. If the input graph is a member
of the graph class, the algorithm provide the appropriate model for it. Otherwise,
if the input graph is not a member of the graph class, we provide a certificate
for this answer that can be authenticated in O(n) time, where n is the number
of vertices in the graph. This time bound is better than the time bound of the
recognition algorithm, so the certificate is a strong certificate [7].

2 Preliminaries

Let G(V,E) be a finite simple graph, and let n = |V (G)| and m = |E(G)|. The
(closed) neighborhood of v is N [v] = {v} ∪ {u | vu ∈ E}. For u, v ∈ V (G), if
uv /∈ E(G) then we say that uv is a non-edge.

The sequence P = (v1, v2, . . . vk) with vivi+1 ∈ E(G) is a path. If vkv1 ∈ E(G)
then P is also a cycle. The sequence P = (v1, v2, . . . vk) with vivi+1 /∈ E(G) is
a co-path. If vkv1 /∈ E(G) then P is also a co-cycle. The length of a path, or a
co-path, P is denoted by |P |. A path, cycle, co-path or co-cycle in which all the
vertices are distinct is simple.

A graph that can be partitioned into two independent sets is a bipartite graph.
The complement of a bipartite graph is a co-bipartite graph.

To simplify we refer to the clockwise direction of the circle as right and to the
counterclockwise direction of the circle as left, as we view them if we stand at
the center of the circle.
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Table 1. Intersection types of two arcs in circular-arc model by order of their endpoints

Endpoints order (left to right) Intersection type

[�(x), r(y), �(y), r(x)] x̂ and ŷ cover the circle
[�(x), �(y), r(x), r(y)] ŷ overlaps the right side of x̂
[�(x), r(y), r(x), �(y)] x̂ overlaps the right side of ŷ
[�(x), r(x), �(y), r(y)] x̂ and ŷ are nonadjacent
[�(x), �(y), r(y), r(x)] x̂ contains ŷ
[�(x), r(x), r(y), �(y)] ŷ contains x̂

For a PCA graph G with a PCA model �, every vertex v ∈ V (G) has an arc
in � with two endpoints. We denote the arc of v by v̂, the left endpoint by �(v)
and the right endpoint by r(v).

Every pair of arcs x̂ and ŷ in � either cover the circle, overlap, or nonadjacent.
Containment of arcs in a PCA model is impossible. If x̂ overlaps ŷ and covers
r(y) then x̂ overlaps the right side of ŷ.

The adjacency matrix of a graph G, denoted by M(G), has 1 in position
(i, j) if vivj ∈ E, and 0 otherwise. The augmented adjacency matrix of G is the
adjacency matrix of G with 1’s on the main diagonal, that is M∗(G) = M(G)+I,
where I is the identity matrix. We refer to the row and column in M∗(G) that
correspond to the vertex v as row v and column v.

A (0, 1)-matrix has the consecutive-ones property if its columns can be or-
dered so that in every row the 1’s are consecutive. McConnell [10] gave a linear-
time certifying algorithm for this property. A (0, 1)-matrix has the circular-ones
property if its columns can be ordered so that in every row the 1’s are circularly
consecutive.

2.1 Representation

The desired graph representation for certifying algorithms on graphs is discussed
in [7]. We use, as [7], ordered adjacency list representation of graphs. This repre-
sentation allow us to get the list of neighbors of a given vertex in constant time,
and to certify adjacency of two vertices in constant time. An edge is certified by
its location in the ordered adjacency list. A non-edge is certified by the location
in the adjacency list of the edge that would be its predecessor, if the non-edge
was an edge. To collect the locations of O(n) edges and non-edges, we radix sort
them, and scan the sorted list together with the adjacency lists of the graph.
The running time for this sort and scan is O(m + n).

We represent a PCA model by a cyclic order of the endpoints. The 2n end-
points in the model are indexed according to their ranks in the order, starting at
any arbitrary endpoint and going right. Each arc has the indices of its two end-
points. The type of intersection between two arcs can be determined, in constant
time, by the order of their endpoints [3] (see Table 1). A unit circular-model obey
length constraint, so the exact location of the endpoints on the circle is required.

We represent (0, 1)-matrices in a sparse way, similar to the representation of
graphs by ordered adjacency lists. This representation allows algorithms that
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process matrices to run in time proportional to the number of 1’s in the matrix.
For M∗(G) the number of 1’s is O(m + n).

3 Characterization of Proper Circular-Arc Graphs

We define an incompatibility graph for PCA graphs, in a way similar to the
definitions of incompatibility graphs for the consecutive-ones property [10] and
for permutation graphs [7], as follows.

Let � be a PCA model of G, and v0 be a vertex in G. We start at r(v0) and
traverse the circle to the right, we get a traversal ordering (v0, v1, . . . , vn−1) of
the vertices according to the order in which we meet their right endpoints. This
ordering defines a traversal order relation R = {(vi, vj) | i < j}.

The following holds for any PCA model of G. For every x, y ∈ V (G), (x, y)
and (y, x) cannot both appear in the same traversal order relation. We say that
(x, y) is incompatible with (y, x). For every w ∈ V (G), the right endpoints of
all the vertices in N [w] must be consecutive around the circle. Assume that
v0 /∈ N [w]. Then, in a traversal ordering that starts with v0 the vertices of N [w]
must be consecutive. Therefore, if x, z ∈ N [w] and y /∈ N [w], the vertex y cannot
be between x and z. So (x, y) and (y, z) are incompatible, with w as a witness.
Assume that v0 ∈ N [w], now the vertices of N [w] are not necessarily consecutive
in a traversal ordering that starts with v0, because it might be that vn−1 is also
in N [w]. But V (G)−N [w] must be consecutive in this ordering, so if x, z /∈ N [w]
and y ∈ N [w] then (x, y) and (y, z) are incompatible, with w as a witness.

The incompatible pairs define the incompatibility graph IC(G; v0) of G with
starting vertex v0. The vertex set of IC(G; v0) is {(x, y) | x, y ∈ V (G), x �= y}.
The edge set of IC(G; v0) are edges of the forms (x, y)(y, x), (x, y)(y, z) such that
x, z ∈ N [w], y /∈ N [w] for some w /∈ N [v0] and (x, y)(y, z) such that y ∈ N [w],
x, z /∈ N [w] for some w ∈ N [v0].

The definition of IC(G; v0) is analogous to the definition of the incompatibility
graph for the consecutive-ones property IC(M), presented by McConnell [10].
Since a consecutive-ones ordering is linear, we do not need a starting point to
define IC(M). The edge set of IC(M) are (x, y)(y, x), for every pair of columns
x and y, and (x, y)(y, z) such that there is a row w, with ones in the column of
x, z but not in the column of y.

Theorem 1. Let G be a PCA graph. For any v0 ∈ V (G), the incompatibility
graph IC(G; v0) is bipartite.

Proof. Let � be a PCA model of G. Let v0 ∈ V (G) and let R be the traversal
order relation defined by the traversal ordering of � that starts with v0. The
relation R is made of vertices of IC(G; v0). The relation R cannot have any
incompatible pairs, so the vertices of R are an independent set in IC(G; v0). Let
�′ be a PCA model of G that is obtained by replacing the right and left directions
of �. Let R′ be the traversal order relation defined by the traversal ordering of �′

starting with v0. Any vertex in IC(G; v0) that is not in R is in R′. The vertices
of R′ are also an independent set, and therefore IC(G; v0) is bipartite. ��
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To certify that G is not a PCA graph we can provide an odd cycle in one of
its incompatibility graphs. We do so without explicitly constructing the entire
incompatibility graph, since the size of this graph might be as large as Θ(n4).
Note that IC(G; v0) might be bipartite even when G is not a PCA graph.

4 Certifying Algorithm for Proper Circular-Arc Graphs

Our certifying algorithm for PCA graphs consists of two cases, depending on
whether G is co-bipartite or not. We begin the algorithm by deciding whether G
is co-bipartite. If G is co-bipartite, then it is covered by two cliques. At least one
of those cliques should cover half of V (G), so m ≥ n

2 (n
2 − 1). If this inequality

does not hold then G is not co-bipartite. Otherwise, m = Θ(n2), and we check
if G is bipartite in O(n2) = O(m) time.

4.1 The Complement of G Is Not Bipartite

In the case where G is not co-bipartite, Tucker [16] showed that G is a PCA
graph if and only if M∗(G) has the circular-ones property.

To check if M∗(G) has the circular-ones property, we use the following reduc-
tion of [16] from testing this property to testing the consecutive-ones property.
Let M1 be a (0, 1)-matrix. Fix a column j. Form the matrix M2 by comple-
menting those rows with 1 in column j of M1. Then M1 has the circular-ones
property if and only if M2 has the consecutive-ones property.

Let v0 be a vertex of minimum degree in G. To perform the reduction stated
above in linear time, we complement the rows of M∗(G) which have one in the
column of v0. Since the degree of v0 is O(m/n), we complement O(m/n) rows.
It takes O(n) time to complement a row so we perform the entire reduction in
O(m) time. We denote by M the new matrix that we obtain.

After the reduction we run the certifying algorithm of McConnell [10] to test
if M has the consecutive-ones property. If M has a consecutive-ones ordering,
we order the columns of M∗(G) in the same way, to get a circular-ones ordering
for M∗(G). Tucker [17] showed an algorithm to produce a PCA model of G from
a this ordering that can be implemented in O(n+m) time.

If M does not have the consecutive-ones property, then the algorithm of [10]
produces a certificate for this fact. This certificate is an odd cycle C of length
at most n+ 2 in the incompatibility graph IC(M). Next, we show that all edges
of C exist in IC(G; v0) so C is also an odd cycle in IC(G; v0).

Edges of C in IC(M) have one of two forms. Edges of the form (x, y)(y, x)
always exist in IC(G; v0). Consider an edge (x, y)(y, z) with a witness w, where w
is a row in M such that the columns of x and z have 1 in this row, but the column
of y has 0 in it. If w /∈ N [v0] then the row of w in M is the same as in M∗(G). So,
x, z ∈ N [w] while y /∈ N [w] and therefore (x, y)(y, z) is an edge of IC(G; v0), with
vertex w /∈ N [v0] as a witness. Otherwise, if w ∈ N [v0], then the row of w in M
is the complement of the row of w in M∗(G). So, y ∈ N [w] while x, z /∈ N [w] and
therefore (x, y)(y, z) is an edge of IC(G; v0), with vertex w ∈ N [v0] as a witness.
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Fig. 1. Forbidden subgraphs

We provide the odd cycle C in IC(G; v0), together with v0 as a certificate.
To complete the certificate, we need to add a certificate for all edges and non-
edges of G that are involved in it. For an edge (x, y)(y, z) with a witness w in
IC(G; v0), we need to provide a certificate for the edges or non-edges xw, yw, zw
and wv0 in G. The length of the cycle in IC(G; v0) is O(n), and thus there are
O(n) edges or non-edges to certify.

4.2 The Complement of G Is Bipartite

In this case, when G is co-bipartite, we use the following forbidden subgraphs
characterization of Tucker [17].

Theorem 2. [17] Let G be a graph. If G contains an induced even cycle of
length ≥ 6 or one of the graphs in Fig. 1, then G is not a PCA graph.

A co-bipartite graph G is a PCA graph if and only if G is a proper interval
bigraph [5]. So, we use the certifying algorithm for recognizing proper interval
bigraph of Hell and Huang [4] on G. Note that the graphs in Theorem 2 are
exactly the graphs that the certifying algorithm for recognizing proper interval
bigraphs [4] uses as certificates.

The graph G is covered by two cliques, one of those two cliques must cover at
least n/2 of the vertices of G, therefore m = Θ(n2). So we can produce G from
G in O(n2) = O(m) time.

If G is an interval bigraph, we get a model for it, and we use an algorithm of
Hell and Huang [5] to construct a PCA model of G, from this model. Otherwise,
we have one of graphs in Theorem 2 as a certificate. For a graph of Fig. 1, we
use its complement to certify that G is not a PCA graph.

If we have an induced even cycle of length ≥ 6 as a certificate that G is not a
proper interval bigraph, we transform it into an odd cycle in an incompatibility
graph of G. We do so for two reasons. First, a straightforward authentication of
an even length cycle takes O(m+ n) time, while authentication of an odd cycle
in an incompatibility graph takes O(n) time. Second, we reduce the number of
cases that the authentication algorithm has to deal with, since it has to verify
an odd cycle in an incompatibility graph in the case where G is not co-bipartite.

Let C = (x0, x1, . . . , x2r−1) be an even induced cycle in G. For every i =
0, . . . , 2r − 1, and for every j �= i± 1, we have that (xi, xj) ∈ E(G), where the
subscripts of the vertices are modulo 2r. We find an odd cycle in the incompat-
ibility graph IC(G;x1).
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If r is even, we start the cycle in IC(G;x1) with (x0, xr). From the vertex
(xi, xj) in the cycle, we continue to (xj , xi+2). We can use xi+1 as a witness
for the edge (xi, xj)(xj , xi+2), since if we start with (x0, xr), we always have
xi+1 ∈ N [x1] and xi, xi+2 /∈ N [xi+1] while xj ∈ N [xi+1]. After r edges we get to
(xr, x0), we add an edge (xr, x0)(x0, xr) to complete an odd cycle of length r+1.

If r is odd, we start the cycle in the incompatibility graph in (x0, xr+1) and
continue in the same way. After r edges we get back to (x0, xr+1), and we have
odd cycle of length r.

Building the cycle in the incompatibility graph IC(G;x1), together with cer-
tificate for all the edges in it takes O(n2) = O(m) time.

4.3 The Certificate and the Authentication Algorithm

The certificate of the recognition algorithm is either a PCA model of G, an odd
cycle in an incompatibility graph IC(G; v0), or one of the graphs of Fig. 1 as an
induced subgraph of G. If we got a PCA model for G, then G is a PCA graph.
For the other certificates, G is not a PCA graph by Theorem 1 or Theorem 2.

To authenticate a PCA model we first authenticate that the model is a
circular-arc model of G, this step is described by McConnell [9]. The model
is a PCA model only if no arc is contained in another, we check this for every
pair of adjacent vertices by checking the order of their endpoints (see Table 1).
The size of this certificate is O(n) and the time to authenticate it is O(n +m).

To authenticate an odd cycle in an incompatibility graph IC(G; v0), we first
verify that it has an odd length not larger then n+ 2. Then, we verify that the
certificate is indeed a cycle. We also verify that each edge of the cycle belongs
to IC(G; v0), by checking that every edge is either of the form (x, y)(y, x) or has
a valid witness. The size of the cycle is O(n) and validating it takes O(n) time.

If the certificate is one of the graphs of Fig. 1, we verify that every edge exists
in the certificate if and only if it exists in the graph. The size of each of these
graphs is O(1), and hence the authentication time is also O(1).

When the algorithm found that G is not a PCA graph, both possible certifi-
cates can be authenticated in O(n) time and therefore are strong certificates.

5 Characterization of Unit Circular-Arc Graphs

In this section we present the structure theorem of Tucker [17] for UCA graphs
together with some relaxations of it that we use. Let G be a PCA graph with
a PCA model �. Every PCA graph has a PCA model in which no pair of arcs
covers the circle [17,3]. In fact, the algorithm of Sect. 4 never constructs a model
with a pair of arcs that covers the circle. Thus, in this section we assume that �
does not contain a pair of arcs that covers the circle.

Let C = (x0, . . . , xp−1) be a simple cycle in G, such that for i = 1, . . . , p− 1,
the arc x̂i overlaps the right side of x̂i−1, and the arc x̂0 overlaps the right side of
x̂p−1, in �. We call such a cycle C, a bounding cycle. Assume that we traverse the
cyclic list of endpoints of �, starting immediately after �(x0), going right to r(x0)
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x0

x1

x2

x3

x4

Fig. 2. Bounding cycle with ratio 5/2

y0

y1

y2

y3

y4

Fig. 3. Bounding co-cycle with ratio 5/2

and continuing from r(xi) to r(xi+1). We call the list of endpoints obtained this
way the walk of C. The number of times that C goes around the circle is the num-
ber of times that the walk of C hits �(x0), we denote this number by t(C). The
ratio of C, denoted by p(C), is |C|/t(C). See Fig. 2. We call C a minimum bound-
ing cycle if there is no other bounding cycle C′ with p(C′) < p(C). We denote
a minimum bounding cycle by Cm. If the union of the arcs in � does not cover
the circle, then there are no bounding cycles. In this case, we let p(Cm) =∞.

Let I = (y0, . . . , yp−1) be a simple co-cycle in G. We call I a bounding co-cycle.
We define the walk of I as we define it for bounding cycles. To compute t(I),
the number of times that I goes around the circle, we add 1 to the number of
times that the walk of I hit �(y0), to count also the last partial turn. The ratio
of I, denoted by p(I), is |I|/t(I). See Fig. 3. We call I a maximum bounding
co-cycle if there is no other bounding co-cycle I ′ with p(I ′) > p(I). We denote
a maximum bounding co-cycle by IM .

The circumference of a UCA model of closed arcs with a bounding cycle C
can be at most p(C). On the other hand, the circumference of a UCA model
with a bounding co-cycle I must be strictly greater than p(I). So for any UCA
model p(IM ) < p(Cm). The following theorem shows that this condition is also
sufficient. Furthermore, the bounds do not depend on the specific model.

Theorem 3. [17] A PCA graph G is also a UCA graph if and only if for any
PCA model of G with no pair of arcs that cover the circle, p(IM ) < p(Cm).

Given a PCA model �, the algorithm of Durán et al. [2] finds a minimum bound-
ing cycle and a maximum bounding co-cycle that start from a certain arc in the
model. To do so in linear time they use complicated data structures.

We relax the definitions of a bounding cycle and a bounding co-cycle, in two
ways, in order to get a simple implementation. First, we allow repetitions of
vertices. Second, we use paths instead of cycles.

Let P = (x0, . . . , xp−1) be a path of vertices in G, not necessarily simple, such
that for i = 1, . . . , p−1, the arc x̂i overlaps the right side of x̂i−1, in �. The path
P is a bounding path. We define the walk of P and count the number of times
that P goes around the circle, denoted by t(P ), in the same way as we do it for
bounding cycles. The ratio of P is p(P ) = |P |/t(P ). Note that since a bounding
path is not necessarily a cycle, it might be that t(P ) = 0, in this case we assume
that p(P ) =∞.
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Let Q = (y0, . . . , yp−1) be a (not necessarily simple) co-path of vertices in G.
We call Q a bounding co-path. We define the walk of Q and count the number
of times that Q goes around the circle, denoted by t(Q), in the same way as we
do it for bounding co-cycles. The ratio of Q is p(Q) = |Q|/t(Q).

6 Certifying Algorithm for Unit Circular-Arc Graphs

Every UCA graph is a PCA graph, so we start by testing whether G is a PCA
graph using the algorithm of Sect. 4. If G is not a PCA graph then it is also
not a UCA graph, and the algorithm of Sect. 4 certifies that. Otherwise, if G
is a PCA graph then we have a PCA model of it which we denote by �. As in
Sect. 5, we assume that there is no pair of arcs in � that covers the circle.

We generate bounding paths and bounding co-paths in �, which are simple
to find. Then, we show that we can find from this set of bounding paths and
co-paths a minimum bounding cycle and a maximum bounding co-cycle. We
compare the ratios of the minimum bounding cycle and maximum bounding
co-cycle, and use Theorem 3 to decide whether G is a UCA graph.

It can be shown that a PCA graph with a dominating vertex or a PCA graph
that has a PCA model in which the union of the arcs does not cover the circle,
is a UCA graph. Therefore, we assume that G does not contain any dominating
vertex and that the union of arcs in � covers the circle.

To obtain a certificate when G is a UCA graph, we use the algorithm of [8]
to find a UCA model for G. Note, that the first two steps of [8] are to find a
PCA model of G and to eliminate pairs of arcs that cover the circle. Thus, the
implementation of [8] can be simplified by using the algorithm in Sect. 4.

The algorithm of [2] iteratively looks for the minimal bounding cycle and
maximal bounding co-cycle that starts with every vertex in the graph. This is
not necessary since the bounding cycles and bounding co-cycles are cyclic, so we
only need to start from one of their vertices, not from all of them. Furthermore,
we show that for every vertex v ∈ V (G), we can start only from vertices in N [v].

Let Cm = (x0, . . . , xp−1) be a minimum bounding cycle in a PCA model, and
let IM = (y0, . . . , yq−1) be a maximum bounding co-cycle. Let v be any fixed
vertex in V (G). The arcs of Cm covers the circle at least once, so there must be
an arc x̂i that overlaps v̂. Because Cm is a cycle, we may assume that x̂i is x̂0,
hence, x0 ∈ N [v]. Assume that v is not adjacent to any vertex of IM , we can add
v to IM and get a bounding co-cycle I, with t(I) = t(IM ) and |I| = |IM |+1, and
therefore p(I) > p(IM ), contradicting the fact that IM is maximum. Because
IM is a co-cycle, we may assume that y0 ∈ N [v].

For a particular vertex u, we find n bounding paths, of lengths 1 to n, each
starting with u, using the following greedy algorithm. Let u0 = u. We start with
P1 = (u0) as a bounding path with t(P1) = 0. For i = 1, . . . , n− 1, we generate
Pi+1 = (u0, . . . , ui) by adding to Pi the vertex ui, where �(ui) is the rightmost
left endpoint covered by the arc ûi−1. Such a vertex ui exists since the circle is
covered by the union of all arcs. We let t(Ci) = t(Ci−1) + 1, if the arc ûi covers
�(u0), and otherwise t(Ci) = t(Ci−1). We stop after generating Pn. We represent
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the n bounding paths by the list of vertices in Pn and the list of the values t(Pi)
for i = 1, . . . , n.

Similarly, we find n bounding co-paths, of lengths 1 to n, each starting with
u, using the following greedy algorithm. Let u0 = u. We start with Q1 = (u0)
as a bounding co-path with t(Q1) = 1. For i = 1, . . . , n− 1, we generate Qi+1 =
(u0, . . . , ui) by adding to Qi the vertex ui, where �(ui) is the leftmost left end-
point not covered by the arc ûi−1. Since ui−1 is not a dominating vertex, ui−1ui /∈
E(G). We let t(Qi) = t(Qi−1) + 1, if the arc ûi covers �(u0), and otherwise
t(Qi) = t(Qi−1). We stop after generating Qn. We represent the n bounding co-
paths by the list of vertices in Qn and the list of the values t(Qi) for i = 1, . . . , n.

To implement these algorithms in O(n) time, we identify in advance, for every
arc, the rightmost left endpoint it covers, and the leftmost left endpoint not
covered by it. We do so by going around the circle from left to right, starting at
some left endpoint, and maintaining �(x), the last left endpoint we encountered.
When we encounter a right endpoint r(y), the last left endpoint that the arc ŷ
covers is �(x). We can find the leftmost left endpoint following each arc in the
same way, by going around the circle from right to left.

Let v0 ∈ V (G) be a vertex with a minimum degree, so |N [v0]| = O(m/n).
We find n bounding paths and n bounding co-paths that start with each of the
arc of vertices in N [v0], by the greedy algorithms described above. This takes
O(n|N [v0]|) = O(n·m/n) = O(m) time and O(m) space. We then find among the
O(m) bounding paths, the bounding path Pm for which p(Pm) is the smallest
and the bounding co-path QM for which p(QM ) is the largest. If there are more
than one bounding paths or co-paths with the same ratio we take the shortest.

Lemma 1. For the bounding path Pm and the bounding co-path QM that we
have found, we have p(Pm) ≤ p(Cm) and p(IM ) ≤ p(QM ).

Proof. Let Cm be a minimum bounding cycle, starting with x0 ∈ N [v0]. Let k =
|Cm|, since Cm is a simple cycle, k ≤ n. Let Ci be the prefix of Cm with |Ci| = i.
The path Ci is a bounding path. Let Pi be the bounding path of length i stating
at x0 that our greedy algorithm has found. We prove by induction on i, that the
walk of Ci is a prefix of the walk of Pi. It follows that for every i = 1, . . . , k,
we have t(Ci) ≤ t(Pi), and in particular p(Cm) = p(Ck) ≥ p(Pk) ≥ p(Pm), as
required.

For i = 1, C1 = P1, and thus the walks of C1 and P1 are identical. Assume
that the walk of Ci is prefix of the walk of Pi. To get Ci+1, we add to Ci a vertex
xi such that the last occurrence of �(xi) in the walk of Ci is not followed by an
occurrence of r(xi). The walk of Ci+1 starts with the walk of Ci and continues
until r(xi). To get Pi+1, we add to Pi the vertex ui such that �(ui) is the last
left endpoint in the walk of Pi. The walk of Pi+1 starts with the walk of Pi and
continues until r(ui). Since by induction the walk of Ci is a prefix of the walk of
Pi, the last occurrence of �(xi) in the walk of Ci corresponds to an occurrence
of �(xi) in the walk of Pi preceding or equal to the last occurrence of �(ui) in
the walk of Pi. Therefore the last occurrence of r(xi) in Ci+1 corresponds to an
occurrence of r(xi) in the walk of Pi+1 preceding or equal to the last occurrence
of r(ui) in the walk of Pi+1. Thus, the walk of Ci+1 is a prefix of the walk of Pi+1.
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The claim p(IM ) ≤ p(QM ) is proved similarly. ��
Lemma 2. The bounding path Pm and the bounding co-path QM that we have
found, are a minimum bounding cycle and a maximum bounding co-cycle.

Proof. Let Pm = (x0, . . . xp−1) and let QM = (y0, . . . yq−1). By Lemma 1 it
suffices to prove that Pm is a simple cycle and that QM is a simple co-cycle.

Assume that Pm is not a simple path. So, there are i, j such that xi = xj but
i �= j. Let i be the minimal index for which there exists � > i such that xi = x�,
let j be the minimal possible value of �. The way that our greedy algorithm
chooses the successor of each vertex does not depend on its location on the path,
so xi+k = xj+k for every k = 1, . . . , (p − 1) − j. Let C = (xp−(j−i), . . . xp−1).
The path C is simple by the way we choose xi and xj , C is a cycle since xp−1 =
xp−(j−i)−1 and since C is a suffix of Pm, it is a bounding cycle. We have a
bounding cycle with a ratio p(C) ≥ p(Cm) ≥ p(Pm). So we can truncate Pm

after xp−(j−i)−1 and get a new bounding path P with p(P ) ≤ p(Pm) which is
a prefix of Pm. This contradicts the definition of Pm, to be the shortest path
with the maximal ratio that the greedy algorithm found. Similarly, we can show
that QM is a simple co-path.

Now, assume that Pm is not a cycle. The last arc x̂p−1 does not cover �(x0),
so it does not start a new turn around the circle. Let P be the prefix of Pm of
length p − 1. We have |P | < |Pm| but t(P ) = t(Pm) therefore p(P ) < p(Pm).
That is a contradiction to the way we found Pm.

Assume that QM is not a co-cycle. It follows that the arc ŷq−1 overlaps ŷ0. If
the arc ŷq−1 covers r(y0) then ŷq−2 covers �(y0), because otherwise the greedy
algorithm would have chosen y0 to be yq−1. Since there is no dominating vertex
in G, there is a pair of nonadjacent vertices, this pair is a bounding co-cycle with
ratio 2, so we have 2 ≤ p(QM ). Let Q be the prefix of QM of length q− 2. Since
there is one arc less in Q that covers �(y0), we have t(Q) = t(QM )−1. And since
p(QM ) ≥ 2 we have p(QM ) ≤ p(Q), which contradict the way we define QM . ��

Therefore, by Theorem 3, G is a UCA graph if and only if p(QM ) < p(Pm).
If G is not a UCA graph we use Pm and QM as a certificate.

6.1 The Certificate and the Authentication Algorithm

If G is a UCA graph then the certificate is a UCA model. This certificate can
be authenticated by authenticating that it is a PCA model as in Sect. 4.3 and
comparing the length of all the arcs. This can be done in O(n+m) time.

If G is not a PCA graph, the certificate and its authentication algorithm are
as in Sect. 4.3. The size and the authentication time of this certificate are O(n).

If we decided that G is a PCA graph but not a UCA graph then we have a
bounding cycle Pm, and a bounding co-cycleQM with p(QM ) ≥ p(Pm) in a PCA
model �. Authenticating that � is a valid PCA model without pairs of arcs that
cover the circle, takes O(m+n) time. We can verify in the same time bound that
Pm andQM are bounding cycle and bounding co-cycle respectively, and compute
t(Pm) and t(QM ) from the model, by following the walks of Pm and QM .
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It is also possible to construct a strong certificate that can be authenticated
in O(n) time. This certificate proves, using edges and non-edges between vertices
of Pm and QM , that in any PCA model of G, Pm and QM are a bounding cycle
and a bounding co-cycle with p(QM ) ≥ p(Pm). Due to space constraint we omit
the details of this certificate.
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351 cours de la Libération, 33405 Talence, France

chalopin@labri.fr
2 Department of Computer Science, Durham University,

Science Laboratories, South Road, Durham DH1 3LE, England
daniel.paulusma@durham.ac.uk

Abstract. We discuss eleven well-known basic models of distributed
computing: four message-passing models that differ by the (non-)exis-
tence of port-numbers and a hierarchy of seven local computations mod-
els. In each of these models, we study the computational complexity of
the decision problem whether the leader election and/or naming problem
can be solved on a given network. It is already known that this prob-
lem is solvable in polynomial time for two models and co-NP-complete
for another one. Here, we settle the computational complexity for the
remaining eight problems by showing co-NP-completeness. The results
for six models and the already known co-NP-completeness result follow
from a more general result on graph labelings.

1 Introduction

In distributed computing, one can find a wide variety of models of communi-
cation. These models reflect different system architectures, different levels of
synchronization and different levels of abstraction. In this paper we consider
eleven well-known basic models that satisfy the following two underlying as-
sumptions. Firstly, a distributed system is represented by a simple (i.e., without
loops or multiple edges), connected, undirected graph. Its vertices represent the
processors, and its edges represent direct communication links. Secondly, the
distributed systems we consider are anonymous, i.e., all the processors execute
the same code to solve some problem and they do not have initial identifiers.

The eleven basic models can be divided into four message-passing models
[6,14,16] and seven local computations models [1,4,5,11,12]. In a message-passing
model, processors communicate by sending and receiving messages. In a local
computations model, a computation step (encoded by a local relabeling rule) in-
volves neighboring processors that synchronize, exchange information, and mod-
ify their states.

Understanding the computational power of various models, the role of struc-
tural network properties and the role of the initial knowledge enhances our un-
derstanding of distributed algorithms. For this purpose a number of standard
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problems in distributed computing are studied. The election problem is one of
the paradigms of the theory of distributed computing. In our setting, a distrib-
uted algorithm solves the election problem if it always terminates and in the
final configuration exactly one processor is marked as elected and all the other
processors are non-elected. Elections constitute a building block of many other
distributed algorithms, since the elected vertex can be subsequently used to make
centralized decisions. A second important problem in distributed computing is
the naming problem. Here, the aim is to arrive at a final configuration where
all processors have been assigned unique identities. Again this is an essential
prerequisite to many other distributed algorithms that only work correctly un-
der the assumption that all processors can be unambiguously identified. For a
reference book on distributed algorithms we refer to [13].

Our Results. Whether the naming or election problem can be solved on a
given graph depends on the properties of the considered model. If it is possible
to solve the election (naming) problem we call the graph a solution graph for the
election (naming) problem. It is a natural question to ask how hard it is to check
whether a given graph is a solution graph in a certain model. For two models
this problem is known to be polynomially solvable [2] and for one model it is
co-NP-complete [15]. What about the computational complexity of this problem
for the other models? In this paper we solve this question by showing that this
decision problem is co-NP-complete for all remaining models.

The paper is organized as follows. In Section 2 we define the necessary graph
terminology. To obtain our results we translate known characterizations
[1,4,5,6,7,11,12,14,16] of solution graphs in terms of graph labelings. This is
shown in Section 3 for the message-passing models and in Section 4 for the local
computations models. In Section 5 we introduce a new kind of labeling that does
not correspond to any model of distributed computing but that enables us to
present a simpler co-NP-completeness proof for seven basic models including the
already known model in [15]. In Section 6 we give the results for the remaining
two models.

2 Preliminaries

For graph terminology not defined below we refer to [3]. A labeling of a graph
G = (VG, EG) is a mapping � : VG → {1, 2, 3, . . . , }. For a set S ⊆ VG we
use the shorthand notation �(S) to denote the image set of S under �, i.e.,
�(S) = {�(u) | u ∈ S}. A labeling � of G is called proper if |�(VG)| < |VG|. For
any label i ≥ 1, the set �−1(i) is equal to {u ∈ VG | �(u) = i}. The subgraph of
G induced by a subset S ⊆ VG is denoted by G[S]. For a label i ≥ 1 we write
G[i] = G[�−1(i)]. For two labels i, j, we let G[i, j] be the bipartite graph obtained
from G[�−1(i) ∪ �−1(j)] by deleting all edges [u, v] with �(u) = �(v) = i or with
�(u) = �(v) = j.

For a vertex u ∈ VG in a graph G = (VG, EG), we denote its neighborhood by
NG(u) = {v | [u, v] ∈ EG}. A graph is regular, if all its vertices have the same
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number k of neighbors (i.e. are of degree degG(u) = k), in that case we also
say that the graph is k-regular. A graph is regular bipartite if it is regular and
bipartite. A graph is semi-regular bipartite if it is bipartite and the vertices of
one class of the bipartition are of degree k and all others are of degree l, in that
case we also say that the graph is (k, l)-regular bipartite. In our context a perfect
matching is a (1, 1)-regular bipartite graph.

3 Message-Passing Models

In [14,15,16], Yamashita and Kameda study four message-passing models. In
the port-to-port model, each processor can send different messages to different
neighbors (by having access to unique port-numbers that distinguish between
neighbors), and each processor knows the neighbor each receiving message is
coming from (again by using the port-numbers). In the broadcast-to-mailbox
model, port-numbers do not exist. A processor can only send a message to all
of its neighbors and all receiving messages arrive in a mailbox, so it never knows
their senders. The two mixed models are called the broadcast-to-port model and
the port-to-mailbox model. There exists an election (or naming) algorithm for
a graph G if and only if the algorithm solves the problem on G whatever the
port-numbers are.

In [16], Yamashita and Kameda characterize these four models: a graph G is
a solution graph for the election and naming problem in the port-to-port model
if and only if G does not have a proper symmetric regular labeling, i.e., a proper
labeling � such that

(i) for all i ∈ �(VG), G[i] is regular and contains a perfect matching if its vertices
have odd degree, and

(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is regular bipartite.

A graph G is a solution graph for the election and naming problem in the port-
to-mailbox model if and only if G does not have a proper regular labeling, i.e., a
proper labeling � such that

(i) for all i ∈ �(VG), G[i] is regular, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is regular bipartite.

A graph G is a solution graph for the naming problem in the broadcast-to-
mailbox and the broadcast-to-port model if and only if G does not have a proper
semi-regular labeling, i.e., a proper labeling � such that

(i) for all i ∈ �(VG), G[i] is regular, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is semi-regular bipartite.

In these two models, a graph G is a solution graph for the election problem if
and only if there does not exist any semi-regular labeling � of G such that for
all i ∈ �(VG), |�−1(i)| > 1.

In [1,6], different characterizations for these models are obtained (based on
fibrations and coverings of directed graphs). The problem of deciding whether a
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graph G is a solution graph for the election and naming problem in the port-to-
port model is co-NP-complete [15]. On the other hand, in [2], it is shown that
the problem of deciding whether a graph G is a solution problem for the election
and naming problem is polynomially solvable in the broadcast-to-mailbox and
the broadcast-to-port model (by computing the degree refinement of G).

4 Local Computations Models

In the local computations models, a computation step can be described by the
application of some local relabeling rule that enables the modification of the states
of the different vertices involved in the synchronization. Two local computation
models are different in the types of relabeling rules that they allow, see Figure 1.
In models (5), (6) and (7) of Figure 1, a computation step occurs on a star,
i.e., it involves some synchronization between one vertex and all its neighbors,
whereas in models (1), (2), (3) and (4), a computation step occurs on an edge,
i.e., it involves some synchronization between two neighbors. All these models
are asynchronous, in the sense that not all processors have to been involved in
each computation step. In models (5), (6) and (7) (resp. (1), (2), (3) and (4)),
two computations steps can occur concurrently if they occur on stars (resp. on
edges) that do not share any vertex.

Mazurkiewicz [11] consider the model (7) of Figure 1, where in one compu-
tation step, a processor can modify its state and the states of its neighbors,
according to the previous states of itself and its neighbors. In this model, a
graph G is a solution graph for the election and naming problem if and only if
G does not have a proper perfect-regular coloring, i.e., a proper labeling � such
that

(i) for all i ∈ �(VG), G[i] is edgeless, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is edgeless or else is a perfect matching.

Boldi et al. [1] consider the model (5) of Figure 1, where in one computation
step one processor can modify its state, according to its previous state and to
the states of its neighbors. In this model, a graph G is a solution graph for the
naming problem if and only if G does not have a proper semi-regular coloring,
i.e., a proper labeling � of G such that

(i) for all i ∈ �(VG), G[i] is edgeless, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is semi-regular bipartite.

In this model, a graph G is a solution graph for the election problem if and only
if there does not exist any semi-regular coloring � of G such that for all i ∈ �(VG),
|�−1(i)| > 1.

In [5] the models (3), (4) and (6) of Figure 1 are considered; in these models,
vertices and edges can be labelled. The model (6) differs from the model (5) by
the fact that the processor that modifies its state can also modify the labels of
the edges incident to it. In the models (3) and (4), a computation step occurs
on an edge whose label can be modified. These two models differs by the fact
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(1)

(2)

(4) ≡
(3)

(6)

(7)

(5)

Fig. 1. A hierarchy of local computations models described by the different kinds of
relabelling rules they use. Labels of black vertices can change when the local relabeling
rule is applied. Labels of white vertices only enable to apply the rule but do not change.
A rule can modify edge labels only in models (3), (4) and (6). If ri → rj for models ri

and rj then rj can simulate ri but not vice versa, i.e., rj has a greater computational
power than ri; this relation is transitive. If ri ≡ rj then ri and rj have the same
computational power. The computational power of the model (5) is incomparable with
the power of the models (2), (3) and (4).

that in model (3), only one endvertex of the edge can modify its state, whereas
in model (4), the two endvertices of the edge can modify their states. In each
of these models, a graph G is a solution graph for the election and the naming
problem if and only if G does not have a proper regular coloring, i.e., a proper
labeling � such that

(i) for all i ∈ �(VG), G[i] is edgeless, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is regular bipartite.

We note that Mazurkiewicz [12] has given an equivalent characterization of model
(4) in terms of equivalence relations over vertices and edges. The characteriza-
tions for model (6) can also be obtained from [1].

In [4], the model (2) of Figure 1 is considered: in one computation step, two
neighbors modify simultaneously their states according only to their previous
states (the edges are not labeled). In this model, a graph G is a solution graph
for the election and naming problem if and only if G does not have a proper
pseudo-regular coloring, i.e., a proper labeling � such that

(i) for all i ∈ �(VG), G[i] is edgeless, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is edgeless or else contains a perfect

matching.

In [7], the model (1) of Figure 1 is considered: in one computation step, one
processor modify its state according to both its previous state and the state
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of one of its neighbor (the edges are not labeled). In this model, a graph G is
a solution graph for the naming problem if and only if G does not admit any
proper connected coloring, i.e., a proper labeling � such that

(i) for all i ∈ �(VG), G[i] is edgeless, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is edgeless or else has minimum degree

at least one.

We note that the hierarchy in Figure 1 is also reflected by the labelings, e.g.,
a perfect-regular coloring is also a regular coloring, and so on.

5 Pseudo-regular Labelings

We call a labeling � of a graph G a pseudo-regular labeling if

(i) for all i ∈ �(VG), G[i] is regular, and
(ii) for all i, j ∈ �(VG) with i �= j, G[i, j] is edgeless or else contains a perfect

matching.

In this section we prove that the problem whether a given graph G has a
proper pseudo-regular labeling is NP-complete. This gives us a number of co-
NP-completeness results for various models of distributed computing discussed
in the previous two sections. The following observation is useful.

Observation 1. Let � be a pseudo-regular labeling of a connected graph G. Then
|�−1(i)| = |VG|

|�(VG)| for all i ∈ �(VG).

Let G = (VG, EG) and H = (VH , VG) be two graphs. We write VH = {1, 2, . . . ,
|VH |}. For a mapping f : VG → VH and a set S ⊆ VG, we write f(S) =
{f(u) | u ∈ S}. A graph homomorphism from G to H is a vertex mapping
f : VG → VH satisfying the property that for any edge [u, v] in EG, we have
[f(u), f(v)] in EH , in other words, f(NG(u)) ⊆ NH(f(u)) for all u ∈ VG. A
homomorphism f from G to H that induces a one-to-one mapping on the neigh-
borhood of every vertex is called locally bijective, i.e., for all u ∈ VG it satisfies
f(NG(u)) = NH(f(u)) and |NG(u)| = |NH(f(u))|. In that case we writeG B−→ H ,
and call the vertices of H colors of G. Sometimes, we also say that the labels
�(i) of a labeling � of G are colors of G.

The H-Cover problem asks whether there exists a locally bijective homomor-
phism from an instance graph G to a fixed graph H . In our NP-completeness
proof we use reduction from the K-Cover problem, where K is the graph ob-
tained after deleting an edge in the complete graph K5 on five vertices. The
K-Cover problem is NP-complete [10]. Note that the two non-adjacent ver-
tices have degree three. The other three vertices are adjacent to two vertices
of degree three and two vertices of degree four. Then the following observation
immediately follows from the definition of a locally bijective homomorphism.
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Observation 2. Let G be a graph with G B−→ K. Then the following holds:

(∗) VG = B1 ∪ B2 for two blocks B1 and B2 with |B1| = 2k and |B2| = 3k for
some k ≥ 1 such that
• for all u ∈ B1, |NG(u) ∩B1| = 0 and |NG(u) ∩B2| = 3
• for all u ∈ B2, |NG(u) ∩B1| = 2 and |NG(u) ∩B2| = 2.

We call a graph satisfying the (∗) condition in Observation 2 a K-candidate.
Since (∗) obviously can be checked in polynomial time, we may assume without
loss of generality that any instance graph G of the K-Cover problem is a K-
candidate.

For our NP-completeness structure we modify an instance graph G of the K-
Cover as follows. Let u and v be vertices of G with degG(u) = 3 and degG(v) =
4. We replace the edge [u, v] by a chain of q ≥ 1 “diamonds” as described in
Figure 2. We call the resulting graph G′ a diamond graph of G with respect to
the edge [u, v]. For i = 1, . . . , q, the subgraph Di = G[{ai, bi, ci, di, ei}] is called
a diamond of G′. The next lemma shows among others that a pseudo-regular

u = e0 a1
b1

c1

d1

e1 a2
b2

c2

d2

e2 aq
bq

cq

dq

eq v = aq+1

Fig. 2. The chain of q diamonds that replace the edge [u, v]

labeling is injective on the neighborhood of any vertex in a diamond. Its proof
involves a case analysis and will be presented in the journal version of our paper.

Lemma 3. Let G be a K-candidate that contains adjacent vertices u, v with
degG(u) = 3 and degG(v) = 4. Let G′ be a diamond graph of G with respect
to [u, v] that has diamonds D1, . . . Dq, where q > k + 2 and q + k is a prime
number. If � is a proper pseudo-regular labeling of G′, then |�(VDi)| = 5 and
�(ei−1) /∈ �(VDi \ {ei}) for all 1 ≤ i ≤ q.
The following lemma is a key result.

Lemma 4. Let G be a K-candidate that contains adjacent vertices u, v with
degG(u) = 3 and degG(v) = 4. Let G′ be a diamond graph of G with respect to
[u, v] that has diamonds D1, . . . Dq, where q > k+2 and q+k is a prime number.
If � is a proper pseudo-regular labeling of G′ then |�(VG′)| = 5.

Proof. We write p = q+ k. Then |VG′ | = 5p and p is a prime number. Hence we
find that |�(VG′)| = 5 or |�(VG′)| = p, due to Observation 1.

Suppose |�(VG′)| = p > 5. By our choice of q, there exist a vertex u in a
diamond Di with the same color as a vertex v in a diamond Dj . By Lemma 3,
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we may assume that i < j. We choose u and v such that there do not exist
two vertices in G[Di ∪ . . . ∪Dj−1] having the same color. By Lemma 3, we can
write �(ai) = 1, �(bi) = 2, �(ci) = 3, �(di) = 4 and �(ei) = 5, and we find
that �(ei−1) /∈ {1, 2, 3, 4}. If �(ei−1) = 5, then �(ai+1) = 1 and consequently
|�(VG′)| = 5 < p, so we write �(ei−1) = 6.

By Observation 2 and the construction of G′, every vertex of G has either
degree 3 or 4. Note that, for each x in G′ with �(x) = 1 (respectively �(x) =
3, �(x) = 4), we have that {2, 3, 4, 6} ⊆ �(NG′(x)) (respectively {1, 2, 4, 5} ⊆
�(NG′(x)), {1, 2, 3, 5} ⊆ �(NG′(x))). Consequently, each vertex x with �(x) ∈
{1, 3, 4} has degG′(x) = 4.

By our choice of Di and Dj , vertex ai+1 belongs to some diamond. By
Lemma 3, we know that |�(NG′(ai+1))| = 4. Then each vertex x with �(x) =
�(ai+1) has degG′(x) = 4. Suppose now that there exists a vertex y such that
degG′(y) = 4 and �(y) = 2 (respectively �(y) = 5). Then �(NG′(y)) = {1, 3, 4}
(respectively �(NG′(y)) = {3, 4, �(ai+1)} ). Then y has three neighbors of degree
four and this is not possible due to Observation 2. Consequently, each vertex y
with �(y) ∈ {2, 5} has degG′(y) = 3.

We show that 1 /∈ �(Dj). Suppose �(aj) = 1. From our choice of Di and Dj ,
we know that �(ej−1) /∈ {2, 3, 4}. Then �({bj, cj , dj}) = {2, 3, 4} and �(ej−1) = 6.
Then �(VG) = �(Di ∪ . . . ∪Dj−1) and since all colors are different on diamonds
Di, Di+1, . . . , Dj−1, we find that p = |�(VG)| = 5(j − i). Since p is a prime
number not equal to 5, this is not possible. We already know that 1 /∈ �({bj, ej})
since degG′(bj) = degG′(ej) = 3. Suppose �(cj) = 1 (respectively �(dj) = 1).
Then �(dj) ∈ {3, 4} (respectively �(cj) ∈ {3, 4}) and �({bj, ej}) = {2, 6}. Then
a vertex with color in {3, 4} is adjacent to a vertex with color 6. This is not
possible.

We show that 2 /∈ �(Dj). We already know that the only vertices in Dj that
can be mapped to 2 are bj and ej in Dj . If �(bj) = 2, then 1 ∈ �({aj, cj , dj}).
If �(ej) = 2, then either 1 ∈ �({cj, dj}) or �({cj, dj}) = {3, 4} and in the second
case �(aj) = 1.

We show that 3 /∈ �(Dj). We already know that only vertices aj , cj , dj can be
mapped to 3. If �(aj) = 3 then 1, which does not occur on Dj , must be the color
of �(ej−1). This is not possible due to our choice of Di and Dj . In the other two
cases we find that 1 ∈ �(Dj). By symmetry, we deduce that 4 /∈ �(Dj).

Finally, we show that 5 /∈ �(Dj). We already know that only vertices bj and
ej can be mapped to 5. In both cases, at least one of the colors 3, 4 is a color of
a vertex in Dj. This finishes the proof of the lemma. ��

Lemma 5. Let G be a graph that contains adjacent vertices u, v with degG(u) =
3 and degG(v) = 4. Let G′ be a diamond graph of G with respect to (u, v). Then
G B−→ K if and only if G′ B−→ K.

Proof. We denote the vertices of K by 1, 2, 3, 4, 5 and its edges by [1, 2], [1, 3],
[1, 4], [1, 5], [2, 3], [2, 4], [3, 4], [3, 5], [4, 5]. Suppose G B−→ K. Without loss of
generality we assume that u has color 5 and v has color 1. Then we assign color
1 to all ai, color 2 all bi, color 3 to all ci, color 4 to all di and color 5 to all ei.
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Suppose G′ B−→ K. The restriction of any locally bijective homomorphism
f ′ : VG′ → VK to VG is a witness for G B−→ K. ��
Theorem 1. The problems that ask whether a given graph G allows a proper
pseudo-regular coloring, a proper pseudo-regular labeling, a proper regular color-
ing, a proper regular labeling, a proper symmetric regular labeling, or a proper
perfect-regular coloring, respectively, are NP-complete.

Proof. Obviously, all problems are in NP. We use reduction from the NP-com-
plete problem K-Cover [10]. Let G be an instance graph of this problem. Since
we may assume that G is a K-candidate, graph G has 5k vertices for some
k ≥ 1 and contains adjacent vertices u of degree three and v of degree four.
We construct the diamond graph G′ with respect to [u, v] that has q diamonds
D1, . . . , Dq, where we chose q such that q > k + 2 and p = q + k is a prime
number. By Lemma 5 we can consider G′ as our instance graph for the K-
Cover problem.

Any locally bijective homomorphism is a proper perfect-regular coloring,
which is a regular coloring, which is a symmetric regular labeling, which is a
regular labeling, which is a pseudo-regular labeling, and any regular coloring is
a pseudo-regular coloring, which is a pseudo-regular labeling.

So we are left to show that a proper pseudo-regular labeling of G′ implies that
G′ B−→ K. Suppose G′ allows a proper pseudo-regular labeling �. By Lemma 3,
|�(D1)| = 5. Let �(a1) = 1, �(b1) = 2, �(c1) = 3, �(d1) = 4 and �(e1) = 5. By
Lemma 3, �(e0) /∈ {1, 2, 3, 4}. Since |�(VG)| = 5 due to Lemma 4, we then find
that �(e0) = 5. This means that � defines a locally bijective homomorphism from
G to K. ��

6 Connected Colorings and Semi-regular Colorings

A hypergraph (Q,S) is a set Q = {q1, . . . , qm} together with a set S = {S1, . . . ,
Sn} of subsets of Q. A 2-coloring of a hypergraph (Q,S) is a partition of Q into
Q1 ∪Q2 such that Q1 ∩ Sj �= ∅ and Q2 ∩ Sj �= ∅ for 1 ≤ j ≤ n. In our proofs we
use reduction from the following, well-known NP-complete problem (cf. [9]).

Hypergraph 2-Colorability

Instance: A hypergraph (Q,S).
Question: Does (Q,S) have a 2-coloring?
With a hypergraph (Q,S) we associate its incidence graph I, which is a bipartite
graph on Q ∪ S, where [q, S] forms an edge if and only if q ∈ S. From the
incidence graph I we act as follows. Let Ck denote a cycle on k vertices. First
we make a copy S′ for each S ∈ S. We add edges (S′, q) if and only if q ∈ S.
Let S′ = {S′

1, . . . , S
′
n}. Then we glue a cycle Cqi isomorphic to a C6i−3 in I by

vertex qi for 1 ≤ i ≤ m. We add a new vertex v and edges from v to all vertices
in S. Finally we glue a cycle Cv isomorphic to C6m+3 in I by v. We call the
resulting graph I∗ the C3-minimizer of (Q,S). See Figure 3 for an example. The
proof of the following lemma will be included in the journal version.
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S′
1

I

qm

S′
n

Sn

v

C3 q1

S1

Fig. 3. Example of a C3-minimizer I∗ of a hypergraph (Q,S)

Lemma 6. Let I∗ be the C3-minimizer of a hypergraph (Q,S) with Sj �= Sk for
all j, k. If � is a proper connected coloring of I∗ then |�(VI∗)| = 3.

Theorem 2. The problem that asks whether a given graph G has a proper con-
nected coloring is NP-complete.

Proof. Obviously, this problem is in NP. We prove NP-completeness by reduction
from the Hypergraph 2-Colorability problem. Let (Q,S) be a hypergraph.
We assume without loss of generality that Sj �= Sk for j �= k. We claim that
(Q,S) has a 2-coloring if and only if its C3-minimizer I∗ admits a proper con-
nected coloring.

Suppose (Q,S) has a 2-coloring Q1 ∪ Q2. Define �(v) = 1, �(S) = 2 for all
S ∈ S ∪ S′, �(q) = 1 for all q ∈ Q1 and �(q) = 3 for all q ∈ Q2. Finish the
coloring in the obvious way.

Suppose I∗ has a proper connected coloring �. By Lemma 6 we find |�(VI∗)| =
3. Let �(v) = 1. Then �(Sj) ∈ {2, 3} for all j. If �(S′

j) = 1 for some j, then
S′

j needs a neighbor of color 2 and a neighbor of color 3, both are adjacent to
Sj . Hence, �(S′

j) ∈ {2, 3} for all j. We define Q1 = {q ∈ Q | �(q) = 1} and
Q2 = Q\Q1. Since each S′

j needs at least two neighbors with different colors
and at least one neighbor with color 1, the partition Q1 ∪Q2 is a 2-coloring of
(Q,S). ��
The proof of Theorem 3 uses arguments of the proofs of Theorem 1 and Theo-
rem 2 but the NP-completeness construction is more involved. We postpone it
to the journal version.

Theorem 3. The problem that asks whether a given graph G has a proper semi-
regular coloring is NP-complete.

7 Conclusions

By Theorems 1, 2 and 3 we have determined the computational complexity of
the question whether the election and/or naming problem can be solved on a
given graph in eleven different models of distributed computing that all have
been studied in the literature.
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Corollary 1. It is co-NP-complete to decide if on a given graph G we can solve

(a) the election problem in the models described in Sections 3 and 4 except for
the broadcast-to-port model, the broadcast-to-mailbox model and models (1),
(5) of Figure 1;

(b) the naming problem in the models described in Sections 3 and 4 except for
the broadcast-to-port and broadcast-to-mailbox model.

As a matter of fact the above decision problem is co-NP-complete for the election
problem in models (1) and (5) of Figure 1 as well. In both cases, the NP-hardness
of the decision problem can be derived from the proofs of corresponding theorems
for the naming problem (i.e., Theorems 2 and 3). From the characterization of
Boldi et al. [1] of solution graphs for the election problem in the model (5) of
Figure 1, one can see that the corresponding decision problem is in co-NP. We
do not know any characterization of graphs that admits an election algorithm
in the model (1) that can be expressed in terms of graphs labelings, and then
the proof that the corresponding decision problem is in co-NP is not so obvious.
Both proofs are postponed to the journal version.

We note that the problem that asks whether a given connected graph G has
a proper perfect-regular coloring is equivalent to the problem that asks whether
G B−→ H for some connected graph H with |VH | < |VG|. A graph homomorphism
f from G to H satisfying f(NG(u)) = NH(f(u)) for all u ∈ VG is called locally
surjective. If such a homomorphism exists, we write G S−→ H . The problem that
asks whether a connected graph G has a proper connected coloring is equivalent
to the problem that asks whether G S−→ H for some connected graph H with
|VH | < |VG|. Let C denote the set of connected graphs (up to isomorphism). In [8]
it has been proven that (C, B−→) and (C, S−→) are partial orders. Theorem 1 and 2
imply that it is co-NP-complete to check whether a graph is minimal in (C, B−→)
and (C, S−→), respectively. Also the other studied graph labeling problems can
easily be formulated as problems that ask whether there exist a homomorphism
f , that satisfies a few extra constraints, from a given graph G to a smaller
graph H . In future research we will study the relations between these constrained
homomorphisms more carefully.

Acknowledgements. The authors thank Jǐŕı Fiala for the idea on prime num-
bers in Lemma 4.
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Abstract. A matching M is called flexible if there exists an alternating
cycle with respect to M . Given a graph G = (V, E) and S ⊆ V , a
flexible matching M ⊆ E is sought which covers a maximum number of
vertices belonging to S. It is proved that the existence of such a matching
is decidable in O(|V | · |E|) time, and a concrete flexible maximum S-
matching can also be found in the same amount of time.

1 Introduction

Flexibility of matchings is an interesting phenomenon emerging in a number
of graph theory applications. In short, the problem is that, given a graph G
with a maximum matching M , find another matching M ′ of G that covers the
same vertices as M . The question is particularly interesting if G is allowed a
so-called grace, i.e., a subset of vertices which need not necessarily be covered
by maximum matchings.

As a motivating example, consider a project on which employees of a company
work in couples. The company employs both full-time and part-time workers, but
its preference is to assign as many full-time employees to the project as possible.
In addition, a known compatibility relationship among the employees must be
respected, which determines the possible couplings for the job. Furthermore, it is
also desirable that the assignment be flexible in the sense that, while keeping the
group of participating employees fixed, the coupling of them could be altered.
Graph G in this case consists of the employees as vertices and the compatibility
relation among them as edges. Vertices corresponding to full-time employees are
considered relevant, whereas the group of part-time employees constitutes the
grace set of G. The goal is to find a matching M of G that covers a maximum
number of relevant vertices, so that M is also flexible in the above sense.

Flexibility of matchings without the grace feature has been studied in the
papers [9,11,13,15]. The authors of [11] and [15] investigate the complexity of
finding an alternating-cycle-free matching with a maximum cardinality, while
[9] provides a linear time algorithm to decide if a given matching is free from
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alternating cycles. The latter result suggests a naive method for finding out if
a graph G = (V,E) has a flexible maximum matching: list all the maximum
matchings, and see if they contain an alternating cycle. Compared to the ex-
ponential time complexity of this method, our algorithm presented in Section 5
takes O(|V | · |E|) time only.

Another application of flexible matchings with a grace concerns the study of
soliton automata [2,3,6]. In this model the topological structure of a hydrocarbon
molecule is represented by a graph G, and an alternating pattern of single and
double chemical bonds between the atoms determines a matching in G. Some
vertices are distinguished as external, and they are exempt from the general
requirement that each vertex (atom) be connected to exactly one of its neighbors
by a double bond. The existence of a flexible matching covering all of the internal
(i.e., non-external) vertices then implies that the soliton automaton determined
by G is non-deterministic [5].

Our concern in this paper is to design an algorithm that decides for a given
graph G = (V,E) with a grace set if G has a flexible maximum matching,
and if so, find one. We shall provide an algorithm which solves this problem in
O(|V | · |E|) time.

2 Basic Concepts

By a graph, throughout the paper, we mean a finite undirected graph in which
loops and multiple edges are allowed. Our notation and terminology will follow
[14].

Let G = (V,E) be a graph, fixed for the rest of the paper. A matching in/of G
is a set M ⊆ E such that no vertex in V occurs more than once as an endpoint
of some edge in M . By this definition, loops are not allowed to participate in
matchings. For a fixed set S ⊆ V , a maximum (perfect) S-matching of G is a
matching M that covers a maximum number of (respectively, all) vertices in
S. If S = V , then we speak of an ordinary maximum (perfect) matching of G.
Vertices in V \ S constitute the grace set of G in the sense that, although they
may, they need not be covered by M .

Definition 2.1. A matching M in G is flexible if there exists a matching M ′ �=
M covering the same vertices as M . Graph G with a grace set V \ S is flexible
(rigid) if it has (respectively, does not have) a flexible maximum S-matching.

It is clear by the above definition that matching M is flexible iff there exists an
M -alternating cycle in G. Indeed, if an appropriate M ′ exists, then the sym-
metric difference of M and M ′ consists of pairwise disjoint even-length cycles
alternating on edges belonging to M and M ′. Thus, G is rigid iff it does not
contain an alternating cycle with respect to any of its maximum S-matchings.
Note that the edges connecting two grace vertices do not influence the cardinal-
ity of maximum S-matchings, therefore we can assume that such edges do not
exist in G, and each grace vertex u is adjacent to at least one vertex vu ∈ S.
As it will be pointed out below, we can also assume without loss of generality
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that the vertex vu is unique. If this is the case, and all vertices in S have a
degree greater than 1, then S = Int(G) and V \ S = Ext(G) are called the
set of internal and external vertices, respectively. (Notice that the degree of the
external vertices, and only of these, is 1.) Edges incident with external vertices
are called external themselves, and their internal endpoints will be referred to as
base vertices. Graph G is called open if Ext(G) �= ∅ and closed if Ext(G) = ∅.

The advantage of having an internal-external distinction between vertices in
S and those in V \ S is twofold. Technically, it simplifies the reasoning about
grace vertices, but more importantly, it allows us to adopt the results obtained
in [1,2,3] on soliton graphs and automata with no change. Following this philos-
ophy, a maximum (perfect) S-matching will be called a maximum (respectively,
perfect) internal matching, abbreviated as m.i.m. (respectively, p.i.m.).

To see how an arbitrary grace set V \ S can be replaced by an external one,
attach a new (external) edge to each vertex in V \S, and add a loop around each
vertex in S having degree 1. Let Gext denote the resulting graph with its grace
set being the set of newly introduced external vertices. Then, for every matching
M of G there exists a unique matching Mext of Gext such that Mext ∩ E = M
and an external edge e is contained in Mext iff the base vertex incident with e
is not covered by M . Clearly, this correspondence between matchings of G and
those of Gext is one-to-one, which preserves the maximum and perfect properties.
Moreover, flexibility of matchings is preserved as well.

3 Flexibility in Terms of the Gallai-Edmonds
Decomposition

Recall from [14] that graph G is factor-critical if for every v ∈ V , the graph G−v
has a perfect matching. A near-perfect matching ofG is a matching that covers all
vertices but one. The factor-critical property has been generalized in [4] for open
graphs with p.i.m.’s, and factor critical open graphs have been characterized as
ones consisting of a single external family of elementary components [3].

One of the most useful results in matching theory is the so called Gallai-
Edmonds Structure Theorem found independently by Gallai [10] and Edmonds
[7]. The reader is referred to Section 3.2 in [14] for a detailed discussion of this
theorem, which characterizes the structure of maximum matchings in graphs.
A counterpart of the Gallai-Edmonds Structure Theorem for open graphs and
m.i.m.’s, Theorem 3.1 below, has first been stated and proved in [1].

Let D(G) denote the set of all internal vertices in G that are not covered
by at least one m.i.m. Furthermore, let A(G) be the set of vertices (internal
or external) in V \ D(G) adjacent to at least one vertex in D(G). Finally, let
C(G) = V \A(G) \D(G).

Theorem 3.1. The following four statements hold for the decomposition D(G),
A(G), C(G):
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(i) the components of the subgraph induced by D(G) are factor-critical,
(ii) the subgraph induced by C(G), augmented by a loop around each vertex
that was originally internal in G but has become external after subtracting
A(G), contains all the external vertices of G and has a p.i.m.,

(iii) the bipartite graph G[A,D] obtained from G by deleting the vertices of
C(G) and the edges spanned by A(G) and by contracting each component of
D(G) to a single vertex has positive surplus (as viewed from A(G)),

(iv) if M is any m.i.m. of G, M contains a near-perfect matching of each
component of D(G), a p.i.m. of C(G) and matches all vertices of A(G) with
vertices in distinct components of D(G).

Recall that the surplus of a bipartite graph with bipartition (A,D) viewed from
A is the number min{(|Γ (X)| − |X |) | X ⊆ A,X �= ∅}, where Γ (X) is the set of
vertices in D adjacent to some vertex in X .

In the light of Theorem 3.1 it is easy to prove the following necessary and
sufficient condition for the existence of a flexible m.i.m. in G.

Proposition 3.2. Graph G has a flexible m.i.m. iff one of the following three
conditions is satisfied by the Gallai-Edmonds decomposition.

(i) C(G) (with the augmentation as above) possesses a flexible p.i.m.,
(ii) G[A,D] contains a flexible maximum matching that will necessarily cover
all vertices in A(G),

(iii) one of the components of the subgraph induced by D(G) has a flexible
near-perfect matching.

By Proposition 3.2, the original problem of finding a flexible m.i.m. in G can be
broken down to three subproblems concerning graphs having a p.i.m., bipartite
graphs with a positive surplus, and factor-critical graphs. We shall deal with
these subproblems separately in the following two sections.

4 Flexibility in Elementary Graphs

In this section we provide a characterization of rigid elementary open graphs.
This characterization is the first main result of the paper, which will help us
to solve the first and second subproblems specified above. For the rest of this
section, assume that our graph G is open and has a p.i.m.

Recall from [3,14] that an edge e ∈ E is allowed (mandatory) if e is contained
in some (respectively, all) p.i.m.(s) of G. Forbidden edges are those that are
not allowed. Graph G is called elementary if its allowed edges form a connected
subgraph covering all the external vertices. Observe that if G is elementary, then
it cannot contain a mandatory edge, unless G is a mandatory edge by itself with
a number of loops incident with one of its endpoints.

Let M be a matching of G. An edge e ∈ E is said to be M -positive (M -
negative) if e ∈M (respectively, e �∈M). An M -alternating path (cycle) in G is
a path (respectively, even-length cycle) stepping on M -positive and M -negative



Flexible Matchings 317

edges in an alternating fashion. Let us agree that, if the matching M is under-
stood or irrelevant in a particular context, then it will not be explicitly indicated
in these terms. Notice that an odd-length cycle can alternate on positive and
negative edges only if it starts out and ends in a negative edge. Such cycles,
however, will not be called alternating cycles. Rather, a wrench in G is a trail
[14] consisiting of a (possibly empty) path with an odd-length cycle attached to
one of its endpoints. An alternating wrench is a wrench alternating on positive
and negative edges when followed as a trail from one endpoint to the other.

An external alternating path is one that has an external endpoint. If both
endpoints of the path are external, then it is called a crossing. An alternating
path is positive (negative) if it is such at its internal endpoints. An internal
vertex v ∈ V is called accessible with respect to matching M if there exists a
positive external M -alternating path leading to v.

Let M be a p.i.m. of G. An M -alternating unit is either a crossing or an
alternating cycle with respect to M . Switching on an alternating unit amounts
to changing the sign of each edge along the unit. It is easy to see that the
operation of switching on an M -alternating unit α creates a new p.i.m. S(M,α)
forG. Moreover, it is easy to see that every p.i.m. M ofG can be transformed into
any other p.i.m. M ′ by switching on a collection of pairwise disjoint alternating
units.

Now we introduce a concept which will be fundamental in the characterization
of rigid open elementary graphs.

Definition 4.1. A redex r in G consists of two adjacent edges e = (u, z) and
f = (z, v) such that u �= v are both internal and the degree of z, d(z) = 2.
The vertex z is called the center of r, while u and v (e and f) are the two focal
vertices (respectively, focal edges) of r.

Let r be a redex in G. Contracting r means creating a new graph Gr from G
by deleting the center of r and merging the two focal vertices into one vertex s.
The vertex s is called the sink of r in Gr. For a p.i.m. M of G, let Mr denote
the restriction of M to edges in Gr. Clearly, Mr is a p.i.m. Notice that M can be
reconstructed from Mr in a unique way. In other words, the connection M �→Mr

is a one-to-one correspondence between p.i.m.’s of G and those of Gr. Graph G
and p.i.m. M will be referred to as the unfolding of Gr and Mr, respectively.

For any walk [14] α in G, let tracer(α) denote the restriction of α to edges
in Gr. Obviously, tracer(α) is a walk in Gr. It is also easy to see that if α is an
alternating path (cycle, wrench) in G with respect to M , then tracer(α) is such
in Gr with respect to Mr. Moreover, α can uniquely be recovered from tracer(α)
by unfolding. Notice, furthermore, that if an alternating unit goes through both
focal vertices of r, then it must do so along the center of r. As a consequence we
have:

Proposition 4.2. The function tracer establishes a one-to-one correspondence
between alternating units of G and those of Gr. For any M -alternating unit α,
M ′ = S(M,α) holds in G iff (M ′)r = S(Mr, tracer(α)) holds in Gr.

Corollary 4.3. Every edge e of Gr is allowed in Gr iff e is allowed in G.
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Another natural simplifying operation on graphs is the removal of a loop from
around a vertex v if this does not turn v into an external vertex. Such loops will
be called inner. Let Gv denote the graph obtained from G by removing an inner
loop at vertex v. Clearly, the p.i.m.’s of Gv are exactly the same as those of G.

Definition 4.4. Graph G is reduced if it is free from redexes and inner loops.

Lemma 4.5. If G is reduced elementary and contains a cycle, then there exists
an internal edge h ∈ E such that G− h is still elementary.

Proof. For a fixed p.i.m. M of G, let us construct a sequence of subgraphs
G0, . . . , Gn+1 of G in the following way. The sequence starts out with the empty
graph G0, and for every 0 ≤ i ≤ n, Gi+1 is obtained from Gi by adding an M -
alternating unit αi of G which covers at least one edge not already in Gi. The
process stops when a connected graph Gn+1 is reached that covers all vertices
of G. Since G is elementary, the process is well-defined. During this process it is
possible to cover the external vertices of G first, that is, to select for the unit αi

an appropriate crossing that covers at least one new external vertex, up to an
index i = k such that Gk+1 already covers all the external vertices. Moreover,
since each internal vertex of Gi is accessible (within Gi) with respect to M , we
can assume that each graph Gi, 1 ≤ i ≤ k + 1 is a forest.

If G contains edges that are not in Gn+1, then we are through, for any, or even
all of these edges can be left out from G without losing the elementary property.
Assume therefore that Gn+1 = G. Then, clearly, k < n. (Remember that G
contains a cycle and Gk+1 is a forest.) On the other hand, observe that the unit
αn could not add a new vertex to Gn. Indeed, such a vertex would necessarily
be internal in G, would also be different from the base vertices, and as such,
it would have a degree greater than two. This contradicts the assumption that
Gn+1 = G. We conclude that Gn is not connected, covering all vertices of G
though.

Let e be any edge of αn that connects two different components of Gn. Since
all internal vertices of Gn are accessible within their respective connected com-
ponents, the edge e is allowed in Gn + e. Thus, if αn contains an edge h that
is neither in Gn, nor a cut-edge in G, then G − h = Gn + αn − h is elemen-
tary. Otherwise Gn, too, contains a cycle in one of its connected components C.
Augment C with the new edge(s) of αn incident with C, considering them as
external edges in the resulting graph. This graph satisfies the conditions of the
lemma, and has fewer internal edges than G. The proof can now be finished by
organizing the above argument as a proper induction on the number of internal
edges in G.

For any path (wrench) α in G, marking α as an alternating path (respectively,
wrench) amounts to specifying a matching M of G which consists of edges along
α only, and for which α becomes an M -alternating path (wrench). A generalized
tree is an open graph not containing even-length cycles.

Lemma 4.6. Let G be a reduced generalized tree. Then the marking of any path
or wrench α in an alternating way can be extended to a p.i.m. Mα in G.
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Proof. Without loss of generality we can assume that α = p is a path. Again,
the proof is an induction argument on the number of internal edges in G. If
G has no internal edges, then the statement is trivial. Let G therefore have at
least one internal edge, and assume that the statement holds true for all reduced
generalized trees having fewer internal edges than G. If G has an internal cut
edge e, then cut G along e to obtain two generalized trees G1 and G2. In both
G1 and G2, e appears as an external edge, ensuring that these graphs remain
reduced. The statement of the lemma then follows easily from applying the
induction hypothesis on G1 and G2 with suitable alternating paths p1 and p2.

If G does not have an internal cut edge, then every internal vertex of G, except
possibly the base ones, is part of at least two odd-length cycles, and even the
base vertices have a degree at least 3. Consequently, an arbitrary internal edge
can be left out from G, still keeping it a reduced generalized tree. Since p is a
path, the edge e to be left out can be chosen from outside p. Now the statement
follows directly from the induction hypothesis by taking e �∈Mp.

Now we are ready to present our characterization of rigid open elementary
graphs. The key to this result is Theorem 4.7 below. The underlying idea of
the proof of this theorem is a simple induction argument, which is highlighted
by the second paragraph of the proof. Yet, the complete proof is technically
challenging, as one must cope with a number of cases and subcases.

Theorem 4.7. If G is reduced elementary and contains an even-length cycle,
then it also has an alternating cycle with respect to some p.i.m.of G.

Proof. Induction on the number of internal edges of G. If G has no internal
edges, then we have nothing to prove. Let G have at least one internal edge, and
assume that the statement holds for all appropriate graphs having fewer internal
edges than G. If G has a pair {h, g} of parallel edges, then either both, or none
of these edges is allowed. If they are allowed, then they form an alternating
cycle with respect to every p.i.m. M in which one of them is present. If they are
forbidden, then the graph G− h is still elementary and reduced, otherwise some
edge adjacent to h and g would be mandatory in G. Now the statement follows
from the induction hypothesis.

We can therefore assume that G does not contain parallel edges. Let G, nev-
ertheless, contain an even-length cycle. By Lemma 4.5 there exists an internal
edge h ∈ E such that G − h is still elementary. Suppose first that G − h is re-
duced. If it also contains an even-length cycle, then by the induction hypothesis
we are through. If not, then G − h is a reduced generalized tree, and G has an
even-length cycle α containing h. Now the statement is obtained by applying
Lemma 4.6 on G−h, marking α−h as a positive alternating path in that graph.

Suppose now that G−h is not reduced, and let z1, z2 denote the two endpoints
of h with z1 being the center of an appropriate redex r inG−h. Since h is the only
edge in G connecting z1 and z2, the focal vertices u1, v1 of the redex r are both
different from z2. We organize the rest of the proof according to whether both,
only one, or neither of u1 and v1 is adjacent to z2 in G. Let G′ denote the graph
obtained from G by contracting the redex r to a sink vertex s and removing a
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possible loop around s caused by the presence of the edge g1 = (u1, v1) in G. By
Corollary 4.3 G′ is elementary.

Case 1: Both u1 and v1 are adjacent to z2.
In this case G′ will contain a pair of parallel edges connecting z2 with the sink
s. Graph G′ is also reduced, otherwise it would not be elementary. Now the
statement follows from the induction hypothesis and Proposition 4.2.

Case 2: Only one of u1 and v1, say u1, is adjacent to z2.
To handle this case we need to further break it down into two subcases.

Subcase 2a: The edge g1 = (u1, v1) is present in G, as shown in Fig. 1.
If the edge e2 = (u1, z2) is allowed in G − h, then let M be any p.i.m. of G
for which e2 ∈ M . Clearly, the edges e2, h, f1 = (z1, v1), and g1 form an M -
alternating cycle. If e2 is forbidden in G − h, then G′ must be reduced. For, if
G′ were not reduced, then either z2 or the sink s would become the center of a
new redex r′ in G′. Either way, e2 would be one of the focal edges of r′, implying
that the other focal edge is mandatory; a contradiction. The graph G′ cannot be
a generalized tree, because in that case Lemma 4.6 would force e2 to be allowed.
We conclude that G′ is reduced and contains an even-length cycle. Now the
statement follows again from the induction hypothesis and Proposition 4.2.

Fig. 1.

Subcase 2b: The edge g1 = (u1, v1) is not present in G.
First assume that d(z2) ≥ 3. Then G′ is again reduced. If it also contains an
even-length cycle, then we are done. Otherwise G′ is a generalized tree, and G
has an even-length cycle α passing through h. Concentrate on the composition
of α′ = tracer(α − h). It will consist of a possible odd-length cycle around the
sink s and a path p connecting s with z2. (See again Fig. 1.) If the odd-length
cycle is present in α′, then the length of p is odd, too, because α′ contains two
less edges than α. If α′ = p, then the length of p is even. In this case, however, α
covers only one of u1 and v1. Should either of them be missed by α, there exists
an edge t ∈ E incident with that vertex such that t �∈ {e1, f1, e2}. (Remember
that g1 = (u1, v1) is now not present in G.) Moreover, t is not incident with any
vertex on α, otherwise t would give rise to an even-length cycle in G′.

Mark the edges of α′ in an alternating way, so that the endpoint z2 of α′

be positive. Furthermore, if α′ = p, then add the edge t specified above with a
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positive sign to the marking. By Lemma 4.6, this marking can be extended to a
p.i.m. M ′ of G′ by which α′ is an M ′-alternating path or wrench, positive at its
z2 end. Moreover, if α′ = p, then t ∈ M ′. Finally, reconstruct the cycle α from
α′, and observe that α is M -alternating in G with respect to the unfolding M
of M ′ to G− h, and further to G by taking h �∈M .

Now assume that d(z2) = 2, so that G has a redex around both z1 and z2. By
symmetry we can assume that g2 = (u1, v2) is not present in G. Then the graph
G′′ obtained from G by contracting its two redexes and removing a possible loop
(caused by the edge (v1, v2)) around their common sink s is reduced. Again, if G′′

contains an even-length cycle, then we are done. If not, then G′′ is a generalized
tree, and we proceed as in the second last paragraph. The trace α′ of α − h is
now a closed trail. This trail is either empty, when the even-length cycle α in
G consists of the four edges f1, h, f2, (v1, v2), or it is a single odd-length cycle
when (v1, v2) is not present in G. Indeed, if (v1, v2) �∈ E, then α′ has three less
edges than α, so that if α′ consisted of two cycles, then one of these would be
even-length. Either way, α misses one of the vertices u1, v1, v2. No matter which
one of them is missed, there exists an edge t ∈ E incident with that vertex, such
that the other endpoint of t is not on α either.

Mark the edge t positive in G′′, and continue the marking on α′ in an alter-
nating way if α′ is not empty. Using Lemma 4.6, extend this marking to a p.i.m.
M ′′ of G′′. Reconstruct α from α′, and observe that α becomes an M -alternating
cycle with respect to the unfolding M of M ′′ to G − h, and on to G by taking
h �∈M . The proof of Case 2 is now complete.

A similar proof works for Case 3, whereby neither u1 nor v1 is adjacent to z2.
This proof is left to the reader.

For an arbitrary graph G, contract all redexes and remove all inner loops in
an iterative way to obtain a reduced graph r(G). Observe that this reduction
procedure has the so-called Church-Rosser property, that is, if G admits two
different one-step reductions to graphs G1 and G2, then either G1 is isomorphic
to G2, or G1 and G2 can further be reduced to a common graph G3, actually
by the very same reduction steps applied originally on G to obtain G2 and G1,
respectively. In this context, one reduction step means contracting a redex or
removing a single inner loop. As an immediate consequence of the Church-Rosser
property, the graph r(G) is unique up to graph isomorphism.

Corollary 4.8. An open elementary graph G is rigid iff r(G) is a generalized
tree.

Proof. Immediate by Proposition 4.2 and Theorem 4.7.

5 Algorithmic Issues

The earliest, and still one of the best matching algorithms is due to Edmonds
[7]. See also [14] for a summary of different matching algorithms. Using the
method of [8], the most efficient implementation of the Edmonds algorithm runs
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in O(|V | · |E|) time. Not only does this algorithm find a maximum matching for
G, but as a by-product it also constructs the Gallai-Edmonds decomposition of
G. A straightforward modification of the Edmonds algorithm can be used to find
a m.i.m. M and the Gallai-Edmonds decomposition of an open graph G, which
algorithm still runs in O(|V | · |E|) time.

Now we turn our attention to the three subproblems specified at the end of
Section 3. To deal with the first of them, let G have a p.i.m. M and construct
the graph G∗

M by augmenting G in the following way. Attach a new external
edge to each external vertex not covered by M , and add these edges to M . This
results in a new graph G′

M with a perfect matching M ′. Then G∗
M is obtained

from G′
M by adding two further vertices v1 and v2, and connecting them with

each other and with all the external vertices of G′
M . Clearly, M∗ = M ′ + (v1, v2)

is a perfect matching of G∗
M . Moreover, the following simple statement holds for

the forbidden edges of G and those of G∗
M . (Recall that an edge is forbidden if

it is not part of any p.i.m.)

Proposition 5.1. For every edge e ∈ E, e is forbidden in G iff e is forbidden
in G∗

M .

Apply the method outlined in [16] to identify the forbidden edges in G∗
M and

thus in G. As shown in [16], this can be done in O(|V | · |E|) time, in terms of the
graph G∗

M , though. Since G∗
M has O(|Ext(G)|) new vertices and edges compared

to G, the complexity does not increase in the parameters of the original graph
G. Deleting all forbidden edges splits G into its elementary components [3].
Obviously, G is flexible iff at least one of these components is such. Checking
the flexibility of an internal elementary component is straightforward: see if
the component consists of a single mandatory edge. If so, the component is
rigid, otherwise it is flexible. Concerning open elementary components, we use
Corollary 4.8 to check their flexibility in the way described below.

Let G be open elementary. Construct r(G) and check if it contains an even-
length cycle. Both steps require at most O(|V |2) time. Indeed, the direct way
of constructing r(G) relies on the adjacency matrix of G and implements the
contraction of a redex in O(|V |) time. Since the number of redexes is at most
O(|V |), the total complexity of the reduction algorithm is O(|V |2) ≤ O(|V |·|E|).
(Note that G is elementary, so at least connected.) Regarding the check for an
even-length cycle, this can be done in O(|E|) time, e.g. by the help of the depth-
first search algorithm.

If the elementary graph G turns out to be flexible, then a concrete p.i.m.
M ′ with an M ′-alternating cycle in G can also be constructed in O(|V | · |E|)
time. This is not an issue when G is closed, since one perfect matching M of G
has already been created, and finding an M -alternating cycle in G only takes
O(|E|) time according to [9]. Assume therefore that G is open. Observe that
Theorem 4.7 is constructive in the sense that, starting from an arbitrary p.i.m.
M , it does find an alternating cycle in a reduced graph G with respect to an
appropriate p.i.m. M ′.

The method first builds up the sequence G0, . . . , Gn+1 = G of elementary
graphs according to Lemma 4.5, then successively eliminates edges and reduces
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the remainder elementary graph in a suitable way. The edge h selected for elim-
ination always lies on the alternating unit αi for some i ≥ k + 1, so that the
graphs Gi are gradually demolished in the reverse order of their creation. Re-
member that Gk+1 is a forest, which definitely stops the demolition procedure.
(See the proof of Lemma 4.5.) The selection of h itself does not require more
than O(|V |) time, neither does the reduction of the remainder graph. Moreover,
the sequence G0, . . . , Gi need not be reconstructed after each reduction as it will
consist of the traces of the alternating units αi, which remain alternating after
the reduction. Therefore this sequence only requires an adjustment, which can
be accomplished in O(|V |) time. Thus, narrowing down the original graph G to
the absolute minimum Gk+1 costs at most O(|V | · |E|) in time. At the end, the
marking procedure that effectively constructs a p.i.m. M ′ and an M ′-alternating
cycle c using Lemma 4.6 takes at most O(|V |) time. After this, reconstructing
the original graph G and blowing up the matching M ′ together with the cycle c
costs at most as much as the demolition of G did, that is, O(|V | · |E|) time.

Regarding the second subproblem, let G be bipartite with a bipartition V =
A ∪ D as in (iii) of Theorem 3.1, and assume that the surplus of G is positive
when viewed from A. Construct the graph GD by deleting the isolated vertices
in D and attaching a new external edge to each remaining vertex in D. Let Dext

denote the set of resulting external vertices in GD.

Proposition 5.2. The open graph GD is elementary, and it has a flexible p.i.m.
iff G has a flexible maximum matching covering all vertices of A.

Proof. Notice that, due to the surplus condition, the degree of each vertex in
A is at least 2. Therefore Ext(GD) = Dext. For each v ∈ D, the surplus of the
bipartite graph G − v is still non-negative when viewed from A. Consequently,
G− v has a matching from A to D− v (cf. [14]), which implies that the external
edge adjacent to v is allowed in GD. The very same argument shows that each
edge of G is allowed in GD. Thus, GD does not have forbidden edges, meaning
that it is elementary (in fact 1-extendable [14]). The rest of the proof is obvious.

Proposition 5.2 immediately implies that our second subproblem can be reduced
to the first one, hence it is solvable in O(|V | · |E|) time.

As to the third subproblem, if G is factor-critical and M is a near-perfect
matching of G missing vertex v, then we proceed as follows. Using the method
of [9], check if G − v contains an M -alternating cycle. If not, then switch to
another vertex v′ and a perfect matching M ′ of G− v′. The switch takes O(|E|)
time to implement, as well as the testing of M ′ for flexibility. In total, the search
for an alternating cycle costs O(|V | · |E|) in time.

With the previous discussion we have proved the second main result of the
paper.

Theorem 5.3. It is decidable in O(|V | · |E|) time if G = (V,E) contains a
flexible m.i.m. If it does, a concrete flexible m.i.m. can also be constructed in the
same amount of time.
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6 Conclusion

We have solved the problem of finding a flexible maximum matching in graphs.
Our graphs were equipped with a so-called grace set, i.e., a set of vertices that
need not necessarily be covered by maximum matchings. The problem was first
reformulated in terms of open graphs and maximum internal matchings, then it
was broken down into three subproblems using the Gallai-Edmonds decomposi-
tion. Open elementary graphs have been studied in the light of a simple reduction
procedure, and it was proved that an open elementary graph is flexible iff it re-
duces to a graph containing an even-length cycle. This characterization gave rise
to an algorithm that decides if a graph G = (V,E) having a p.i.m. is flexible, and
if so, finds a concrete p.i.m. M with an M -alternating cycle in G in O(|V | · |E|)
time. An algorithm with the same time complexity has been worked out to solve
the same problem for appropriate bipartite graphs and factor-critical graphs.
Combining these algorithms, a O(|V | · |E|) time algorithm was obtained which
solves the question of flexibility for general graphs.
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{mjuenger, percan, schulz}@informatik.uni-koeln.de

Abstract. We study the problem of simultaneously embedding several
graphs on the same vertex set in such a way that edges common to two or
more graphs are represented by the same curve. This problem is known
as simultaneously embedding graphs with fixed edges. We show that this
problem is closely related to the weak realizability problem: Can a graph
be drawn such that all edge crossings occur in a given set of edge pairs?
By exploiting this relationship we can explain why the simultaneous
embedding problem is challenging, both from a computational and a
combinatorial point of view.

More precisely, we prove that simultaneously embedding graphs with
fixed edges is NP-complete even for three planar graphs. For two planar
graphs the complexity status is still open.

1 Introduction

Cologne offers various methods of public transport, including buses, trains, and
even a cable car to the zoo. Suppose your task is to design a system map dis-
playing all of the transport systems simultaneously.

We can easily model each transport system by itself as a graph: the bus system
has bus stops as vertices and edges correspond to direct connections between
two stops on a bus route. Similarly, for the train system we model train stations
as vertices and connections between train stations as edges. Let us make the
assumption that each system by itself (bus, train, cable car, etc.) is planar; for
instance, two bus routes do not intersect except at bus stops. We also assume
that all graphs share the same vertex set, so a bus stop can coincide with a train
stop or a cable car stop. To draw the full system map we need to embed vertices
and edges in the plane such that each of the systems—bus, train, cable car—is
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planar by itself, but allowing, for instance, train lines and bus routes to cross
outside stations.

More formally, a simultaneous embedding of a set of graphs sharing the same
vertex set is a mapping of the vertices into the plane and a planar embedding of
each graph on the vertex set [1]. Notice that edges belonging to different graphs
are allowed to intersect. There are several natural ways to restrict the model; for
example, we could require all edges to be drawn as straight-line segments. Such
a drawing is called a simultaneous geometric embedding of the graphs [1].

Returning to the transport system example, it appears that asking for a simul-
taneous geometric embedding of the individual systems is too strict a require-
ment: we would be willing to accept Jordan curves to represent edges. However,
requiring only a simultaneous embedding does not seem satisfactory either: if a
train and bus route run in parallel, we would like to see them drawn in parallel;
that is, the two routes should be represented by the same curve. This restriction
leads to the notion of simultaneous embeddings with fixed edges introduced by
Erten and Kobourov [2], and it is this notion that will mostly concern us in
this paper: if several graphs share the same edge, that edge is represented by the
same curve in the drawing. We see that every simultaneous geometric embedding
is a simultaneous embedding with fixed edges, which, in turn, is a simultaneous
embedding.

While different variants of simultaneous embeddings have been investigated
from both theoretical and practical points of view [1,2,3,4,5,6,7], there is not
much known about simultaneous embeddings with fixed edges. Erten and
Kobourov [2] give an algorithm that constructs a simultaneous embedding with
fixed edges of a tree and a path in linear time and uses at most one bend per
edge. They point out that it is not known whether two trees can always be si-
multaneously embedded with fixed edges such that the number of bends is a
small constant.

Studying the problem from a complexity-theoretic point of view gives a differ-
ent challenge: it was not even clear whether the problem is decidable, let alone in
NP or polynomial time. As we will see in Section 3 there is good reason for this:
simultaneously embedding graphs with fixed edges is a different (and interest-
ing) way to look at the weak realizability problem [9,10]. The complexity of the
weak realizability problem is related to that of the string graph problem, whose
complexity was only settled recently after being open for thirty years [8,11]. The
relationship implies that the simultaneous embedding problem can be decided in
NP. We settle the computational complexity question for three or more graphs
in Section 3 by showing that it is NP-complete. The complexity of the case for
two graphs remains open.

2 Preliminaries

Given a graph G = (V, E) and a set R ⊆
(
E
2

)
= {{e, f} | e, f ∈ E, e �= f}, we

call a drawing D of G in the plane in which all intersecting edge pairs belong to
R a weak realization of (G, R).
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Notice that not all edge pairs in R are required to intersect in D, R just
defines the set of allowed crossings. (G, R) is weakly realizable if such a drawing
D exists.

Problem: Weak Realizability
Instance: A graph G = (V, E) and a set R ⊆

(
E
2

)
.

Question: Is (G, R) weakly realizable?

The weak realizability problem is closely related to the string graph prob-
lem [8]. Both problems are now known to be NP-complete even though this
question was open for a long time [11].

The simultaneous embedding with fixed edges problem was introduced by
Brass et al. [1]. It has become a major theoretical problem in simultaneous
graph drawing. We will present an example of two planar graphs which do not
have a simultaneous embedding with fixed edges. Brass et al already gave an
example of two outerplanar graphs as well as three paths with no simultaneous
embedding with fixed edges.

Problem: Simultaneous Embedding with Fixed Edges (SEFE)
Instance: A set of planar graphs Gi = (V, Ei) on the same vertex set V .
Question: Are there plane drawings Di of Gi, such that each vertex is

mapped to the same point in the plane in all Di and every
shared edge e ∈ Ei ∩Ej is represented by the same simple open
Jordan curve in Di and Dj?

In Figure 1 two planar graphs G1, G2 are given for which no SEFE exist: the
triangle induced by v1, v2, v3 is equal to G1 ∩ G2 (visualized by bold edges) and
makes it impossible to include the edge (v4, v5) ∈ G1 into the unique embedding
(up to a homomorphism of the plane) of G2 without crossing an edge of G1 ∩G2.
This indicates that the SEFE problem is not trivial.

v1

v2

v3

v4v5

v1

v2

v3

v4v5

v1

v2v3

v4

v5

Fig. 1. Graph G1 (left), graph G2 (middle), unique planar embedding of G2 (right)

3 Complexity Results on Simultaneous Embeddings

We start with a result dealing with the relationship between the two problems
introduced in the previous section. This theorem implies the NP-completeness
of SEFE in the general case. We will show later that the problem remains NP-
complete in the case of three graphs.
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Theorem 1. The weak realizability problem is polynomially equivalent to the
problem of simultaneous embedding with fixed edges.

Proof. Let ((V, E), R) be an instance of the weak realizability problem. For every
pair of edges {e, f} ∈

(
E
2

)
\ R we construct a graph Ge,f = (V, {e, f}). It is easy

to verify that the weak realizability problem is solvable if and only if there exists
a simultaneous embedding with fixed edges for the set of constructed graphs
Ge,f .

Let now Gi = (V, Ei), i = 1, . . . , n, be a set of graphs on the same vertex set
V . Let E =

⋃n
i=1 Ei be the set of edges. Define R as the set of those pairs of edges

which are not contained in one graph Gi. Then the problem of simultaneously
embedding the graphs Gi is equivalent to the weak realizability problem of the
pair (G, R) with G = (V, E). ��

Kratochv́ıl [8] and Schaefer, Sedgwick and Štefankovič [11] showed that weak
realizability is NP-complete. Hence we get the following corollary.

Corollary 1. Simultaneous embedding with fixed edges is NP-complete.

In particular, SEFE lies in NP for every fixed number k of graphs. As we will
show next, it is even NP-complete in that case, as long as k ≥ 3.

Theorem 2. Deciding whether three graphs have a simultaneous embedding with
fixed edges is NP-complete.

Proof. We have already seen that SEFE for a fixed number of graphs is in NP. We
will now show that there exists a polynomial transformation from 3SAT (which
is well-known to be NP-complete) to SEFE for three planar graphs G1 = (V, E1),
G2 = (V, E2) and G3 = (V, E3). Given an instance of 3SAT, we will construct an
instance (G1, G2, G3) of SEFE. Then we will prove that the instance of 3SAT is
satisfiable if and only if there exists a simultaneous embedding with fixed edges
of (G1, G2, G3).

The decision problem 3SAT is given in the following way:

Problem: 3SAT
Instance: A set U of boolean variables and a collection C of clauses in

conjunctive normal form over U such that each clause c ∈ C
has exactly three literals.

Question: Is there a truth assignment to U that satisfies C?

Construction:LetC = {c1, . . . , cm}be the set of clauses and letU = {u1, . . . , un}
be the variable set of a 3SAT-instance. Each clause is of the form cj = lj1 ∨ lj2 ∨ lj3
with literals either lji = uh or lji = ūh for some h = 1, . . . , n and i = 1, 2, 3.

Our construction of a SEFE-instance is made up of several components. For
our construction we assume an ordering of the clauses, say (c1, c2, . . . , cm). Fur-
thermore we choose an order of the three literals in each clause cj and hence get
an order of all literals in the following way (l11, l

1
2, l

1
3, l

2
1, . . . , l

m
3 ).



Simultaneous Graph Embeddings with Fixed Edges 329

For each clause cj we define a clause box by introducing vertices rj
1, . . . , r

j
6,

y1,j, y2,j , y3,j. These vertices are connected by edges in E2 and E3 to form the
cycle (rj

1, . . . , r
j
6, y

3,j , y2,j, y1,j).
Next, we introduce two global vertices R1 and R2. We add an edge (R1, R2)

which is part of all three graphs G1, G2 and G3. Furthermore, R1 is connected
to each clause box by four edges to the vertices rj

2, rj
3, rj

4 and rj
5. These edges

are part of all three graphs. R2 is connected to each clause gadget by two edges
to vertices rj

1 and rj
6 in E3.

To make the graphs more rigid we glue together neighboring clause boxes.
This is done by identifying rj+1

2 with rj
5 and rj+1

1 with rj
6 for j = 1, . . . , m − 1.

Figure 2 shows the construction so far. We remark that all edges that have been
constructed so far belong (among others) to E3.

R1

R2

r1
1

y1,1 y2,1 y3,1

r1
6 = r2

1

y1,2 y3,n

rn
6

r1
2

r1
3 r1

4 r1
5 = r2

2 r2
3 rn

4

rn
5

c1 c2 cn

Fig. 2. The figure shows all clause boxes, the global vertices R1 and R2 and all con-
necting edges of E3

For every literal lji in clause cj we define a literal gadget consisting of the
vertices V i,j = {xi,j

k , zi,j
k | k = 1, . . . , 6} ∪ {yi,j}. The edge set of the gadget is

shown in Figure 3. From now on edges of G1 are illustrated by solid lines, edges
of G2 are dashed and edges of G3 are dotted.

Furthermore, let l
j(1)
i(1) , . . . , l

j(ωh)
i(ωh) be all literals that belong to a variable uh,

that is l
j(α)
i(α) = uh or l

j(α)
i(α) = ūh for α = 1, . . . , ωh. Assume that the literals are

given in the order defined above. We connect each pair of adjacent literals in
this ordered list by the following edges of E2 (see Figure 4):

(zi(k),j(k)
1 , z

i(k+1),j(k+1)
6 ), (zi(k),j(k)

2 , z
i(k+1),j(k+1)
5 ), (zi(k),j(k)

3 , z
i(k+1),j(k+1)
4 )

with k = 1, . . . , ωh − 1.
For each clause we define a clause gadget consisting of three literal gadgets,

the clause box and some additional vertices and edges. Let cj be a clause with
literals lj1, lj2 and lj3. Notice that the three literal gadgets are already connected
to the clause box via the vertices yi,j with i = 1, 2, 3. Further connections are
given by the additional edges (rj

3, x
1,j
2 ) ∈ E3 and (rj

4, x
3,j
2 ) ∈ E2. We also add

two vertices sj , tj .
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zi,j
6 zi,j

5 zi,j
4

zi,j
1

zi,j
2

zi,j
3

yi,j

xi,j
6

xi,j
5

xi,j
4

xi,j
1 xi,j

2 xi,j
3

(a) Case uh = true
zi,j
4 zi,j

5 zi,j
6

zi,j
3

zi,j
2

zi,j
1

yi,j

xi,j
4

xi,j
5

xi,j
6

xi,j
3 xi,j

2 xi,j
1

(b) Case uh = false

Fig. 3. Literal gadget for literal lji (with corresponding variable uh) of clause cj . The
edges in E1 are solid, those in E2 are dashed and those in E3 are dotted. The two
different drawings (a) and (b) will become important later.

z
i(1),j(1)
6 z

i(2),j(2)
6 z

i(3),j(3)
6

z
i(1),j(1)
1 z

i(2),j(2)
1 z

i(3),j(3)
1

Fig. 4. Three literal gadgets that belong to variable uh are linked with edges in E2

In order to distinguish between negated and non-negated variables we define
connections between the literal gadgets. The gadget of lj1 is connected along
sj with the gadget of lj2. And the gadget of lj2 is connected along tj with the
gadget of lj3. More precisely, we add edges (pj

1, s
j) ∈ E3 (where pj

1 is a vertex
of the gadget of lj1), (sj , pj

2) ∈ E1 ∩ E2 and (qj
2, t

j) ∈ E1 ∩ E3 (where pj
2 and qj

2
are vertices of the gadget of ui2) and (tj , qj

3) ∈ E2 (where qj
3 is a vertex of the

gadget of lj3). If lj1 is not negated, we set pj
1 = x1,j

3 (i. e., x1,j
3 is connected with

sj), otherwise, if lj1 is negated, we set pj
1 = x1,j

1 . Analogously we set pj
2 = x2,j

1
and qj

2 = x2,j
3 if lj2 is not negated and pj

2 = x2,j
3 and qj

2 = x2,j
1 if lj2 is negated.

And finally, we set qj
3 = x3,j

1 if lj3 is not negated and qj
3 = x3,j

3 if lj3 is negated.
See Figure 5 for a clause gadget.

We complete the construction by adding an edge from R2 to zi,j
5 to graph G3

for each literal lji .
1. Assume that the 3SAT-instance is satisfiable. We will prove that there

exists a simultaneous embedding with fixed edges of the constructed instance.
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z1,j
5

z1,j
2 z2,j

2 z3,j
2

y1,j y2,j y3,j

x1,j
5 x2,j

5 x3,j
5

pj
1

x1,j
2

pj
2 qj

2 qj
3

rj
1

rj
2

rj
3 rj

4 rj
5

rj
6

tjsj

Fig. 5. Clause gadget for the case where uk(2) is the only variable that makes cj true

If variable uh = true we draw each of its literal gadgets as shown in Fig-
ure 3(a). Otherwise we draw the gadgets as shown in Figure 3(b).

The clause gadgets are drawn side by side as illustrated in Figure 2 for the
clause boxes. Furthermore, the x-vertices of each literal gadget lie inside the cycle
of the corresponding clause boxes and the z-vertices lie outside (see Figure 5).
Moreover, every variable gets its own horizontal level for the z-variables of its
literal gadgets (in Figure 4 the horizontal level is marked gray). Since all literal
gadgets that belong to one variable uh are drawn in the same way we can draw
the edges that connect literal gadgets which belong to the same variable without
crossings (see Figure 4).

It remains to show that we can draw the edges inside the clause gadgets
without crossings of edges of the same graph. We say that a variable u makes a
clause c true if either u ∈ c and u = true or if ū ∈ c and u = false. Since the
instance of 3SAT is satisfiable there exists at least one variable u in each clause
c that makes c true.

Consider clause cj with literals lj1, lj2, and lj3. Let uk(i) be the corresponding
variable to literal lji , thus either lji = uk(i) or lji = ūk(i). Assume first that uk(1)
makes cj true. Then there are two possibilities. Either uk(1) ∈ cj and uk(1) is
set to true or ūk(1) ∈ cj and uk(1) = false. In the first case the literal gadget
is drawn like Figure 3(a) and pj

1 = x1,j
3 and in the other case we have the

situation of Figure 3(b) and pj
1 = x1,j

1 . But in both of these cases the vertex
pj
1 is the upper right vertex of literal gadget lj1 (see Figure 6). Figure 6 shows

that in the case where uk(1) is the only variable that makes cj true there is a
simultaneous embedding with fixed edges of the corresponding clause gadget.
Simple modifications yield a simultaneous embedding for the case where uk(1) is
not the only variable that makes cj true. Due to symmetry an analogue drawing
can be found for the case where uk(3) makes cj true.
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y1,j y2,j y3,j

pj
1 qj

2 pj
2 qj

3

rj
1

rj
2

rj
3 rj

4 rj
5

rj
6

tj

sj

Fig. 6. Simultaneous embedding of the clause gadget when uk(1) is the only variable
that makes cj true

Finally, if uk(2) makes cj true we can find a simultaneous embedding as shown
in Figure 5. Hence, we have found a simultaneous embedding with fixed edges
of the constructed instance.

2. Now assume that we are given a simultaneous embedding with fixed edges.
We will show that we can find a satisfying truth assignment for the 3SAT-
instance.

Notice that the subgraph of G3 shown in Figure 2 is a triconnected subdivision.
Consequently, it has a unique combinatorial embedding. We choose the planar
embedding with the edge (R1, R2) on the boundary of the outer face such that
the cycle (R1, r

1
2 , r

1
1, R2, r

n
6 , rn

5 ) has the same order as visualized in Figure 2.
Due to the edge (R2, z

i,j
5 ) the vertex zi,j

5 lies outside the clause box of clause
cj for each literal lji . Hence, all z-vertices of every literal lie outside all clause
boxes.

Moreover, all x-vertices of a literal lji lie inside the clause box of clause cj .
Notice first that both paths (rj

3, x
1,j
2 , x1,j

5 , y1,j) and (rj
4, x

3,j
2 , x3,j

5 , y3,j) have to be
completely within the clause box of clause cj due to vertex R1 and its incident
edges. Then all x1,j

k and x3,j
k , k = 1, . . . , 6, have to lie within the clause box. Thus,

sj is also forced to lie within the clause box. Otherwise, the edge (pj
1, s

j) ∈ E3
crosses an edge of the clause box boundary which is also in E3. Hence, the edge
(sj , pj

2) and then all x2,j
k , k = 1, . . . , 6, have to lie within the clause box, otherwise

there would be a crossing of two edges of graph G2.
Observe further, that each literal gadget contains (among others) two cycles,

Ci,j
1 = {xi,j

k | k = 1, . . . , 6} and Ci,j
2 = {zi,j

k | k = 1, . . . , 6}. Since the literal gad-
gets in G1 are planar graphs, that are a triconnected subdivision, these gadgets
have a unique planar embedding. Therefore, the clockwise ordering of the vertices
of Ci,j

1 and Ci,j
2 in a simultaneous embedding is either (xi,j

1 , xi,j
2 , . . . , xi,j

6 ) and
(zi,j

1 , zi,j
2 , . . . , zi,j

6 ) or (xi,j
6 , xi,j

5 , . . . , xi,j
1 ) and (zi,j

6 , zi,j
5 , . . . zi,j

1 ). In the first case,
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we say the literal gadget has a positive ordering and in the second case it has
a negative ordering. Thus, the clockwise ordering of Ci,j

1 implies the clockwise
ordering of Ci,j

2 and vice versa.
Again, let l

j(1)
i(1) , . . . , l

j(ωh)
i(ωh) be all literals that belong to the same variable uh.

Notice that the subgraph of G2 induced by the vertices z
i(k),j(k)
q for q = 1, . . . , 6

and k = 1, . . . , ωh is also a triconnected subdivision. Since G2 is drawn planar,
the ordering of all cycles C

i(k),j(k)
2 has to be the same. We conclude that all cycles

C1 and C2 that belong to one variable uh have the same ordering. Therefore, we
can let

uh =

{
true if the literal gadgets of uh have a positive ordering,
false if the literal gadgets of uh have a negative ordering.

We define the interior of cycle C′ = (rj
1, r

j
2, r

j
3, x

1,j
2 , x1,j

5 , y1,j) as region F j
1 ,

the interior of cycle (rj
3, r

j
4, x

3,j
2 , x3,j

5 , y3,j , y2,j, y1,j , x1,j
5 , x1,j

2 ) as region F j
2 and

the interior of cycle C′′ = (rj
4, r

j
5, r

j
6, y

3,j, x3,j
5 , x3,j

2 ) as region F j
3 (see Figure 7).

F j
1 F j

2 F j
3

rj
1

rj
2 rj

3 rj
4 rj

5

rj
6y1,j y2,j y3,j

x1,j
2

x1,j
5

x3,j
2

x3,j
5

Fig. 7. pj
1 and sj have to be embedded in region F j

1 , pj
2 and qj

2 have to be embedded
in region F j

2 and qj
3 and tj have to be embedded in region F j

3

Assume that there exists a clause cj that is not true. This implies that none
of the three corresponding clause variables uk(1), uk(2), uk(3) makes cj true. If
uk(1) ∈ cj then the literal gadget of lj1 has a negative ordering and pj

1 = x1,j
3

is connected with sj (see Figure 8). Otherwise, if ūk(1) ∈ cj then the variable
gadgets of uk(1) have a positive ordering and pj

1 = x1,j
1 is connected with sj .

But in both cases the vertex pj
1 has to be embedded in region F j

1 . With similar
arguments for uk(2) and uk(3) we conclude that the clause gadget of cj is of the
form illustrated in Figure 8. To be more specific, vertex qj

3 has to lie within
region F j

3 and both pj
2 and qj

2 have to be embedded within region F j
2 . For the

last two vertices we have an additional restriction: running through cycle C2,j
1

in clockwise order starting from vertex x2,j
5 the vertex pj

2 comes first compared
to vertex qj

2 (see Figure 8).
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1 qj

2 pj
2 qj

3

rj
1

rj
2

rj
3 rj

4 rj
5

rj
6

tjsj

Fig. 8. If a clause is false then there exists a crossing of two edges of the same graph
in the corresponding clause gadget

In Figure 8 we observe that vertex sj has to be placed within region F j
1 .

Otherwise edge (pj
1, s

j) ∈ E3 would cross at least one edge of the cycle C′ ⊂ E3.
Moreover, tj has to be placed within the cycle C′′ that is region F j

3 . Otherwise
we have a crossing of two edges of E2, since C′′ ⊆ E2. If (qj

2, t
j) is drawn without

crossing an edge of the same graph there exists a cycle consisting of edges in
E1∪E2 that separates pj

2 from sj . Since (sj , pj
2) ∈ E1∩E2 we conclude that there

exists a crossing of at least two edges of the same graph. If (sj , pj
2) is drawn,

analogue implications lead to a non planar embedding of one of the graphs G1,
G2 or G3. This leads to a contradiction to the assumption that clause cj is not
true. Hence, all clauses are satisfied and thus, we have found a truth assignment.

��

4 Summary and Future Work

We believe that in spite of their unwieldy name, simultaneous graph embeddings
with fixed edges are a natural problem to study. Erten and Kobourov [2] supply
an important reason why the fixed-edge model is more natural for many appli-
cations in comparison to the unrestricted version: Building a mental model of a
complex graph drawing is easier if the underlying structure resembles the graph
drawing, or, as Charles Peirce would have phrased it, if the drawing is iconic.
In other words, edges belonging to several graphs should not have multiple rep-
resentations, since this complicates forming a mental model: we have to identify
the different curves as representations of the same edge. And while straight-
line embeddings resolve this issue, they exclude the possibility of simultaneously
embedding even very simple planar graphs, such as trees [5].

It has been known that the weak realizability problem is related to sev-
eral famous problems, such as string graphs, topological inference, and Euler
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diagrams [9,11], but the connection to fixed edge embeddings is the most purely
combinatorial connection we have seen so far.

The main open question of complexity is the question whether two planar
graphs allow a simultaneous embedding with fixed edges.
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Abstract. A cycle cover of a graph is a set of cycles such that every
vertex is part of exactly one cycle. An L-cycle cover is a cycle cover in
which the length of every cycle is in the set L ⊆ N. For most sets L,
the problem of computing L-cycle covers of maximum weight is NP-hard
and APX-hard.

We devise polynomial-time approximation algorithms for L-cycle cov-
ers. More precisely, we present a factor 2 approximation algorithm for
computing L-cycle covers of maximum weight in undirected graphs and
a factor 20/7 approximation algorithm for the same problem in directed
graphs. Both algorithms work for arbitrary sets L. To do this, we develop
a general decomposition technique for cycle covers.

Finally, we show tight lower bounds for the approximation ratios
achievable by algorithms based on such decomposition techniques.

1 Introduction

A cycle cover of a graph is a spanning subgraph that consists solely of cycles such
that every vertex is part of exactly one cycle. Cycle covers play an important
role in the design of approximation algorithms for several variants of the travel-
ling salesman problem [3,5,6,9,10,11,12,17], for the shortest common superstring
problem [8,21], and for vehicle routing problems [14].

We consider cycle covers in (directed or undirected) edge-weighted complete
graphs. Given such a graph, the aim is to find a cycle cover of maximum weight.
In contrast to Hamiltonian cycles, which are special cases of cycle covers, cycle
covers of maximum weight can be computed efficiently. This is exploited in the
aforementioned approximation algorithms, which usually start by computing an
initial cycle cover and then join cycles to obtain a Hamiltonian cycle.

Short cycles in a cycle cover limit the approximation ratios achieved by such
algorithms. In general, the longer the cycles in the initial cover, the better the
approximation ratio. Thus, we are interested in computing cycle covers that
do not contain short cycles. Moreover, there are approximation algorithms that
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perform particularly well if the cycle covers computed do not contain cycles
of odd length [5]. Finally, some vehicle routing problems [14] require covering
vertices with cycles of bounded length.

Therefore, we consider restricted cycle covers, where cycles of certain lengths
are ruled out a priori: For L ⊆ N, an L-cycle cover is a cycle cover in which the
length of each cycle is in L.

Unfortunately, computing L-cycle covers of maximum weight is hard in gen-
eral [16,19]. Thus, in order to fathom the possibility of designing approximation
algorithms based on computing cycle covers, our aim is to find out how well
L-cycle covers can be approximated.

Beyond being a basic tool for approximation algorithms, cycle covers are inter-
esting in their own right. Matching theory and graph factorisation are important
topics in graph theory. Cycle covers of undirected graphs are also known as two-
factors since every vertex is incident to exactly two edges in a cycle cover. A
considerable amount of research has been done on structural properties of graph
factors and on the complexity of finding graph factors (cf. Lovász and Plum-
mer [18] and Schrijver [20]). In particular, the complexity of finding restricted
two-factors, i.e. L-cycle covers in undirected graphs, has been investigated, and
Hell et al. [16] and Manthey [19] showed that finding L-cycle covers in graphs is
NP-hard for almost all L.

1.1 Preliminaries

Let G = (V,E) be a graph with vertex set V and edge set E. If G is undirected,
then a cycle cover of G is a subset C ⊆ E of the edges of G such that all vertices
in V are incident to exactly two edges in C. If G is a directed graph, then a
cycle cover of G is a subset C ⊆ E such that all vertices are incident to exactly
one incoming and one outgoing edge in C. Thus, the graph (V,C) consists solely
of vertex-disjoint cycles. The length of a cycle is the number of edges it consists
of. We are concerned with simple graphs, i.e. the graphs do not contain multiple
edges or loops. Thus, the shortest cycles of undirected and directed graphs are
of length three and two, respectively. We will refer to a cycle of length � as an
�-cycle for short. Furthermore, cycles of odd or even length will simply be called
odd or even cycles, respectively.

An L-cycle cover of an undirected graph is a cycle cover in which the length of
every cycle is in L ⊆ U = {3, 4, 5, . . .}. An L-cycle cover of a directed graph is
analogously defined except that L ⊆ D = {2, 3, 4, . . .}. A k-cycle cover is a {k, k+
1, . . .}-cycle cover. In the following, let L = U \ L in the case of undirected graphs
andL = D \L in the case of directed graphs. (This will be clear from the context.)

Given a weight function w : E → N, the weight w(C) of a subset C ⊆ E of
the edges of G is w(C) =

∑
e∈C w(e). In particular, this defines the weight of a

cycle cover since we view cycle covers as sets of edges.
Max-L-UCC is the following optimisation problem: Given an undirected com-

plete graph with non-negative edge weights, find an L-cycle cover of maximum
weight. Max-k-UCC is defined for k ∈ U like Max-L-UCC except that k-cycle
covers are sought instead of L-cycle covers.
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Max-L-DCC and Max-k-DCC are defined for directed graphs like Max-L-UCC
and Max-k-UCC for undirected graphs except that L ⊆ D and k ∈ D.

A single is a single edge (or a path of length one) in a graph, while a double
is a path of length two.

1.2 Previous Results

Undirected Cycle Covers. Max-U-UCC, i.e. the undirected cycle cover problem
without any restrictions, can be solved in polynomial time via Tutte’s reduction
(cf. Lovász and Plummer [18, Sect. 10.1]) to the perfect matching problem, which
can be solved in polynomial time [1, Chap. 12]. By a modification of an algorithm
of Hartvigsen [13], it is possible to show that 4-cycle covers of maximum weight
in graphs with edge weights zero and one can be computed efficiently [19].

For the problem of computing k-cycle covers of minimum weight in graphs
with edge weights one and two, there exists a factor 7/6 approximation algorithm
for all k [7]. Hassin and Rubinstein [15] devised a randomised approximation
algorithm for Max-{3}-UCC that achieves an approximation ratio of 169/89 + ε.
Max-L-UCC can be approximated within a factor of 2.5 for arbitrary sets L [19].

Testing whether an undirected graph contains an L-cycle cover as a spanning
subgraph is NP-hard if L �⊆ {3, 4}, i.e. for almost all L [16]. Vornberger showed
that Max-5-UCC is NP-hard [22]. Max-L-UCC is APX-hard if L �⊆ {3} [19], i.e.
for almost all L, Max-L-UCC is unlikely to possess a polynomial-time approxima-
tion scheme. (We refer to Ausiello et al. [2] for a survey on optimisation problems
and their approximability.) Even a restriction of Max-L-UCC where only edge
weights zero and one are allowed is APX-hard for all L with L �⊆ {3, 4} [19].

Directed Cycle Covers. Max-D-DCC, which is also known as the assignment
problem, can be solved in polynomial time by a reduction to the maximum
weight perfect matching problem in bipartite graphs [1, Chap. 12]. The only
other L for which Max-L-DCC can be solved in polynomial time is L = {2}. For
all L ⊆ D with L �= {2} and L �= D, Max-L-DCC is APX-hard and NP-hard,
even if only edge weights zero and one are allowed [19].

There are a factor 4/3 approximation algorithm for Max-3-DCC [6] and a
factor 3/2 approximation algorithm for computing k-cycle covers of maximum
weight for k ≥ 3 with the restriction that the only edge weights allowed are zero
and one [4]. Max-L-DCC admits a factor 3 approximation for arbitrary L [19].

1.3 New Results

In this paper, we present approximation algorithms for Max-L-UCC and Max-
L-DCC that work for arbitrary sets L. Our algorithms achieve an approximation
ratio of 2 for Max-L-UCC (Section 3.1) and an approximation ratio of 20/7 for
Max-L-DCC (Section 3.2). The best approximation algorithms previously known
for these problems achieve ratios of 2.5 and 3, respectively [19].

As a main ingredient of the algorithms, we prove a decomposition lemma that
shows how an arbitrary cycle cover can be decomposed while preserving as much
of its weight as possible (Section 2).
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Finally, we show the limits of decomposition-based approximation algorithms
(Section 4): For approximating undirected L-cycle covers, a ratio of 2 is the best
one can achieve using decomposition techniques. Thus, our algorithm for Max-L-
UCC is an optimal decomposition-based algorithm. For directed L-cycle covers,
only a ratio of 3 can be achieved. Our approximation algorithm for Max-L-DCC
achieves the ratio of 20/7 < 3 by a combination of the decomposition technique
and a matching-based algorithm.

2 Decomposing Cycle Covers

In this section, we present a general decomposition technique for cycle covers.
The technique can be applied to all cycle covers that do not contain 2-cycles,
thus in particular to cycle covers of undirected graphs. But it can also be applied
to directed cycle covers without 2-cycles.

We decompose cycle covers into a collection of vertex-disjoint singles, doubles,
and isolated vertices. Our aim is to decompose a cycle cover C on n vertices into
roughly n/6 singles and n/6 doubles. Thus, we retain half of the edges of C. We
aim at decomposing the cycle covers such that at least half of the weight of the
cycle cover is preserved.

The reason why we decompose cycle covers into singles and doubles is the
following: If we decomposed them into longer paths, then we would run into
trouble when trying to decompose a 3-cycle. If we restricted ourselves to decom-
posing the cycle covers into singles only, then 3-cycles would limit the weight
preserved: We would get only one third of the edges of the 3-cycles, thus at most
one third of their weight in general. Finally, if we restricted ourselves to doubles,
then 5-cycles would limit the weight we could obtain since we would get only a
fraction of 2/5 of their edges.

In our approximation algorithms, we exploit the following observation: If every
cycle cover on n vertices can be decomposed into α singles and β doubles, then,
for every L, every L-cycle cover on n vertices can be decomposed in the same
way. This implies that we can build cycle covers from such a decomposition:
Given α singles and β doubles, and n − 2α − 3β isolated vertices, we can join
them to form an L-cycle cover. (The only restriction is that there must exist
L-cycle covers on n vertices. We refer to Section 3 for more details.)

If n is not divisible by six, we replace n/6 by �n/6� or 	n/6
: Assume that
n = 6k+� for k, � ∈ N and � ≤ 5. Then we take k+α� singles and k+β� doubles,
where α� and β� are given in Table 1.

Since we want a decomposition weighing at least half of the weight of the cycle
cover, we need to take at least half of the edges of the cycle cover. Otherwise,
we would get a decomposition of less weight. It can be checked easily that by
taking k + α� singles and k + β� doubles, we obtain 	n/2
 edges of C.

Lemma 1 (Decomposition Lemma). Let C = (V,E) be a cycle cover on
n = 6k + � vertices such that the length of each cycle is at least three. Let
w : E → N be an edge weight function.

Then there exists a decomposition D ⊆ E of C with the following properties:
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Table 1. A cycle cover on n = 6k + � vertices will be decomposed into k + α� singles
and k + β� doubles

� 0 1 2 3 4 5

α� 0 1 1 0 0 1

β� 0 0 0 1 1 1

– (V,D) consists of k + α� singles, k + β� doubles, and n − 5k − 3β� − 2α�

isolated vertices, such that all these subgraphs are pairwise vertex-disjoint,
and

– w(D) ≥ 1
2 · w(E).

The following two lemmas will simplify the proof of the decomposition lemma.

Lemma 2. Let λ, α, β ∈ N with α + 2β ≥ λ/2 and 2α + 3β ≤ λ. Then every
cycle c of length λ can be decomposed into α singles and β doubles such that the
weight of the decomposition is at least w(c)/2.

Lemma 3. Let λ ∈ N. Suppose that every cycle c of length λ can be decomposed
into α singles and β doubles of weight at least w(c)/2. Then every cycle c′ of
length λ+ 6 can be decomposed into α+ 1 singles and β+ 1 doubles of weight at
least w(c′)/2.

Lemma 3 also holds if we consider more than one cycle: Assume that every
collection of k cycles of lengths λ1, . . . , λk can be decomposed into α singles and
β doubles such that the weight of the decomposition is at least half the weight
of the cycles. Then k cycles of lengths λ1 + 6, λ2, . . . , λk can be decomposed into
α+ 1 singles and β + 1 doubles such that also at least half of the weight of the
cycles is preserved.

Due to Lemma 3, we can restrict ourselves to cycles of length at most eight in
the following. The reason for this is the following: If we know how to decompose
cycles of length λ, then we also know how to decompose cycles of length λ +
6, λ+ 12, . . . from Lemma 3.

We now come to the proof of the decomposition lemma. The decomposition
described can clearly be done in polynomial time.

Proof (Decomposition Lemma). We prove the lemma by induction on the number
of cycles. As induction basis, we consider two cases:

One cycle. Due to Lemma 3, we can restrict ourselves to considering cycles of
length at most eight.
3-cycles and 4-cycles have to be decomposed into one double. 5-cycles and
6-cycles have to be decomposed into one double and one single. Finally, 7-
cycles and 8-cycles have to be decomposed into two singles and one double.
According to Lemma 2, these decompositions can be made such that at least
half of the weight of the cycle is preserved.

Two odd cycles. The two cycles can be of length three, five, or seven. Thus, there
are six cases to be considered. We describe exemplarily how to decompose
two 3-cycles. The other five cases are treated similarly.
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Six vertices are involved, thus we need one single and one double. A single
can be chosen such that at least one third of the weight of the cycle is
preserved. Analogously, a double can be chosen such that at least two thirds
of the weight of the cycle are preserved. We take the double of the heavier
cycle and the single of the lighter cycle. Both the single and the double are
chosen such that their weight is maximised. Then their total weight is at
least one half of the sum of the weight of the two cycles.

As induction hypothesis, we assume that the lemma holds if the number of
cycles is less than r. Assume that we have a cycle cover C consisting of r cycles.
Let n = 6k+ � for the number of its vertices for k, � ∈ N and � ≤ 5. This means
that C has to be decomposed into k + α� singles and k + β� doubles. In the
following, let C′ be the new cycle cover obtained by removing one or two cycles
of C.

We proceed as follows: First, we show how to remove an even cycle from C.
Second, we show how to remove a pair of odd cycles from C. Special care is
needed when removing a pair of one 3-cycle and one 5-cycle.

Let us start by considering the removal an even cycle. It suffices to consider
cycles of length four, six, or eight. The easiest case is removing a 6-cycle: We
decompose it into one single and one double preserving at least half of its weight.
The new cycle cover C′ consists of n − 6 vertices. Consequently, C′ can be
decomposed into k + α� − 1 singles and k + β� − 1 doubles by the induction
hypothesis. In addition, we have one single and one double from the 6-cycle.
Thus, C can be decomposed into k +α� singles and k+ β� doubles such that at
least half of its weight is preserved.

If we want to remove a 4-cycle or an 8-cycle, several cases have to be dis-
tinguished. A 4-cycle has to be decomposed either into one double or into two
singles. This depends on the value of �: If, for instance, � = 4, then C′ consists of
6k vertices. Thus, C′ has to be decomposed into k singles and k doubles. Since
α4 = 0 and β4 = 1, the 4-cycle has to be decomposed into one double. On the
other hand, if � = 2, then C′ consists of 6(k − 1) + 4 vertices. Thus, C′ has to
be decomposed into k doubles and k − 1 singles, while C has to be decomposed
into k doubles and k + 1 singles. In this case, we have to decompose the 4-cycle
into two singles.

If � ∈ {0, 3, 4, 5}, the 4-cycle has to be decomposed into one double. Otherwise,
i.e. if � ∈ {1, 2}, it has to be decomposed into two singles. By the induction
hypothesis and Lemma 2, C′ and the 4-cycle can be decomposed appropriately
such that at least half of the weight of both is preserved.

Analogously, an 8-cycle has to be decomposed into two doubles if � ∈ {3, 4}
or into two singles and one double if � ∈ {0, 1, 2, 5}.

Now we consider removing a pair of odd cycles. We have to distinguish six
cases as we already did in the proof of the induction basis. As an example, we
consider the cases of two 3-cycles and of a 3-cycle and a 7-cycle. Furthermore, we
consider the case of a 3-cycle and a 5-cycle since this case needs special attention.
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Twice length three. We decompose the heavier of the 3-cycles into a double and
the lighter one into a single. The new cycle cover C′ has n − 6 vertices. It
thus has to be decomposed into k + α� − 1 singles and k + β� − 1 doubles.
Plus one single and one double from the two 3-cycles, we obtain a feasible
decomposition of C.

Length three and seven. If � ∈ {0, 3, 4, 5}, then we decompose the two cycles
into one single and two doubles. We take either a double of the 3-cycle and a
single and a double of the 7-cycle or a single of the 3-cycle and two doubles
of the 7-cycle. This depends on which alternative yields more weight. In this
way, we preserve at least half of the weight of the two cycles.
If � ∈ {1, 2}, then we take three singles and one double. Either we decompose
the 3-cycle into a double and the 7-cycle into three singles or the 3-cycle into
a single and the 7-cycle into two singles and one double. Again, we choose
the alternative that yields more weight, and we preserve at least half of the
weight of the cycle cover.

Length three and five. The case of a 3-cycle and 5-cycle is a bit more complicated
than the other cases. We run into troubles if, for instance, � = 3. In this case,
we have to decompose the two cycles into two doubles. If the 5-cycle is much
heavier than the 3-cycle, then it is impossible to preserve half of the weight
of the two cycles.
However, we can avoid the problem as follows: As long as there is an even
cycle, we decompose this one. After that, as long as their are at least three
odd cycles, we can choose two of them such that we do not have a pair of
one (3 + 6ξ)-cycle and one (5 + 6ξ′)-cycle for some ξ, ξ′ ∈ N.
Thus, the only situation in which we cannot avoid to decompose a (3 + 6ξ)-
cycle and a (5+6ξ′)-cycle is when there are only two cycles left. In this case,
we have � = 2, and we have treated this case already in the induction basis.

If there is only one odd cycle, then either r = 1 or all other cycles are of even
length. We have already dealt with the former case in the induction basis. In the
latter case, we proceed by removing even cycles as described above. �


3 Approximation Algorithms

In this section, we apply the decomposition lemma to devise approximation
algorithms for restricted cycle covers both in undirected and directed graphs.
The catch is that for most L it is impossible to decide whether some cycle length
is in L since there are uncountably many sets L: If, for instance, L corresponds
to the halting problem, then deciding whether a cycle cover is an L-cycle cover
is impossible. One option would be to restrict ourselves to sets L such that the
unary language {1λ | λ ∈ L} is in P. For such L, Max-L-UCC and Max-L-DCC
are NP optimisation problems. Another possibility for circumventing the problem
is to include the permitted cycle lengths in the input. While such restrictions are
mandatory when we want to compute optimum solutions, they are not needed
for our approximation algorithms.
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A necessary and sufficient condition for a complete graph with n vertices
to have an L-cycle cover is that there exist (not necessarily distinct) lengths
λ1, . . . , λk ∈ L for some k ∈ N with

∑k
i=1 λi = n. We call such an n L-admissible

and define 〈L〉 = {n | n is L-admissible}. Although L can be arbitrarily compli-
cated, 〈L〉 always allows efficient membership testing. In fact, it has been proved
that for all L ⊆ N, there exists a finite set L′ ⊆ L with 〈L′〉 = 〈L〉 [19].

For every fixed L, we can not only test in time polynomial in n whether n is L-
admissible, but we can, provided that n ∈ 〈L〉, also find numbers λ1, . . . , λk ∈ L′

that add up to n, where L′ ⊆ L denotes a finite set with 〈L〉 = 〈L′〉. This can
be done via dynamic programming in time O(n · |L′|), which is O(n) for fixed L.

Instead of computing L′-cycle covers in the following two sections, we assume
without loss of generality that already L is a finite set. This does not affect
the approximation ratios achieved by our algorithms since the L-cycle covers
computed are compared to optimal cycle covers without restrictions.

In general, our algorithms work as follows: They start by computing an initial
cycle cover Cinit. Then C init is decomposed according to Lemma 1. Finally, the
singles, doubles, and isolated vertices are joined to form an L-cycle cover Capx.
Since no weight is lost during the final merging, the weight of the decomposition
is a lower bound for the weight of Capx. With this approach, we can achieve
approximation ratios of 2 and 3 for undirected and directed L-cycle covers,
respectively (see Section 4, where a decomposition technique for directed graphs
is sketched). We improve on the factor of 3 for directed graphs by using a more
sophisticated algorithm.

3.1 Undirected Cycle Covers

Theorem 1. Algorithm 1. is a factor 2 approximation algorithm for Max-L-
UCC for all L ⊆ U .

Proof. Algorithm 1. returns ⊥ if and only if n /∈ 〈L〉. Otherwise, an L-cycle cover
Capx is returned. Let C� denote an L-cycle cover of maximum weight of G. We
have w(C�) ≤ w(C init) ≤ 2 · w(D) ≤ 2 · w(Capx). �

The running-time of the algorithm is dominated by the time needed to compute
the initial cycle cover, which is O(n3) according to Ahuja et al. [1, Chap. 12].

3.2 Directed Cycle Covers

For directed graphs, we cannot apply the decomposition lemma directly. The
reason is that we have to cope with 2-cycles. Therefore, we balance two ap-
proaches. The first approach is a simple matching-based algorithm: We com-
pute a maximum-weight matching of a certain cardinality and join the edges
of the matching to obtain an L-cycle cover. This works particularly well if an
optimum cycle cover has much of its weight in cycles of even length. Since 2-
cycles are even cycles, this works well if an optimum L-cycle cover has much of
its weight in 2-cycles. The cardinality of the maximum is chosen such that an
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Input: undirected complete graph G = (V,E), |V | = n; edge weights w : E → N

Output: an L-cycle cover Capx of G if n is L-admissible, ⊥ otherwise
1: if n /∈ 〈L〉 then
2: return ⊥
3: compute a cycle cover Cinit in G of maximum weight
4: decompose Cinit into a set D ⊆ Cinit of edges according to Lemma 1
5: join the singles and doubles in D to obtain an L-cycle cover Capx

6: return Capx

Algorithm 1. A 2-approximation algorithm for Max-L-UCC

L-cycle cover can be built from such a matching. A cycle of length λ yields a
matching of cardinality �λ/2�. Thus, a matching of cardinality d in a graph of n
vertices can be extended to form an L-cycle cover if and only if d ≤ D(n,L) =
max

{∑k
i=1�λi/2� | k ∈ N,

∑k
i=1 λi = n, and λi ∈ L for 1 ≤ i ≤ k}.

If an optimum L-cycle cover has much of its weight in cycles of length at least
three, then we compute an approximate 3-cycle cover using an approximation
algorithm by Bläser et al. [6]. This 3-cycle cover is then decomposed according
to the decomposition lemma. A problem with this approach is that an optimum
L-cycle cover may contain 2-cycles if 2 ∈ L. But a collection of τ cycles of length
two can be rejoined to form two τ -cycles for some τ ∈ L. In this way, we lose at
most two thirds of their weight. We still might have to cope with ξ < τ cycles
of length two. Since L is fixed, τ is a constant. Thus, we can simply try all
subsets of vertices of even cardinality 2ξ ≤ 2τ − 2, join them to form ξ cycles of
length two, and remove them to proceed with the approximation algorithm on
the remaining graph.

Theorem 2. Algorithm 2. is a factor 20/7 approximation algorithm for Max-
L-DCC for all L ⊆ D.

Proof. First, we consider the case that 2 /∈ L. The algorithm starts by computing
a 4/3-approximation Cinit

3 to an optimal 3-cycle cover by using an algorithm
of Bläser et al. [6]. This cycle cover, which does not contain 2-cycles, is then
decomposed into singles and doubles according to the decomposition lemma.
The resulting set D of edges has a weight of at least 3/8 of an optimal L-cycle
cover. By joining the singles and doubles of D to an L-cycle cover, we obtain a
factor 8/3 approximation. Note that 8/3 < 20/7.

If L = {2}, then we can solve the problem optimally in polynomial time.
What remains to be considered is the case that 2 ∈ L and L �= {2}. The main

idea in this case is that we balance two approaches for computing L-cycle covers:
One is that we form an L-cycle cover from a (not necessarily perfect) matching,
which works particularly well if much of the weight of an optimum L-cycle cover
is contained in even cycles. The other approach is using the 4/3-approximation
algorithm by Bläser et al. [6] and the decomposition lemma. This works well
if an optimum L-cycle cover does not contain too much weight in 2-cycles. We
omit the details of the proof due to space constraints. �
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Input: directed complete graph G = (V,E), |V | = n; edge weights w : E → N

Output: an L-cycle cover Capx of G if n is L-admissible, ⊥ otherwise
1: if n /∈ 〈L〉 then
2: return ⊥
3: if 2 /∈ L then
4: compute a 4/3-approximation Cinit

3 to an optimal 3-cycle cover
5: decompose Cinit

3 into a set D ⊆ Cinit
3 of edges according to Lemma 1

6: join the singles and doubles in D to obtain an L-cycle Capx

7: else if L = {2} then
8: compute a {2}-cycle cover Capx of maximum weight
9: else

10: compute a matching M of cardinality at most D(n, L) that has maximum
weight among all such matchings

11: construct an L-cycle cover Capx
match ⊇M

12: τ ← min{L \ {2}}
13: for all ξ ← 0, 2, 4, . . . , 2τ − 2 do
14: for all V ′ ⊆ V of cardinality ξ do
15: compute a maximum weight {2}-cycle cover C2,V ′ on V ′

16: remove V ′ from G to obtain G′

17: compute a 4/3-approximation Cinit
3 to an optimal 3-cycle cover of G′

18: decompose Cinit
3 into a set D ⊆ Cinit

3 of edges according to Lemma 1
19: join the singles and doubles in D to obtain an L-cycle cover Capx

V ′
20: add C2,V ′ to Capx

V ′
21: let Capx

3 be the cycle cover of maximum weight among all Capx
V ′

22: let Capx be the heavier cycle cover of Capx
match and Capx

3

23: return Capx

Algorithm 2. A 20/7-approximation algorithm for Max-L-DCC

4 Limits for Decomposition-Based Algorithms

The aim of this section is to fathom the possibilities of designing approximation
algorithms for L-cycle covers that base on cycle decompositions as described in
Section 2.

An approximation ratio of 2 is the best possible for undirected L-cycle covers.
Hence, the algorithm presented in Section 3.1 is an optimal decomposition-based
algorithm. For further improvements of the approximation ratio, we thus need
more sophisticated techniques that in particular take the set L into account.

For directed L-cycle covers, already the previously known factor 3 approxima-
tion algorithm [19] can be viewed as a decomposition algorithm: Every directed
cycle cover on n vertices can be decomposed into 	n/3
 singles such that at least
one third of the weight of the cycle cover is preserved.

We have presented an algorithm for directed cycle covers that exploits prop-
erties of the set L: The bottleneck for the decomposition-based approach are
cycles of length two since they can only be decomposed into paths of length one.
By taking special care of 2-cycles, and by applying an approximation algorithm
for 3-cycle covers, we were able to achieve the improved approximation ratio
of 20/7.
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Overall, every approximation algorithm for Max-L-UCC that works for arbi-
trary sets L and is purely decomposition-based achieves at best an approximation
ratio of 2. For Max-L-DCC, such algorithms achieve achieve at best a ratio of 3.

5 Conclusions

One way to get better approximation algorithms is balancing several approxi-
mation algorithms as we did to achieve the ratio of 20/7 for directed L-cycle
covers. One option to do this for undirected graphs might be to start with a
4-cycle cover instead of 3-cycle cover. This is possible for approximating Max-
L-UCC restricted to edge weights zero and one since the corresponding 4-cycle
cover problem can be solved in polynomial time [13,19]. Another option is to
use approximation algorithms for 4-cycle covers. In either case, we need a de-
composition lemma that preserves more than half of the weight of the cycle
cover.

Finally, from a more abstract point of view, we are interested in structural
properties of restricted cycle covers: Let uL and dL denote the best approxi-
mation ratios for undirected and directed L-cycle covers, respectively, that can
be achieved by polynomial-time algorithms. What is the minimum number u�

such that all L-cycle cover problems can be approximated with a ratio of u�, i.e.
what is supL⊆U ,L �=∅ uL? Analogously, what is the minimum number d� such that
all L-cycle cover problems can be approximated with a ratio of d�, i.e. what is
supL⊆D,L �=∅ dL? For the moment, we know u� ≤ 2 and d� ≤ 20/7. On the other
hand, does there exist an r > 1 as a general lower bound for the approximability
of L-cycle cover problems? What we mean by a general lower bound r is the fol-
lowing: If an L-cycle cover problem is NP-hard, then it cannot be approximated
with a ratio of less than r unless P = NP. The reductions known so far do not
yield such a general lower bound.
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7. Markus Bläser, Bodo Siebert. Computing cycle covers without short cycles. In
Proc. of the 9th Ann. European Symp. on Algorithms (ESA), vol. 2161 of Lecture
Notes in Comput. Sci., pp. 368–379. Springer, 2001. Bodo Siebert is the birth
name of Bodo Manthey.

8. Avrim L. Blum, Tao Jiang, Ming Li, John Tromp, Mihalis Yannakakis. Linear
approximation of shortest superstrings. J. ACM, 41(4):630–647, 1994.
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Circular-Perfect Concave-Round Graphs

Sylvain Coulonges
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Abstract. For 1 ≤ d ≤ k − d, Kk/d denotes the graph with vertices
0, 1, . . . , k−1, in which i is adjacent to j if and only if d ≤ |i−j| ≤ k−d.
A graph G is circular-perfect if, for every induced subgraph H of G,
the infinum k/d for which H admits a homomorphism to Kk/d is equal
to the supremum k/d for which Kk/d admits a homomorphism to H .
We answer a question af Bang-Jensen and Huang by giving a complete
characterization of circular-perfect concave-round graphs.

1 Introduction

Coloring the vertices of a graph is an important concept with a large variety of
applications. Let G = (V,E) be a graph with vertex set V and edge set E, a
k-coloring of G is a mapping f : V → {1, . . . , k} with f(u) �= f(v) if uv ∈ E, i.e.,
adjacent vertices receive different colors. The minimum k for which G admits a
k-coloring is called the chromatic number χ(G); calculating χ(G) is NP-hard in
general. In a set of k pairwise adjacent vertices, called clique Kk, all k vertices
have to be colored differently. Thus the size of a largest clique in G, the clique
number ω(G), is a trivial lower bound on χ(G); this bound is hard to evaluate
as well.

Berge [2] proposed to call a graph G perfect if each induced subgraph G′ ⊆
G admits an ω(G′)-coloring. Perfect graphs have been recently characterized
as those graphs without chordless odd cycles C2k+1 with k ≥ 2, termed odd
holes, and their complements C2k+1, the odd antiholes, as induced subgraphs
(Strong Perfect Graph Theorem [4]). (The complement G of a graph G has
the same vertex set as G and two vertices are adjacent in G if and only if
they are non-adjacent in G.) In particular, the class of perfect graphs is stable
under complementation [8]. Perfect graphs turned out to be an interesting and
important class with a rich structure, see [9] for a recent survey. For instance,
both parameters ω(G) and χ(G) can be determined in polynomial time if G is
perfect [6].

1.1 Circular-Perfect and Strongly Circular-Perfect Graphs

As a generalization of perfect graphs, Zhu [14] introduced recently the class of
circular-perfect graphs based on the following more general coloring concept.
Define a (k, d)-circular coloring of a graph G = (V,E) as a mapping f : V →
{0, . . . , k − 1} with |f(u) − f(v)| ≥ d mod k if uv ∈ E. The circular chromatic

F.V. Fomin (Ed.): WG 2006, LNCS 4271, pp. 348–355, 2006.
c© Springer-Verlag Berlin Heidelberg 2006
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number χc(G) is the minimum k
d taken over all (k, d)-circular colorings of G; we

have χc(G) ≤ χ(G) since every (k, 1)-circular coloring is a usual k-coloring of G.
(Note that χc(G) is sometimes called the star chromatic number [3,12].)

In order to obtain a lower bound on χc(G), we generalize cliques as follows: Let
Kk/d with k ≥ 2d denote the graph with the k vertices 0, . . . , k− 1 and edges ij
if and only if d ≤ |i− j| ≤ k−d. Such graphs Kk/d are called circular cliques (or
sometimes antiwebs [10,13] as complements of webs) and are said to be prime if
gcd(k, d) = 1. Circular cliques include all cliques by Kk = Kk/1, all odd antiholes
by C2k+1 = K2k+1/2, and all odd holes by C2k+1 = K2k+1/k, see Figure 1. The
circular clique number is defined as ωc(G) = max{k

d : Kk/d ⊆ G, gcd(k, d) = 1},
and we immediately obtain that ω(G) ≤ ωc(G).

K9/2 KK9/1 K9/49/3

6

0

6

0

5 4

3

7 2

8 11
0

55 4

3

7 2

8 18

6

5 4

3

7 2

8 1

6

0

27

3

4

Fig. 1. The circular cliques on nine vertices

Every circular cliqueKk/d clearly admits a (k, d)-circular coloring (simply take
the vertex numbers as colors, as in Figure 1), but no (k′, d′)-circular coloring
with k′

d′ <
k
d by [3]. Thus we obtain, for any graph G, the following chain of

inequalities:
ω(G) ≤ ωc(G) ≤ χc(G) ≤ χ(G). (1)

A graph G is called circular-perfect if, for each induced subgraph G′ ⊆ G,
circular clique number ωc(G′) and circular chromatic number χc(G′) coincide.
Obviously, every perfect graph has this property by (1) as ω(G′) equals χ(G′).
Moreover, any circular clique is circular-perfect as well [14,1]. Thus circular-
perfect graphs constitute a proper superclass of perfect graphs.

Gyárfás introduced in [7] an other natural extension of perfect graphs. A fam-
ily G of graphs is called χ-bound with χ-binding function b if χ(G′) ≤ b(ω(G′))
holds for all induced subgraphs G′ of G ∈ G. It is known for any graph G
that ω(G) = �ωc(G)	 by [14] and χ(G) = 
χc(G)� by [12], so, we obtain that
circular-perfect graphs satisfy the following property:

ω(G) ≤ χ(G) ≤ ω(G) + 1. (2)

Thus, circular-perfect graphs are a class of χ-bound graphs with the smallest non-
trivial χ-binding function. In particular, this χ-binding function is best possible
for a proper superclass of perfect graphs implying that circular-perfect graphs
admit coloring properties almost as nice as perfect graphs.
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In contrary to perfect graphs, circular-perfect graphs are not stable under
complementation and the list of forbidden subgraphs is unknown. In [5], strongly
circular-perfect graphs are introduced as the subclass of circular-perfect graphs
that is closed under complementation (it entails perfect graphs, odd holes, and
odd antiholes) and the problem of finding the minimal not strongly circular-
perfect graphs is addressed.

1.2 Convex-Round and Concave-Round Graphs

A graph G is called convex-round if the vertices of G can be circularly ordered
L = v1, v2, . . . , vn such that the neighbourhood N(vi) of each vertex vi forms an
’interval’, i.e., is of the form {vli , vli+1, . . . , vri} where additions are modulo n.
We shall refer to the circular ordering L as a convex-round enumeration of G. The
complement of a convex-round graph is called concave-round. For concave-round
graphs, we shall refer to the circular ordering as a concave-round enumeration.

It is easy to see that every induced graph of a circular clique is convex-
round. In [1], Bang-Jensen and Huang showed that convex-round graphs are
circular-perfect. They also state the following problem (Problem 5.3): charac-
terize circular-perfect concave-round graphs. This is equivalent to characterize
which convex-round graphs are strongly circular-perfect.

In [5], a complete characterization of strongly circular-perfect circular cliques
is given:

Theorem 1. The only prime circular cliques induced subgraphs of a strongly
circular-perfect graph are cliques, odd holes and odd antiholes

2 Results

In this paper, we solve the problem given by Bang-Jensen and Huang by giving a
complete characterization of minimal circular-imperfect concave-round graphs.
By Theorem 1, we know that we have 2 cases to study: concave-round graphs
containing an odd hole, and concave-round graphs containing an odd antihole.
The problem is solved by the 2 following theorems.

Theorem 2. Let p ≥ 3. Let G be a concave-round graph containing C2p+1. G
is minimal circular-imperfect if and only if G has only 2 vertices u and v not
belonging to C2p+1 such that the non-neighborhood of u and v in C2p+1 is at
most 2 vertices and
(1) uv �∈ E(G) (see Figure 2 for an example), or
(2) there are p − 1 vertices between u and v in the ordering and u (resp. v) is
not adjacent to the vertex following v (resp. preceding u) (see Figure 3 for an
example).

Theorem 3. Let G be a concave-round graph containing an induced odd hole
with a concave-round enumeration L = v1, v2, . . . , vn. Let Ak = {i | vivi+k �∈
E(G)}. G is minimal circular-imperfect if and only if
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u

v

Fig. 2. A minimal circular-imperfect graph containing a C7

u

v

Fig. 3. Minimal circular-imperfect graphs containing an odd antihole

– A1 = ∅,
– A2 = {3λ1, 3λ2, . . . , 3λl} with λ1 < λ2 < . . . < λl integers, λl − λ1 < n/3
– Ak = {1, 2, . . . , n} for every 2 < k < n− 2,
– n = 1 (mod 3).

(see Figure 4 for an example)

Theorem 2 solve the problem for concave-round graphs containing an odd anti-
hole of size at least 7, and Theorem 3 for concave-round graphs containing an
odd hole. Remark that the graphs of Theorem 3 satisfy ω(G) = 3.

The proofs of those 2 theorems can be found in the next two sections.

3 Proof of Theorem 2

In this section, we give the proof of the characterization of minimal circular-
imperfect concave-round graphs containing an odd antihole of size at least 7.
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Fig. 4. A minimal circular-imperfect graph containing C9

Lemma 1 ([1]). Let G be a connected concave-round graph with concave-round
enumeration L = v1, v2, . . . , vn. If vivi+k ∈ E(G) for some i, then either G can
be partitioned into two cliques, or at least one of [vi, vi+k], [vi+k, vi] is a clique.

Lemma 2. Consider the odd antihole with 2p + 1 vertices. This graph is a
concave-round graph with the ordering L = c1, . . . , c2p+1 such that cicj is an
edge if and only if min{|i − j|, |j − i|} < p. L is unique up to translation and
inversion.

Proof. For every concave-round graph, the inversion or a translation of a
concave-round enumeration is a concave-round enumeration. For every enumer-
ation L′ not equivalent to L by translation or inversion, there exists an integer
i such that ci and ci+1 are not successive in L′. L′ is not a concave-round enu-
meration since the non-neighborhood of ci−p is {ci, ci+1}, and so, by definition,
must be an interval.

In the next 3 lemmas, we will study the concave-round graphs formed by an odd
antihole and an additional vertex.

Lemma 3. Let G be a concave-round graph with a concave-round enumeration
L = v1, v2, . . . , v2p+2, such that V (G)− {v2p+2} induce the odd antihole of 2p+
1 vertices. Then, v2p+2 is adjacent to v1, v2, . . . , vp−1, v2p+1, v2p, . . . , vp+3, and
possibly to one or both of vp and vp+2.

Proof. In G − {v2p+2}, the non-neighborhood of vp+1 is {v2p+1, v1}, so, in G,
vp+1 is not adjacent to v2p+2. Since v2p+1 is adjacent to vp−1, by lemma 1, either
[v2p+1, vp−1] or [vp−1, v2p+1] is a clique. Since v2p+1vp �∈ E(G), [v2p+1, vp−1] is a
clique, and so, v2p+2 is adjacent to v1, v2, . . . , vp−1. With the same arguments,
we obtain that v2p+2 is adjacent to v2p+1, v2p, . . . , vp+3.

Lemma 4. Let p ≥ 3. Let G be a concave-round graph with a concave-round
enumeration L = v1, v2, . . . , v2p+2 such that V (G) − {v2p+2} induce the odd
antihole of 2p+ 1 vertices. Then, ω(G) = p+ 1 and α(G) = 2.
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Proof. By Lemma 3, the non-neighborhood of v2p+2 is 1, 2 or 3 consecutive
vertices in the ordering. So, since p ≥ 3, the non-neighborhood of any vertex
forms a clique, and so, every stable set containing u is of cardinality at most 2.
We obtain α(G) = 2.

Moreover, {v2p+1, v2p+2, v1, . . . , vp−1} form a clique of cardinality p+ 1.

Lemma 5 ([5]). Let p ≥ 3. Let G be a concave-round graph with a concave-
round enumeration L = v1, v2, . . . , v2p+2 such that V (G)−{v2p+2} induce the odd
antihole of 2p+ 1 vertices. Then, G is circular-imperfect if and only if v2p+2vp

and v2p+2vp+2 are not edges of G. Moreover, if G is not circular-perfect, then G
is not minimal circular-imperfect neither.

Proof of Theorem 2: First, let’s prove that if (1) is satisfied, then G is minimal
circular-imperfect. Since u and v are not adjacent, by Lemma 2, we know that
there are at least (p − 1) vertices between them in the ordering. Consider that
there exists a vertex not adjacent to both u and v. This vertex must also be at
distance at least p of u and v in the ordering. So G must contain at least 3p
vertices. Moreover, since the non-neighborhood of u and v in C2p+1 is at most 2
vertices, G must contain at least 3p+ 1 vertices. So, since |V (G)| = 2p+ 3 and
p ≥ 3, such a vertex does not exists and the only stable set containing u and
v is {u, v}. By Lemma 4, we obtain α(G) = 2. Since u and v are not adjacent,
Lemma 4 tells us that ω(G) = p+ 1. It is now clear that we cannot partition G
into ω(G) stable sets. So, G is not circular-perfect. Lemma 5 tells us that G is
minimal circular-imperfect.

If G verifies the condition (2), it is also easy to see that α(G) = 2, and
ω(G) = p+ 1.

Now, consider the other graphs. Let {u1, . . . , uk} be the vertices of G not
belonging to C2p+1, {u1, . . . , uk} form a clique. If u1 and uk have p vertices
of the odd antihole between them in the ordering, then those p vertices and
{u1, . . . , uk} form a clique of cardinality p+ k. If u1 and uk have (p− 1) vertices
of the odd antihole between them in the ordering, then those p vertices and
{u1, . . . , uk} form a clique of cardinality p+ k− 1. Moreover, since we are not in
the condition (2) , either the vertex preceding u1 or the vertex following uk is
adjacent to all those vertices and so, ω(G) = p+ k. If u1 and uk have less than
p − 1 vertices of the odd antihole between them in the ordering, then, we also
have a clique of cardinality p+k. So, in any case, we have ω(G) = p+k. We also
have α(G) = 2. We can easily cover those 2p+ 1 + k vertices with p+ k stable
sets.

4 Proof of Theorem 3

In this section, we are going to show which concave-round graphs containing
an induced odd hole are minimal circular-imperfect. The only concave-round
graphs with clique size 2 are the holes and so are circular-perfects. We are first
going to study the case where ω(G) = 3, and then show that no concave-round
graphs containing an induced odd hole with clique size at least 4 are minimal
circular-imperfect.
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Lemma 6. Let G be a K4-free concave-round graph containing an induced odd
hole with concave-round enumeration L = v1, v2, . . . , vn. Let Ak = {i | vivi+k �∈
E(G)}. Then, A1 = ∅, Al = {1, 2, . . . , n}, for every 3 ≤ l ≤ n− 3.

Proof. This is a direct application of Lemma 1.

Proof of Theorem 3 when ω(G) = 3: If n = 0 (mod 3), then the 3 stable sets
Si = {v3p+i | 0 ≤ p < n/3}, 1 ≤ i ≤ 3 form a partition of G, and, so G is not
minimal circular-imperfect.

If n �= 0 (mod 3), and if the first 3 conditions are not verified, we are going
to show that G is 3−colorable, and so not minimal circular-imperfect. Let I =
{i1, i2, . . . , ik} ⊆ [n], such that i ∈ I if and only if vi−1vi+1 �∈ E(G), and ij < ij′

if and only if j < j′. Since the first 3 conditions of the theorem are not verified,
there exist l and l′ such that il+1−il �= 0 (mod 3) and il′+1−il′ �= 0 (mod 3). Let’s
3-color G. First assign c(vil

) = 1. Now, we are going to color the vertices of the
graph according to the concave-round enumeration. Without lost of generality,
suppose that for every l < m < l′, im+1 − im = 0 (mod 3). Depending on the
choice of c(vil+1), we can color vil+1 with either color 2 or 3. The same property
occurs for vil′ . Next, depending on the choice of c(vil+1) and c(vi′

l
+1), we can

color vil′+1
with any of the 3 colors. Since the choice of c(vil′+1+1) does not

depend of c(vil′+1−1), we can color the rest of the graph with 3 colors.
Now, we are going to show that if n �= 0 (mod 3), and if the first 3 con-

ditions are verified, then G is not circular-perfect. We can see in Theorem 2
that no minimal circular-imperfect graphs containing an induced odd antihole
contains an induced odd hole. So, we just have to prove that χ(G) > 3. Let’s
try to 3-color G. First let’s assign c(v3λ1) = 1. Since {v3λ1 , v3λ1+1, v3λ1+2} and
{v3λ1+1, v3λ1+2, v3λ1+3} form cliques, we are forced to assign c(v3λ1+3) = 1. We
can do this recursively, and since n �= 0 (mod 3), one of v3λ1−1 and v3λ1−2 is
colored with color 1 which is not possible, since {v3λ1−2, v3λ1−1, v3λ1} form a
clique.

Moreover, if n = 2 (mod 3), deleting v3λ1−1 leads to a circular-imperfect
graph. Finally, if n = 1 (mod 3), deleting any vertex leads to a circular-perfect
graph.

Proof of the Theorem 3 when ω(G) > 3: We are first going to prove that if
G is minimal circular-imperfect, then n = 1 (mod ω(G)). Let n = pω(G) + r,
0 ≤ r < ω(G). If r = 0 then G is ω(G)-colorable, and so not minimal circular-
imperfect. We are going to prove that α(G) = p. Clearly, {vω(G)i | 0 ≤ i < p}
form a stable set of size p. Suppose that there exists stable sets of size p + 1.
Without lost of generality suppose that v1 belongs to one of them. By Lemma
1, a natural way to find a maximal stable set containing v1 is to take v1, then
the first one in the concave-round enumeration not adjacent to v1, and so on.
This gives us a stable set S with |S| ≥ p + 1. If the last vertex taken is at
distance from v1 greater than ω(G) in the enumeration, delete this one from S
and take v1−ω(G) instead. This gives us a new stable set. Now, if the one before
the last is at distance from v1−ω(G) more than ω(G), delete it and take v1−2ω(G).
Let’s go on until it stops (it is necessarily the case since |S| ≥ p+ 1). Finally we
obtain ω(G−S) = ω(G)−1, and so, if G is not ω(G)-colorable, then G−S is not
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ω(G−S)-colorable. This is a contradiction since G is minimal circular-imperfect.
So, α(G) = p. If r > 1, then, for any vertex u, G − {u} cannot be covered with
ω(G) stable sets and so, is not ω(G)-colorable. We finally obtain that r = 1.

Now let’s prove that if n = pω(G) + 1, then G is not minimal circular-
imperfect. By theorem 1 and Trotter [11], we know that no webs of clique
size greater than 3 are minimal circular-imperfect. So, there exists i such that
vivi+ω(G)−1 �∈ E(G). Let S = {vi−1, vi+ω(G)}

⋃{viω(G)k | 2 ≤ k < p}. S is a sta-
ble set whose deletion decreases the maximal clique size. So, with same argument
as before, G is not minimal circular-imperfect.
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